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ABSTRACT 


The  purpose  of  this  report  is  to  discuss  the  system  of  a  statistical  <• 
theory  of  turbulence  in  general  cases  from  isotropic  turbulence  to  turbu¬ 
lent  boundary  layer.  In  the  first  three  chapters,  mathematical  formu¬ 
lations  are  given  to  the  Euler  correlation  or  the  Reynolds  stress, 
according  to  a  basic  physical  picture  of  vortex  chaos  motion  in  which 
many  kinds  of  vortices  are  carried  along  t^e  flow  in  agitating  situations. 
When  the  formula  is  combined  with  the  Reynolds  equations,  quantitative 
discussions  are  developed  by  dividing  the  cases  into  two  fundamental 
groups  of  wake  or  jet  flow  in  Chapters  Four  through  Seven  and  of  boundary 
layer  or  pipe  flow  in  Chapters  Eight  and  Nine. 
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PREFACE 


In  a  flow  of  air  or  water,  turbulent  flow  is  usally  found  behind  a 
grid  or  single  body,  in  a  pipe,  along  a  wall,  or  in  flow  ejected  from  a 
nozzle.  If  an  appropriate  solution  for  these  complicated  states  of  flow 
can  be  derived  from  the  nonsteady  Navier-Stokes  equations,  the  study  of 
turbulent  flow  can  be  included  in  the  hydrodynamics  of  a  viscous  fluid 
like  the  theory  of  laminar  boundary  layers.  As  a  matter  of  fact,  one  is 
obliged  to  discuss  only  statistical  characteristics  depending  upon  the 
Reynolds  equations  derived  by  taking  time  means  of  the  Navier-Stokes  equa¬ 
tions,  because  it  is  extremely  difficult  to  make  a  mathematical  analysis 
of  the  latter  equations  by  giving  initial  and  boundary  conditions.  It  is 
well  known,  however,  that  since  the  Reynolds  equations  are  not  mathemati¬ 
cally  conclusive,  they  cannot  be  regarded  as  necessary  and  sufficient 
theoretical  grounds  for  the  general  phenomena  of  turbulent  flow. 


Previous  studies  of  turbulent  flow  are  generally  divided  into  two 
groups.  One  is  the  experimental  investigation  of  the  physical  character¬ 
istics,  especially  of  the  microstructure  of  turbulent  flow,  and  the  other 
is  a  theoretical  anticipation  of  the  statistical  quantities  of  flc/.  The 
statistical  theory  of  the  isotropic  turbulence  for  a  turbulent  wake  behind 
a  grid,  the  transfer  theory  for  a  turbulent  shear  flow,  and  other  theories 
are  included  in  the  latter  category.  In  this  category  of  study,  the 
problem  is  to  make  the  Reynolds  equations  be  conclusive  for  the  referring 
turbulent  phenomena  by  introducing  appropriate  mathematical  expressions 
of  some  other  assumptions  on  statistical  properties  of  the  turbulent  flow. 
Irrespective  of  the  successful  aspects  of  existing  theories  in  their  own 
regions,  they  surely  have  no  common  foundation  such  as  a  general  theory  of 
turbulence.  Viewed  as  a  turbulent  phenomenon,  the  difference  of  the 
turbulent  wake  behind  a  grid  and  a  single  body  is  not  conspicuous;  but  the 
scope  of  each  theory  for  these  cases  cannot  extend  to  the  others.  Further¬ 
more,  modern  experimental  techniques  have  revealed  many  properties  of  tur¬ 
bulent  flow  which  are  beyond  the  scope  of  existing  theories. 

The  intention  of  the  author,  after  making  some  studies  on  fully- 
developed  turbulent  flows,  is  to  propose  a  unified  statistical  theory  for 
a  general  case  of  turbulent  flow.  According  to  this  intention,  it  is 
initially  important  to  affirm  a  physical  picture  of  the  structure  of  gen¬ 
eral  turbulent  states  of  flow  and  not  to  make  a  phenomenological  idealiza¬ 
tion  of  a  special  case  of  flow  such  as  isotropic  turbulence  or  turbulent 
shear  flow.  When  the  fundamental  physical  picture  is  made  concrete,  these 
mathematical  formulas  must  be  derived  which  will  permit  the  inclusion  of 
the  Reynolds  equations.  Through  this  method,  it  may  be  possible  to  clarify 
the  meaning  of  the  basic  assumptions  of  the  previous  theories  and  to  extend 
their  scope  to  a  nontheorized  field  of  the  statistical  properties.  In 
order  to  develop  practical  studies  of  engineering,  it  is  necessary  to  start 
with  an  investigation  of  the  basic  foundations  of  a  general  theory  of 
turbulence. 
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Although  many  of  the  author's  works  have  already  been  published,  the 
purpose  of  these  papers  has  been  to  present  the  originality  of  the  inves¬ 
tigator.  The  form  of  an  ordinary  paper  was  found  to  be  unsuitable  for  the 
purpose  of  presenting  the  primary  aim  of  the  author.  Therefore,  by  making 
the  interrelations  clear  in  the  original  works  and  other  existing  theories, 
the  discussions  will  be  projected  into  a  theoretical  system  in  this  report. 

An  attempt  of  this  description  is  different  from  a  display  of  only 
the  original  works  of  the  author,  and  at  the  same  time,  it  must  not  be  a 
historically  arranged  review  of  the  previously  proposed  studies.  Like  a 
theory  of  mathematics,  systemization  should  be  given  to  quantitative 
interpretations  of  the  statistical  properties  of  general  phenomena  of 
turbulent  flow.  In  this  report,  the  turbulent  flow  shall  be  first  class¬ 
ified  into  groups  depending  upon  the  basic  physical  picture,  and  mathe¬ 
matical  idealizations  shall  be  presented  for  these  groups.  In  proceeding 
with  the  descriptions,  theoretical  deductions  from  the  idealized  mathe¬ 
matical  expression  must  clearly  be  distinguished  from  physical  interpre¬ 
tations  of  the  natural  phenomena  themselves.  Thus,  the  words  "turbulence" 
and  "turbulent  flow"  shall  be  used  here  for  the  idealized  image  and  the 
natural  phenomena  of  turbulent  flow,  respectively;  and  the  description  is 
limited  to  show  only  the  structure  of  a  system  of  the  general  theory  of 
turbulence.  It  is  desirable  to  rely  upon  other  excellent  reference  books 
and  reviews  in  periodicals  for  the  precise  phenomenological  discussions 
in  individual  cases. 

Once  the  phenomena  are  idealized  into  mathematical  formulations, 
quantitative  results  must  be  drived,  at  least  in  principle,  through  mathe¬ 
matical  analyses.  At  present,  however,  not  all  the  statistical  quantities 
of  turbulent  flow  can  be  evaluated  because  of  an  insufficiency  of  the 
study  of  the  physical  conditions  and  mathematical  treatments.  This  is 
especially  true  for  the  case  of  the  vortex  motion.  However,  less  difficult 
mathematical  analyses  shall  be  advanced  according  to  the  system  of  the 
theory,  and  their  results  shall  be  checked  by  experimental  evidences.  The 
description  will  attempt  to  clarify  the  meaning  of  basic  assumptions  of 
the  previously  proposed  successful  theories,  to  give  quantitative  inter¬ 
pretations  to  uncomplicated  observed  statistical  properties  which  are 
unattainable  by  these  previous  theories,  and  to  anticipate  some  useful 
results  for  engineering  problems. 

In  Chapters  One  through  Three,  basic  formulations  are  made  on  statis¬ 
tical  quantities  of  turbulence  in  a  general  case  after  relating  the  prin¬ 
cipal  features  of  the  turbulent  flow.  In  Chapters  Four  through  Nine,  the 
basic  formulations  are  developed  to  give  quantitative  discussions  of  two 
essentially  different  kinds:  turbulent  wake  or  jet  with  a  decaying  feature 
along  the  flow,  and  turbulent  flow  along  a  wall  with  a  nondecaying  feature. 
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CHAPTER  ONE.  INTRODUCTION 


1.  EXISTENCE  OF  TURBULENT  FLOW 


In  the  state  of  fluid  motion  there  are  two  types  of  flow:  the  so- 
called  laminar  flow  and  the  turbulent  flow.  In  the  flow  of  air  or  water, 
the  viscous  force  due  to  molecular  motion  is  very  small  compared  with 
the  inertia,. force  of  the  flow,  and  the  Reynolds  number  easily  attains  the 
value  of  10  10  .  In  this  range  of  values  of  the  Reynolds  number,  the 

flow  usually  becomes  turbulent.  As  the  Reynolds  number  decreases,  the 
flow  tends  to  be  in  a  laminar  state,  and  below  the  critical  Reynolds 
number  of  the  order  of  10^,  the  flow  is  always  in  the  laminar  state.  As 
the  Reynolds  number  increases  with  a  large  velocity,  other  phenomena  such 
as  the  compressibility  of  air  or  the  cavitation  of  water  appear.  Thus, 
the  study  of  turbulent  flow  is  considered  to  be  important  in  the  case  of 
an  ordinary  Reynolds  number. 

In  real  fluid  motion,  an  ideal  stationary  state  does  not  exist,  and 
a  disturbance  is  incessantly  transmitted  to  the  flow.  Even  in  laminar 
flow,  the  velocity  fluctuations  can  be  found  by  precise  observations. 

Below  the  critical  Reynolds  number,  however,  the  disturbances  are  all 
decreased  by  the  strong  viscous  force  of  the  fluid.  Yet,  in  the  case  of 
an  ordinary  Reynolds  number,  some  of  them  are  increased.  It  is  certain 
that  this  increasing  disturbance  plays  a  role  in  producing  turbulent  flow, 
although  the  detailed  mechanism  of  the  production  of  turbulent  flow  has 
not  yet  been  clarified.  By  many  observations,  it  can  be  seen  that  the 
turbulent  state  begins  abruptly  and  is  different  from  the  laminar  flow  with 
a  velocity  fluctuation.  In  other  phenomena  such  as  compressibility  of 
fluids,  the  effects  appear  gradually  as  the  velocity  increases.  However, 
the  turbulent  state  of  flow  cannot  be  connected  to  the  laminar  state.  This 
is  an  important  fact  when  considering  the  mechanism  of  turbulent  flow. 

For  the  instantaneous  state  of  turbulent  flow,  it  can  be  seen,  as 
shown  in  Figures  1  and  2,  that  many  parts  of  the  fluid  have  a  respectively 
independent  motion.  When  one  of  these  parts  of  fluid  passes  near  a  fixed 
point  in  the  field  of  flow,  this  part  gives  to  the  velocity  at  this  point 
the  corresponding  fluctuation  of  a  certain  frequency.  It  is  an  important 
feature  that  at  a  point  in  the  field  of  flow  the  velocity  fluctuations  and 
these  fluid  parts  have  their  respective  definite  mean  values  for  time. 

They  are  the  two  independent  basic  quantities  characterizing  turbulent 
flow,  i.e.,  the  intensity  and  the  scale.  From  many  observations,  it  is 
known  that  the  ratio  of  the  intensity  to  mean  velocity  is  about  0.1  /V 
0.001.  When  the  scale  length  -  a  measure  of  the  turbulent  scale  -  is 
compared  with  a  standard  length  of  the  flow,  the  ratio  is  about  I/O  0.01. 
The  frequency  of  the  velocity  fluctuation  which  corresponds  to  the  ratio 
of  the  scale  length  to  the  mean  velocity  is  about  10  f\J  103  per  second. 

Through  precise  observation,  one  finds  that  the  velocity  fluctuation 
is  always  a  continuous  function  of  location  and  time  as  shown  in  Figure  3. 


In  the  molecular  motion  of  a  gas,  the  dimensions  of  molecules  are  neglected 
and  their  motion  can  be  taken  as  that  of  a  system  of  particles.  However, 
the  turbulent  motion  is  different  in  this  situation,  yet  theoretical  or 
experimental  evidence  cannot  be  found  that  the  Navier-Stokes  equations  do 
not  hold  in  such  a  nonsteady  motion  of  turbulent  flow.  At  present,  it  is 
extremely  difficult  to  solve  these  equations  mathematically  and  to  get  the 
solution  as  a  function  of  location  and  time  under  appropriate  physical 
conditions  accompanying  the  real  state  of  complicated  turbulent  flow. 
Fortunately,  the  turbulent  flow  has  definite  mean  values  of  intensity  and 
scale.  So,  for  all  practical  purposes,  it  is  sufficient  to  know  the  mean 
values  for  time  as  functions  of  a  location  in  the  field  of  flow,  even  if 
an  instantaneous  state  of  flow  cannot  be  found.  Thus,  the  study  of  turbu¬ 
lent  flow  has  been  developed  exclusively  from  this  statistical  point  of 
view. 


2.  HISTORICAL  NOTES  OF  THE  STUDY  OF  TURBULENT  FLOW 


Since  ancient  days,  people  must  have  seen  many  turbulent  states  of 
flow  in  the  current  of  a  brook  or  in  the  rising  smoke  of  a  fire,  but  the 
beginning  of  the  study  of  this  problem  is  not  so  old.  In  the  posthumous 
manuscripts  of  Leonardo  da  Vinci  at  the  beginning  of  the  sixteenth 
century,  some  sketches  can  be  found  of  flow  drawn  clearly  with  a  recog¬ 
nition  of  turbulent  phenomena.  Since  the  eighteenth  century,  papers  of 
the  study  of  turbulent  flow  have  been  proposed  from  the  engineering  point 
of  view.  In  these  papers  the  names  of  Hagen,  Boussinesq  and  others  can 
be  found. 

It  was  Osborne  Reynolds  who  opened  the  way  to  the  statistical  study 
of  turbulent  flow.  His  early  paper  (reference  3)  is  concerned  with  the 
production  of  turbulent  flow.  By  precisely  observing  many  cases  of  flow 
of  water  in  a  tube,  he  found  that  a  certain  number,  presently  called  the 
Reynolds  number,  attained  a  constant  value  when  the  laminar  state  broke 
into  a  turbulent  state.  He  tried  to  explain  the  transition  phenomenon 
as  being  dependent  on  the  increase  of  energy  of  the  fluctuating  velocity 
contained  in  part  of  the  fluid.  The  study  of  transition  was  developed  into 
a  survey  of  the  stability  of  a  given  simple  harmonic  velocity  fluctuation 
in  flow  where  a  linearized  nonsteady  Navier-Stokes  equation  was  solved. 

This  stability  theory  was  proved  first  by  Taylor  (reference  4)  to  be 
appropriate  in  the  case  of  flow  between  two  circulating  cylinders.  The 
evaluated  results  by  Tollmien  (reference  5)  and  others  in  the  case  of  a 
laminar  boundary  layer  along  a  flat  plate  were  also  ascertained  by  experi¬ 
mental  observation  by  Schubauer  (reference  6)  and  others.  However,  the 
stability  theory  is  concerned  with  only  the  laminar  velocity  fluctuation 
and  does  not  treat  the  problem  of  the  production  of  turbulent  flow.  On 
the  other  hand,  Taylor  (reference  7)  proposed  that  the  turbulent  flow 
might  be  promoted  by  an  instantaneous  separation  of  the  laminar  boundary 
layer,  and  he  then  proceeded  with  a  mathematical  analysis.  However,  the 
mechanism  of  transition  from  laminar  to  turbulent  flow  is  not  yet  com¬ 
pletely  clarified. 
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From  Che  breakdown  of  laminar  Co  Che  developmenC  of  regular  CurbulenC 
flow,  some  disCance  along  Che  flow  is  necessary.  As  for  Che  fully  devel¬ 
oped  CurbulenC  flow,  Reynolds  (reference  8)  derived  Che  equacions  of  raocion 
for  Che  Cime  means  from  Che  Navier-Scokes  equacions.  In  deriving  Che 
equacions,  he  proved  Che  exisCence  of  sCress  forces  due  Co  Che  nonlinear 
Cerms  in  Che  Navier-Scokes  equacions.  Reynolds  equacions  hold  in  every 
kini  of  flow  having  velociCy  f lucCuaCions ,  if  Che  velociCy  flucCuaCions 
have  only  def iniCe  mean  values  for  Cime.  As  menCioned  in  SecCion  1,  Chis 
condicion  holds  in  Che  acCual  sCaCe  of  CurbulenC  flow.  Thus,  Che  Reynolds 
equacions  become  basic  necessary  condicions  in  surveying  mean  values  of 
velociCy  flucCuaCion  of  CurbulenC  flow.  The  esCabiishmenC  of  Chese  equa¬ 
cions  is  fundamenCally  Che  mosC  imporCanC  conCribuCion  in  all  Che  sCacis- 
Cical  sCudies  of  CurbulenC  flow  up  Co  Che  presenC  Cime.  The  Reynolds 
equacions  are  noC  as  criCical  as  Che  Navier-Scokes  equacions,  because  Che 
former  CreaC  only  Che  value  of  Cime  means.  Moreover,  because  of  Che  exis¬ 
Cence  of  Che  Reynolds  sCress  due  Co  Che  nonlinear  Cerms  in  Che  laCCer 
equacions,  Che  Reynolds  equacions  have  become  inconclusive.  In  ocher 
words,  Che  Reynolds  equacions  are  noC  necessary  and  sufficienC  condicions 
Co  prescribe  Che  scaciscical  quanCiCies  of  CurbulenC  flow,  and  cannoC  be 
regarded  as  Che  unique  CheoreCical  base  in  Che  sCaCisCical  sCudy.  In 
addicion  Co  Che  Reynolds  equacions,  some  ocher  foundacions  are  necessary 
Co  proceed  wich  a  scaciscical  analysis  of  CurbulenC  flow. 

Since  Che  Reynolds  equacions  were  esCablished,  Che  sCudy  of  CurbulenC 
flow  has  been  developed  generally  Chrough  Cwo  sCages.  In  Che  firsC  sCage, 
mean-velociCy  disCribuCions  of  so-called  shear  CurbulenC  flow  of  wakes  or 
jecs  were  sCudied,  especially  from  Che  pracCical  poinC  of  view.  ExisCence 
of  Che  Reynolds  shearing  sCress  due  Co  CurbulenC  agiCaCing  moCion  means 
Che  CransporCaCion  of  momenCum  conCained  in  a  pare  of  fluid  across  Che 
mean  direccion  of  flow.  WhaCever  physical  supposiCion  may  be  given  Co  Che 
mechanism  of  CurbulenC  flow,  chis  phenomenological  characCer  is  always  a 
face.  Thus,  depending  upon  Che  Cransfer  Cheory  of  gas  in  scaciscical 
dynamics,  some  aCCempCs  were  made  Co  clarify  Che  meaning  of  Che  mixing 
lengch  in  Che  case  of  CurbulenC  shear  flow.  As  Che  scale  lengCh  of 
CurbulenC  flow,  Taylor  (reference  9)  inCroduced  Che  correlaCion  for  Cime 
of  velociCy  flucCuaCion  ac  a  fixed  poind  Che  Lagrange  correlaCion. 

Prandcl  (reference  10)  proposed  a  new  concepC  of  Che  mixing  lengch  which 
is  adapCable  Co  Che  CurbulenC  shear  flow  of  a  conCinueus  medium  of  fluid. 
Wich  Che  inCroducCion  of  Prandcl 's  mixing  lengch,  Che  momenCum  and  vorCic- 
icy  Cransfer  Cheories  were  developed  respecCively  by  PrandcL  (reference  10) 
and  Taylor  (reference  11),  and  an  improvemenC  was  made  by  Kartnan  (reference 
12)  Co  Che  concepC  of  Che  mixing  lengch.  Their  CheoreCical  resulCs  on  Che 
mean-velociCy  disCribuCion  or  Che  surface  friccion  in  shear  CurbulenC 
flow  were  checked  exper imenCally  by  Che  PiCoC-Cube  Cechnique,  which  was 
Che  unique  experimenCal  meChod  of  CurbulenC  flow  ac  ChaC  Cime.  RecenCly, 
ic  has  been  prevalenC  Co  make  an  assumpCion  on  Che  disCribuCion  of  Che 
coefficienC  of  Reynolds  shearing  sCress  insCead  of  Che  mixing  lengch.  In 
a  word,  Che  feaCure  of  Che  Cransfer  Cheory  is  Co  posCulaCe  a  relation 
beCween  Che  Reynolds  shearing  sCress  and  Che  mean  velociCy  by  using  Che 
mixing  lengch  or  Che  shear ing-sCress  coefficienC,  and  Co  make  Che  Reynolds 
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equations  conclusive  for  the  mean-velocity  distribution.  Although  definite 
interpretations  are  not  given  to  the  basic  postulations,  these  phenomeno¬ 
logical  transfer  theories  are  still  making  important  contributions  to 
engineering  problems. 

The  second  stage  of  the  study  of  turbulent  flow  was  opened  by  Taylor 
(reference  13).  He  introduced  the  concept  of  the  correlation  o f  velocity 
fluctuations  at  two  points  at  the  same  time:  the  Euler  correlation.  He 
also  defined  the  isotropic  turbulence,  in  which  components  of  mean  values 
of  velocity  fluctuation  at  a  point  are  assumed  invariant  even  if  the  coor¬ 
dinate  axes  are  rotated  or  reflected.  Karmen  and  Howarth  (reference  14) 
derived  the  fundamental  equations  of  motion  of  this  flow  by  using  the 
Euler  correlation.  The  tensor  formula  of  the  Euler  correlation  coeffi¬ 
cients  contains  the  expression  of  the  Reynolds  stress  and  is  regarded  as 
the  general  expression  of  the  two  fundamental  quantities  of  the  scale  and 
intensity  of  turbulent  flow.  In  isotropic  turbulence,  the  Reynolds  equa¬ 
tions  are  reduced  to  a  simple  formula,  and  it  becomes  possible  to  survey 
the  decay  of  turbulent  intensity  or  the  spreading  of  turbulent  scale  along 
the  flow  somewhat  theoretically.  These  results  could  be  checked  experi¬ 
mentally  by  the  hot-wire  technique  completed  by  Dryden  (reference  15)  at 
that  time.  Then  the  locally  isotropic  turbulence  was  defined  by 
Kolmogoroff  (reference  16),  whose  concept  was  to  postulate  the  isotropic 
character  defined  by  Taylor  in  only  a  small  part  of  the  fluid  motion, 
even  if  it  did  not  hold  for  the  whole  field  of  flow.  The  characteristic 
of  local  isotropy  was  confirmed  experimentally  in  the  high-frequency 
region  of  the  velocity  fluctuations  in  many  cases  of  shear  turbulent  flow. 
Since  then,  studies  have  been  developed  into  surveys  of  the  spectrum 
function  of  velocity  fluctuation  of  the  isotropic  or  locally  isotropic 
turbulence.  In  fundamental  principle,  however,  the  equations  of  motion 
in  these  cases  do  not  differ  from  the  Reynolds  equations,  and  in  order  to 
solve  the  equation  mathematically,  some  other  physical  hypotheses  must  be 
introduced.  As  one  hypothesis,  the  concept  of  the  similarity  preservation 
has  often  been  adapted,  which  postulates  the  invariance  of  some  mean  char¬ 
acteristics  of  velocity  fluctuations  along  the  direction  of  flow.  Simi¬ 
larity  preservation  has  also  been  widely  assumed  in  the  case  of  the  trans¬ 
fer  theory.  Therefore,  this  hypothesis  has  been  regarded  as  an  important 
foundation  of  the  study  in  addition  to  the  Reynolds  equations.  It  may 
be  said  that  in  the  second  =tage  the  way  was  first  opened  to  study  the 
mechanism  of  the  velocity  fluctuation  itself  both  theoretically  and 
experimentally . 


3.  DEVELOPMENT  OF  STATISTICAL  STUDIES  IN  PHYSICS 


The  object  of  all  studies  of  turbulent  flow  is  to  determine  mean 
values  for  time  of  velocity  fluctuation  as  a  function  of  location  in  the 
field  of  flow.  According  to  this  interpretation,  they  may  be  called 
statistical  studies.  Statistical  studies,  however,  have  been  developed 
chiefly  in  the  field  of  physics  where  they  had  been  used  for  a  considerable 
period  prior  to  the  beginning  of  the  study  of  turbulent  flow.  It  may  be 
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worthwhile  to  review  the  general  features  of  these  statistical  studies 
before  relating  our  plan  for  developing  the  previous  studies  of  turbulent 
flow. 

Statistical  study  in  physics,  presently  called  statistical  dynamics, 
began  with  the  characteristics  of  gas.  Statistical  dynamics  are  based  pon 
the  following  fundamental  interpretation  of  a  molecular  chaos  motion; 
namely,  gas  is  considered  to  consist  of  many  molecules,  each  of  which  is 
moving  at  random  in  space  and  colliding  with  others.  When  molecules  jte 
regarded  as  particles,  the  Newton  dynamics  of  a  system  of  particles  becomes 
the  necessary  and  sufficient  principle  for  deriving  quantitative  results. 
From  a  mathematical  point  of  view,  however,  it  is  extremely  difficult  to 
derive  an  exact  solution  related  to  an  instantaneous  state  of  the  particles 
in  their  chaotic  motion.  It  may  be  analogous  to  an  attempt  to  solve  the 
Navier-Stokes  equations  exactly  in  the  case  of  a  turbulent  flow.  As  is 
well  known,  even  the  three-body  problem  that  treats  the  motion  of  three 
particles  under  an  arbitrary  condition  is  not  yet  completely  solved.  Thus, 
it  is  sufficient  to  know  only  the  mean  states  of  the  molecules  for  time. 

In  fact,  it  has  been  observed  that,  under  ordinary  temperature  and  pressure 
of  gas,  the  mean-molecular  velocity  and  the  mean-free  path  have  the  orders 
of  10^  meters  per  second  and  10~^  centimeters,  respectively.  The  mean- 
free  path  is  very  small  compared  with  a  macroscopic  standard  length. 

The  mathematical  formula  for  the  equation  of  motion  of  a  system  of 
particles  is  not  as  complicated  as  the  Navier-Stokes  equations;  therefore, 
the  equation  of  dynamics  can  give  some  definite  results,  even  if  the  time 
means  are  taken.  At  first,  the  Boyle-Charles  law  of  a  gas  in  the  equilib¬ 
rium  state  could  be  proved  by  attributing  the  temperature  of  gas  in  the 
macroscopic  state  to  the  kinetic  energy  of  molecular  chaos  motion.  As  is 
well  known,  the  Newton  dynamics  proves  energy  conservation,  which  cannot 
be  altered  even  if  the  time  means  are  taken.  Thus,  according  to  the 
dynamics,  this  equation  can  give  definite  interpretations  to  the  first  law 
of  thermodynamics  and  to  many  other  phenomenological  laws  In  a  word,  the 
intent  of  statistical  dynamics  at  the  first  stage  was  to  discuss  the 
equation  of  dynamics  by  considering  time  means  only. 

At  the  next  stage,  a  statistical  quantity  of  the  probability- 
distribution  function  of  mou  :ular  velocities  was  introduced.  Then,  by 
considering  the  physical  concept  of  a  molecular  chaos  motion,  the  so- 
called  Maxwel 1-Bol tzmann  law  was  proved  by  taking  into  account  the  distri¬ 
bution  function.  On  the  other  hand,  diffusion  or  heat-conduction  phenom¬ 
ena  were  known  for  the  case  of  a  gas  which  was  slightly  deviated  from  the 
equilibrium  state.  Concerning  such  phenomena,  the  transfer  theory  was 
developed  with  the  quantity  of  a  mean-free  path  defined  as  a  scale  length 
of  molecular  chaos  motion.  This  theory  has  given  a  theoretical  inter¬ 
pretation  to  the  postulation  by  which  all  the  viscosity  coefficients  are 
made  constant  in  the  Navier-Stokes  equations.  But  the  Newton  dynamics  has 
given  no  direct  contribution  to  the  basis  of  the  transfer  theory^just  as 
the  Navier-Stokes  equations  have  no  direct  connection  to  the  transfer 
hypothesis  introduced  by  Prandtl.  It  is  characteristic  at  this  stage  that 
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the  statistical  quantities  have  been  introduced  first  to  denote  the  mean 
state  of  molecular  chaos  motion,  just  as  in  the  stage  when  the  statistical 
quantities  of  the  mixing  length  or  the  Euler  correlations  were  introduced 
to  the  stuay  of  turbulent  flow. 

An  important  feature  of  statistical  dynamics  may  be  found  in  the 
interpretation  of  the  second  law  of  thermodynamics.  Certainly,  such  an 
irreversible  feature  as  the  increase  of  entropy  is  different  from  that 
of  the  Newton  dynamics  in  which  the  mathematical  process  is  always 
reversible.  An  important  problem  at  that  time  was  the  interpretation  of 
this  irreversible  phenomenon  from  the  viewpoint  of  the  Newton  dynamics,  as 
in  the  case  of  the  first  law  of  thermodynamics.  Boltzmann  attempted  to 
answer  this  question  by  considering  the  entropy  as  a  probability- 
distribution  function,  implying  the  grade  of  the  randomness  of  molecular 
chaos  motion.  Through  many  discussions  of  his  proposition,  the  theoreti¬ 
cal  meaning  of  regularity  or  irregularity  has  gradually  been  grasped. 

In  present  statistical  dynamics,  mathematical  formulations  are  made 
usually  in  the  phase  space,  where  the  location  and  momentum  of  every 
molecule  is  designated  on  the  coordinate  axes.  In  this  space,  mean 
characteristics  of  molecular  chaos  motion  are  expressed  in  a  probability- 
distribution  function.  According  to  the  formulation  in  this  space,  the 
Hamilton- Jacobi  equation  of  motion  of  a  system  of  particles  is  transformed 
into  the  Liouville  equation  in  an  energy-constant  domain.  In  order  to 
make  the  expression  of  dynamics  in  the  phase  space  convenient  for  mathe¬ 
matical  analysis,  the  probability-density  function  is  assumed  to  have  a 
constant  value  in  the  energy-constant  domain.  It  is  too  difficult  to 
prove  this  assumption  directly  by  the  equation  of  dynamics,  and  it  can  be 
regarded  as  an  expression  of  the  physical  concept  of  the  irregularity  of 
the  state  of  molecular  chaos  motion.  For  example,  let  us  consider  the 
following  situations  of  a  system  of  many  molecules  in  the  crystal  structure 
of  metal.  When  the  absolute  temperature  is  zero,  every  molecule  remains 
at  rest  in  its  respective  position  in  the  crystaj^s'fructure ,  and  each 
momentum  is  zero.  In  this  case,  the  system  o-f  molecules  is  indicated  by 
one  point  in  the  phase  space.  When  the  temperature  is  not  zero,  every 
molecule  of  the  crystal  structure  makes  an  agitating  motion  around  its 
original  position  of  zero  temperature,  and  the  distribution  function 
denoting  these  molecular  motions  takes  the  form  of  a  continuous  function 
in  the  phase  space  with  its  highest  density  at  the  point  of  zero  tempera¬ 
ture.  It  is  easily  supposed  that,  as  the  temperature  rises,  the  agitating 
motion  becomes  strong,  and  the  scope  of  a  continuous  distribution  function 
becomes  wider.  At  an  extremely  high  temperature,  a  solid  body  changes 
into  a  gaseous  state  and  every  molecule  moves  around  at  random  in  space, 
freed  from  its  original  position  in  the  crystal  structure.  In  the  gaseous 
state,  it  may  be  appropriate  to  assume  that  the  probability  density 
distributes  with  a  constant  value  everywhere  in  an  energy-constant  domain 
in  the  phase  space.  This  assumption  is  known  as  the  Ergode  hypothesis. 
According  to  this  hypothesis,  the  time  means  of  various  characters  of  the 
molecular  chaos  motion  can  be  transformed  directly  into  the  area  means  in 
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the  phase  space.  Thus,  it  becomes  easy  to  survey  the  characteristics  of 
the  time  means  of  a  molecular  chaos  motion  depending  upon  the  Newton 
dynamics.  Namely,  when  the  random  phenomenon  is  expressed  in  mathematical 
form  and  introduced  into  the  fundamental  equation,  a  definite  system  of 
statistical  dynamics  is  formed. 

As  reviewed  above,  in  statistical  dynamics  the  purely  statistical 
hypotheses  were  at  first  intermingled  with  those  of  dynamics,  and  the 
theoretical  foundations  were  not  necessarily  definite.  In  present  statis¬ 
tical  dynamics,  two  principles  oi  the  Newton  dynamics  and  the  Ergode 
hypothesis  adapted  to  the  physical  image  of  a  molecular  chaos  motion  have 
developed  fruitful  quantitative  discussions.  Since  the  success  of  statis¬ 
tical  dynamics,  such  a  statistical  method  of  study  has  also  been  applied 
to  the  phenomenon  of  a  chaotic  motion  of  electrons.  Quantum  statistical 
dynamics  has  been  developed  from  the  above-mentioned  point  of  view.  It 
is  important  that  classic  or  quantum  statistical  dynamics  has  not  merely 
been  examining  the  Hamilton-Jacobi  or  the  Schrodinger  equation  in  time 
means,  as  did  previous  studies  of  turbulent  flow.  The  essential  feature 
of  the  present  statistical  theory  in  physics  is  that  the  concept  of  an 
irregularity  belonging  to  the  phenomenon  is  also  expressed  mathematically 
and  is  introduced  into  the  basis  of  the  theory. 

4,  THE  SIGNIFICANCE  OF  THE  STATISTICAL  THEORY  OF  TURBULENCE 

As  mentioned  in  Section  2,  the  Reynolds  equations  are  certainly 
basic,  necessary  conditions  in  the  statistical  studies  of  turbulent  flow, 
although  they  are  not  mathematically  conclusive.  In  all  successful  studies 
of  turbulent  flow  since  Reynolds'  time,  insufficient  physical  principles 
not  implied  in  the  Reynolds  equations  have  been  properly  compensated  for 
by  some  assumptions  concerning  the  mean  characteristics  of  the  turbulent 
agitating  motion.  This  fact  should  not  be  overlooked.  For  instance,  the 
assumption  of  the  distribution  of  the  mixing  length  in  the  turbulent  shear 
flow  or  of  the  similrity  preservation  of  the  Euler  correlation  functions 
in  the  isotropic  turbulence  seems  to  verify  the  essential  point  of  the 
mechanism  of  turbulent  flow. 

In  these  assumptions,  however,  it  is  difficult  to  find  any  unification 
as  a  general  theory  of  turbulence.  As  for  the  velocity  fluctuations  them¬ 
selves,  some  theoretical  studies  were  developed  in  the  field  of  the  iso¬ 
tropic  turbulence.  Due  to  the  development  of  a  hot-wire  technique,  fine 
structures  of  the  velocity  fluctuations  of  nonisotropic  turbulent  flows 
have  been  clarified,  but  these  recognitions  of  the  mechanism  of  noniso¬ 
tropic  turbulent  flows  are  not  yet  expressed  definitely  in  mathematical 
formulas.  Also,  it  seems  unreasonable  to  extend  the  theory  of  isotropic 
turbulence  to  the  case  of  turbulent  shear  flow.  In  other  words,  the 
physical  principles  which  the  Reynolds  equations  have  lacked  are  not  yet 
established  in  the  form  of  a  statistical  theory  of  turbulence  in  general 
cases . 
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The  derivali  ,i  of  the  Reynolds  equation  from  the  Navier-Stokes  equa¬ 
tions  corresponds  to  early  statistical  dynamics  in  which  only  the  Newton 
dynamics  in  time  means  played  a  predominant  role.  The  Navier-Stokes 
equations  consist  of  two  parts:  the  Newton  dynamics  applied  to  the  con¬ 

tinuous  medium  of  a  fluid,  and  Hooke's  Law,  which  postulates  the  linear 
relation  between  the  stress  and  strain  of  the  medium.  Physical  meaning 
of  the  equations  is  easily  comprehended,  but  the  mathematical  expressions 
are  very  complicated  Therefore,  the  Reynolds  equations  are  not 
mathematically  conclusive,  unlike  early  statistical  dynamics  The  source 
of  confusion  arose  at  the  same  time  that  the  statistical  study  of  turbulent 
flow  was  opened. 

On  the  other  hand,  the  Reynolds  equations,  even  if  they  are  not  in 
the  state  called  "turbulent  flow",  are  widely  adaptable  to  flows  which 
have  definite  values  of  velocity  fluctuations.  At  present,  necessary 
and  sufficient  physical  concepts  of  "turbulent  flow"  are  not  generally 
expressed  in  mathematical  formulae.  Therefore,  to  give  a  clear  physical 
image  to  "turbulent  flow",  it  b 'comes  necessary  to  give  appropriate  mathe¬ 
matical  expressions  to  the  Reynolds  stress  which  has  made  the  Reynolds 
equations  mathematically  inconclusive.  By  doing  so,  it  may  be  possible  to 
lay  unifiable,  necessary  and  sufficient  foundations  for  statistical 
study  of  "turbulent  flow". 

If  only  the  time  means  are  definite,  can  all  kinds  of  flow  having 
velocity  fluctuations  be  called  "turbulent  flow"?  Many  researchers  may 
give  negative  answers.  If  so,  what  is  "turbulent  flow"  and  why  does  the 
velocity  fluctuate? 

On  this  problem,  the  following  supposition  has  been  supported  by  manv 
researchers  since  Reynolds'  time;  namely,  in  "turbulent  flow"  the  velocity 
fluctuations  are  caused  by  many  parts  of  the  fluid  which  make  their 
respective  rotating  motions  and  are  carried  by  the  mean  flow  in  an  irreg¬ 
ular  arrangement.  The  above  situations  may  be  understood  by  such  an  obser¬ 
vation  of  flow  as  shown  in  Figure  1  or  2.  This  type  of  fluid  flow  has 
usually  been  called  an  "eddy  current".  If  the  above-mentioned  physical 
image  were  not  kept  in  mind,  the  concept  of  the  scale  of  turbulence  could 
not  be  introduced  Furthermore,  it  is  doubtful  whether  the  Euler  correla¬ 
tion  or  even  the  isotropic  turbulence  could  be  defined  in  the  study  of 
turbulent  flow.  Thus,  the  concept  of  an  "eddy  current"  can  be  taken  as 
the  physical  background  of  all  the  previous  studies  of  turbulent  flow. 
However,  it  is  also  true  that  this  physical  image  has  not  been  formulated 
into  a  definite  mathematical  expression. 

In  order  to  grasp  the  concept  of  an  "eddy  current",  one  must  further 

clarify  the  hydrodynamica 1  meaning  of  an  "eddy".  By  observing  the  actual 

turbulent  flow,  especially  by  taking  photographs  of  an  instantaneous 
state  of  flow  as  shown  in  Figure  1  or  2 ,  one  can  regard  an  "eddy"  as  a 

vortex  motion  of  fluid.  Also,  the  "eddy  current"  may  be  interpreted  as 

the  flow  in  which  manv  vortices  are  carried  in  their  chaotic  states.  Such 
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a  physical  image  of  the  structure  encompasses  all  sorts  of  "turbulent 
flows":  those  from  a  nozzle,  along  a  wall,  in  a  pipe,  and  others.  At 
the  same  time,  the  "eddy  current"  cannot  be  adapted  to  "nonturbulent 
flows"  with  the  velocity  fluctuations  such  as  the  laminar  boundary  layer 
flow  and  others  with  a  Tollmien  unstable  wave. 

In  the  physical  image  of  an  "eddy  current",  the  concept  of  the  chaotic 
state  of  the  arrangement  of  vortices  is  important.  Many  researchers  do 
not  consider  the  flow  of  regularly  arranged  vortices,  such  as  the  Karmen 
vortex  streets,  as  "turbulent  flow".  The  term  "eddy",  however,  has 
recently  become  indistinct,  and  sometimes  it  may  mean  a  wave  number  of 
t  the  spectrum  of  velocity  fluctuation.  Therefore,  in  order  to  make  clear 

the  above-mentioned  physical  image,  another  term,  "vortex  chaos  motion", 
will  be  used. 

It  is  not  the  intention  in  this  report  to  discuss  the  study  of 
turbulent  flow  according  to  the  progress  of  statistical  physics  mentioned 
in  the  last  section.  However,  the  assumption  of  a  vortex  chaos  motion 
will  be  used  as  a  foundation  for  the  statistical  studies  of  turbulence. 

The  concept  of  a  vorti  x  chaos  motion  consists  of  the  two  basic  parts  of 
an  individual  vortex  notion  and  of  their  irregular  arrangements.  For  the 
former,  fluid  motion  around  the  vortex  filament  should  be  determined  from 
the  hydrodynamical  equations  of  motion.  At  the  same  time,  the  latter 
concept  of  an  irregularity  may  not  have  a  direct  connection  with  hydro¬ 
dynamics.  If  attention  is  given  only  to  the  irregular  arrangement,  this 
concept  must  have  the  same  meaning  as  it  does  in  the  case  of  classic  or 
quantum  statistical  dynamics. 

It  may  be  the  concept  of  tb«  Ergode  hypothesis  that  will  give  a 
nathematical  expression  to  the  characteristic  of  irregularity  in  the 
physical  image  of  a  vortex  chaos  motion.  As  a  matter  of  course,  the 
shysical  image  of  a  vortex  chaos  motion  is  different  from  that  of  a 
nolecular  or  electronic  chaos  motion,  and  it  is  not  appropriate  to  adapt 
loltzmann's  hypothesis  in  the  phase  space  to  the  case  of  a  vortex  chaos 
aotion.  On  the  other  hand,  it  is  certain  that  the  previous  statistical 
Jtudies  of  turbulence  have  lacked  a  definite  formulation  of  the  concept 
>f  irregularity,  similar  to  statistical  dynamics  before  Boltzmann.  It  is 
>roposed  that  the  fundamental  concept  of  the  Ergode  hypothesis  is  also 
.ntroduced  to  the  statistical  study  of  turbulence.  Thus,  the  phv  i.cal 
mage  of  a  vortex  chaos  motion  may  give  unifiable  interpretations  .o 
he  mean  states  of  velocity  fluctuations,  depending  on  the  two  principles 
•f  the  hydrodynamics  of  a  vortex  motion  and  of  the  statistical  physics 
•  f  their  irregular  arra  .gements . 

If  the  Navier-Stokes  equations  were  solved  exactly  in  the  case  of  a 
ortex  chaos  motion,  the  statistical  principle  could  be  avoided.  Until 
uch  a  mathematical  treatment  is  completed,  the  essential  meaning  of  the 
rgode  hypothesis  is  necessary  as  a  theoretical  principle.  From  the 
bove-mentioned  point  of  view,  an  attempt  will  be  made  to  propose  such  a 
tatistical  theory  of  turbulence  in  general  cases  that  may  include  the 
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previous  successful  theories  as  special  cases  and  may  give  some  quantita¬ 
tive  results  to  other  fields  beyond  the  scope  of  the  previous  theories. 
The  purpose  of  this  work,  then,  is  to  present  general  descriptions  of  a 
statistical  theory  of  turbulence. 
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CHAPTER  TWO.  FUNDAMENTAL  CHARACTER  OF  VORTEX  CHAOS  MOTION 


3.  FORMATION  OF  VORTEv  CHAOS  MOTION 

Real  turbulent  flow  can  be  interpreted  as  vortex  chaos  motion;  however, 
before  expressing  mathematically  the  vortex  chaos  motion,  in  this  chapter, 
some  important  physical  characteristics  will  be  related  which  will  classify 
vortex  chaos  motion  into  fundamental  groups.  Generally  speaking,  vortex 
chaos  motion  is  formed  when  a  solid  body  is  put  into  the  flow  of  a  fluid. 

At  least  one  vortex  motion  is  produced  just  behind  the  body.  At  standard 
Reynolds  number  values,  this  vortex  is  carried  away  from  the  body  and  a 
new  vortex  is  produced  again  at  the  same  location.  These  vortices,  being 
produced  and  separated  one  after  another  just  behind  the  body,  keep  a 
regular  arrangement  at  first  and  then  gradually  become  irregular  along  the 
flow  The  term  "vortex  chaos  motion"  refers  to  such  an  irregular  arrange¬ 
ment  of  vortices  and  Figure  1  shows  the  transient  condition  of  vortex  chaos 
mo  L i on . 

This  transition  phenomenon  will  be  surveyed  in  detail  for  a  typical 
case  of  a  circular  cylinder  in  uniform  flow.  Records  of  velocity  fluctua¬ 
tions  indicate  generally  regular  wave  forms  just  behind  the  cylinder,  but 
at  a  distance  from  the  cylinder  they  tend  to  become  irregular.  Some 
examples  of  these  records  are  shown  in  Figures  4  and  5.  When  observations 
are  made  in  water/  it  can  be  seen  that, at  first,  vortices  produced  just 
behind  a  cylinder  separate  one  after  another  and  form  a  regular  arrangement 
of  Kaynan^ vortex  streets.  Although  these  regular  arrangements  are  retained, 
the  Karman  vortex  streets  tend  to  be  broken  into  an  irregular  chaotic  state 
along  the  f low . 

The  physical  mechanism  of  the  formation  of  a  vortex  motion  has  not  been 
clarified,  not  to  mention  the  mathematical  condition.  Owing  to  many  obser¬ 
vations,  however,  the  production  of  a  vortex  motion  cannot  be  imagined  in 
the  case  of  a  nonviscous  flow,  i.e.  ,  in  the  case  where  the  momentum  of  the 
flow  does  not  transfer  across  the  flow.  It  is  certain  that  the  viscosity 
due  to  molecular  or  turbulent  agitating  motion  plays  an  essential  role  in 
producing  a  vortex  motion. 

Moreover,  concerning  the  transition  phenomenon  from  a  regular  to  an 
Irregular  arrangement  of  vortices,  definite  interpretations  have  not  been 
given,  depending  upon  the  hydrodynamical  equations  of  motion.  If  the 
following  supposition  is  allowed,  the  transition  may  be  made  as  follows: 
at  first,  the  laminar  boundary  layer  separates  f rom a  c ircular  cylinder  since 
it  is  unable  to  resist  the  adverse  pressure  gradient,  and  the  separated 
laminar  boundary  layers  are  curled  into  two  vortex  motions  at  symmetrical 
positions  just  behind  the  cylinder.  This  unstable  symmetrical  arrangement 
of  the  two  vortices  is  easily  broken  by  disturbances  contained  in  the  main 
flow,  and  the  vortices  are  diverted  into  the  flow  one  after  another.  In 
these  diverted  vortices,  molecular  viscosity  at  first  affects  only  the 
narrow  region  around  each  vortex  center,  so  that  the  vortices  are  arranged 
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into  the  pattern  of  stable  Ka'rman  vortex  streets.  As  the  regions  affected 
by  viscosity  expand  along  the  flow,  their  actions  on  each  other  produce 
three-dimensional  disturbances.  Thus,  since  the  Karman  vortex  streets 
are  proved  to  be  neutrally  stable  in  a  nonviscous  fluid,  this  flow  pattern 
is  easily  broken  and  the  arrangement  of  vortices  changes  gradually  into 
an  irregular  one. 

From  the  above  interpretation,  it  may  be  concluded  that  in  vortex 
chaos  motion  the  viscosity  of  every  vortex  constantly  affects  other  vor¬ 
tices  near  by.  When  two  vortices  with  the  same  direction  of  circulation 
draw  near,  it  is  assumed  that  a  new  vortex  is  produced  between  them  by 
taking  some  parts  of  their  energy  by  viscosity,  just  as  the  primary  vortex 
is  produced  by  taking  energy  from  the  main  flow  by  the  viscosity  in  the 
boundary  layer  around  a  body.  These  new  vortices  may  produce  further  small 
vortices  in  the  same  way,  and  a  sort  of  cascade  phenomenon  can  be  presumed. 
Of  course,  there  may  be  a  chance  that  a  primary  and  a  new  vortex  will  bring 
out  a  third  one,  and  the  cascade  phenomenon  in  vortex  chaos  motion  presents 
a  very  complicated  situation.  In  the  actual  turbulent  flow,  the  existence 
of  newly  created  vortices,  other  than  those  of  the  primary  vortices,  has 
seldom  been  observed.  It  is  more  natural,  however,  to  consider  that  the 
vortex  chaos  motion  inevitably  accompanies  the  cascade  phenomenon,  rather 
than  to  assume  that  the  vortex  chaos  motion  consists  only  of  the  primary 
vortices.  In  other  words,  in  turbulent  flow,  chaotic  motions  of  all  these 
vortices  produce  velocity  fluctuations  everywhere  in  the  field  of  flow. 


6.  TURBULENT  FLOW  OF  A  DECAYING  CHARACTER 


In  turbulent  flow,  vortcxchaos  motion  usually  comprises  many  types  of 
vortices  depending  upon  the  means  of  generation;  however,  the  vortex  chaos 
motion  may  be  divided  generally  into  two  fundamental  types.  One  is  the  wake 
flow  behind  a  lattice  or  body  or  the  jet  from  a  mouth  of  a  pipe,  and  the 
other  is  the  boundary  layer  or  pipe  flow. 

In  the  case  of  the  turbulent  wake  or  jet  where  the  obstacle  which 
produces  the  primaiy  vortices  is  located  at  one  position  along  the  flow, 
the  energy  of  the  main  flow  is  transmitted  into  vortices  at  only  one  place 
in  the  field.  Although  the  cascade  phenomenon  is  taken  into  account,  small 
new  vortices  are  produced  from  part  of  the  energy  of  the  ascending  vortices. 
Therefore,  the  energy  contained  in  the  individual  vortices  decreases  along 
the  flow.  The  quantitative  relation  between  the  energy  of  vortex  motion 
and  the  turbulent  intensity  at  a  point  in  the  field  of  flow  will  be  clari¬ 
fied  later.  However,  in  the  case  of  the  turbulent  wake  or  jet,  an  impor¬ 
tant  characteristic  is  that  turbulent  intensity  decays  inevitably  along 
the  flow.  An  example  of  the  data  in  this  case  is  shown  in  Figure  6. 

In  the  case  of  the  wake  or  jet,  even  if  individual  vortices  and  the 
conditions  of  their  mixture  depend  on  the  pressure  gradient  along  the  flow 
and  other  factors,  the  origin  of  turbulent  energy  lies  in  the  primary  vor¬ 
tices  and  is  transmitted  to  the  small  descending  vortices  along  the  flow. 
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Thus,  the  effect  of  the  primary  vortices  may  be  succeeded  by  the 
descending  ones  along  the  flow,  and  this  case  will  be  called  "decaying 
turbulent  flow". 

In  decaying  turbulent  flow,  consider  a  special  case  of  flow  behind  a 
uniform  lattice  put  across  the  main  flow.  Just  behind  the  lattice,  some 
regularity  remains  in  the  arrangement  of  the  vortices  produced  from  the 
rods  of  the  lattice.  As  in  the  case  of  a  circular  cylinder,  the  mutual 
disturbance  of  these  vortices  becomes  large  along  the  flow.  In  this  case, 
however,  the  breadth  of  the  range  of  the  whole  chaos  motion  is  far  wider 
than  the  scale  of  the  individual  vortices  in  the  flow,  so  that  all  the 
vortices  become  mixed  completely  with  no  observable  regularity  in  the 
effect  of  their  interaction.  This  fact  may  be  comprehended  by  the  observed 
results  behind  a  tv/o-dimensional  lattice  shown  in  Figure  1.  It  may  be 
concluded,  then,  that  in  a  turbulent  field  behind  a  lattice,  the  primary 
vortices  and  their  descending  vortices  are  all  carried  in  their  completely 
irregular  state. 

Thus,  velocity  fluctuation  at  a  point  downstream  from  a  lattice  is 
due  to  the  independent  and  irregular  causes  of  vortex  motion.  Further¬ 
more,  although  many  kinds  of  vortices  pass  near  this  point,  their  mean 
characteristics  are  definite.  It  is  generally  proved  by  the  Gaussian 
central-limit  theorem  that  when  a  fluctuating  event  occurs  because  of 
some  causes  of  independent  irregularity,  but  with  definite  mean  character¬ 
istics,  the  probability  distribution  of  this  event  obeys  the  Gaussian 
distribution  function.  The  decaying  turbulent  flow  behind  a  lattice  is  an 
example  of  thi°  case.  Examples  of  observed  results  on  the  probability 
distribution  are  shown  in  Figures  7,  8,  and  9. 

Situations  of  the  velocity  fluctuation  behind  a  circular  cylinder 
are  considered  in  Section  5.  In  this  case,  even  if  the  K^rm^n  vortex 
streets  tend  to  be  irregular,  it  cannot  be  assumed  that  a  vortex  motion 
is  affected  uniformly  from  all  directions  by  other  vortices,  as  in  the 
case  of  a  lattice.  A  vortex  carried  on  one  side  of  the  Karmen  vortex 
streets  is  affected  chiefly  by  the  vortices  of  the  other  side,  even  though 
they  are  in  a  chaotic  state.  Therefore,  it  is  difficult  to  mix  into  a 
completely  irregular  state  just  as  in  the  case  of  flow  behind  a  lattice. 
Such  a  situation  is  generally  true  in  the  case  of  the  wake  behind  a  body 
or  of  the  jet  from  a  pipe. 

The  descending  small  vortices  produced  through  the  cascade  process 
may  tend,  even  in  the  case  of  a  wake  or  jet,  to  become  completely  irregu¬ 
lar,  being  affected  uniformly  by  the  surrounding  vortices  because  their 
dimensions  are  far  smaller  than  the  whole  dimension  of  the  vortex  chaos 
motion,  as  are  the  primary  vortices  in  the  case  of  a  lattice  flow.  Since 
some  regularity  remains  in  the  primary  vortices  of  high  energy,  the 
velocity  fluctuation  at  a  point  in  the  field  is  due  not  entirely  to 
independent  causes  for  a  particular  time.  Thus,  unlike  the  case  of  a 
lattice  flow,  the  central-limit  theorem  does  not  hold,  and  the  probabil¬ 
ity  distribution  should  differ  somewhat  from  the  Gaussian  function. 
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From  the  above  discussion,  it  may  be  concluded  that  when  the  breadth 
of  a  vortex  chaos  motion  is  far  wider  than  the  mean  scale  length  of  the 
individual  vortices,  the  chaotic  state  of  their  arrangement  becomes 
completely  irregular;  but  when  the  whole  breadth  is  comparable  with  the 
individual  scale  length,  some  regularity  remains  in  their  chaotic  state. 
In  the  latter  case,  the  regularity  produces  some  nonzero  values  in  uv 
and  similar  components  of  the  velocity  fluctuation  at  a  point  in  the 
field  which  affects  the  turbulent  shearing  stress,  giving  distortion  to 
the  mean-velocity  profile;  the  flow  represents  that  which  is  called 
"turbulent  shear  flow".  Thus,  the  decaying  turbulent  flow  can  be 
divided  into  two  types,  which  shall  be  called  "shear  turbulent  flow"  of 
a  wake  behind  a  body  or  jet,  and  "shearless  turbulent  flow"  behind  a 
lattice. 


7  .  VISCOUS  SUBLAYER  NEAR  THE  WALL 


In  the  case  of  turbulent  flow  in  a  boundary  layer  or  pipe,  it  is 
appropriate  to  regard  the  vortex  chaos  motion  as  consisting  of  many 
kinds  of  vortices  rather  than  a  single  kind  as  in  the  case  of  the 
decaying  turbulent  flow.  However,  the  circumstances  of  the  production 
of  vortices  are  entirely  different  from  the  decaying  turbulent  flow. 

When  a  fluid  flows  along  a  wall  or  a  body,  a  laminar  boundary  layer  is 
always  formed  from  the  forward  stagnation  point  under  an  ordinary 
Reynolds  number.  Sometimes  it  separates  from  the  body  as  it  is.  In 
many  cases,  however,  the  laminar  boundary  layer  is  broken  into  a  turbulent 
state  before  the  separation,  and  a  turbulent  boundary  layer  is  still 
developed  along  the  wall. 

The  mechanism  of  transition  from  a  laminar  to  a  turbulent  boundary 
layer  is  not  yet  clearly  comprehended.  However,  if  the  flow  does  not 
disturb  the  laminar  boundary  layer,  the  transition  cannot  be  imagined 
before  the  boundary  layer  separates.  From  hot-wire  observations,  it 
is  ascertained  in  the  laminar  boundary  layer  that  the  characteristic 
velocity  fluctuation,  which  is  known  as  the  laminar  oscillation,  grad¬ 
ually  grows  along  the  flow.  Figure  10  is  an  example  of  such  an  obser¬ 
vation.  Moreover,  it  is  well  known  that  when  the  main  stream  distur¬ 
bances  are  small,  the  laminar  oscillation  has  the  same  characteristics 
as  the  Tollmien-Schlichting  unstable  wave  predicted  by  the  linearized 
Orr -Sommer f eld  equation  of  the  unsteady  laminar  boundary  layer.  An 
example  of  observations  in  this  case  is  shown  in  Figure  11. 

This  growing  laminar  oscillation,  whether  it  is  the  Tollmien- 
Schlichting  wave  or  not,  seems  to  bring  forth  a  vortex  motion  in  the 
boundary  layer.  The  interpretation  of  an  instantaneous  separation  of 
the  laminar  boundary  layer  by  the  growing  oscillation  may  be  taken  as 
one  of  the  causes  of  a  vortex  motion.  Although  a  definite  verification 
on  the  instantaneous  laminar  separation  is  not  available,  it  is  observed 
that  the  laminar  boundary  layer,  which  does  not  separate  as  does  the 
steady  flow,  abruptly  brings  forth  a  vortex  motion.  Figure  12  shows 
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such  a  situation  of  the  outbreak  of  a  vortex  motion  in  a  laminar  boundary 
layer.  When  the  laminar  boundary  layer  oscillations  are  recorded  at  the 
region  of  transition,  an  intermittent  high-frequency  oscillation  is  usually 
perceived  as  shown  in  Figure  13.  Its  appearance  also  seems  to  indicate 
the  outbreak  of  a  vortex  motion  in  the  boundary  layer. 

When  transition  occurs,  the  laminar  boundary  layer  loses  the  original 
meaning.  However,  when  the  vortices  produced  by  transition  do  not  sepa¬ 
rate  from  the  body  and  a  main  flow  still  exists  along  the  wall,  it  is 
generally  supposed  that  due  to  the  effect  of  molecular  chaos  motion  that 
molecular  viscosity  exists  in  the  immediate  vicinity  of  the  wall.  In  this 
case,  just  above  the  region  of  molecular  viscosity,  strong  vortices  pro¬ 
duced  by  the  transition  are  carried  along,  and  they  contribute  great 
disturbances  to  this  part.  Thus,  before  growing  into  the  normal  state  of 
a  laminar  boundary  layer,  the  viscosity  part  is  broken  again  and  produces 
strong  vortices.  Such  production  of  vortices  will  be  repeated  along  the 
wall,  and  molecular  viscosity  is  maintained  as  a  very  thin  layer  along 
the  wall.  Once  transition  has  occurred  in  the  laminar  boundary  layer,  a 
kind  of  viscous  layer,  which  cannot  become  an  ordinary  laminar  boundary 
layer,  remains,  bringing  out  strong  vortices  successively  along  the  wall. 

In  Section  1,  the  existence  of  the  stability  limit  is  expressed  by  the 
Reynolds  number  of  the  order  102,  where  all  the  disturbances  of  the  flow 
are  decayed  by  the  effect  of  viscosity.  Within  this  extremely  thin  layer 
corresponding  to  this  value  of  the  Reynolds  number  of  stability,  the 
effect  of  molecular  viscosity  must  be  predominant.  The  above-mentioned 
condition  is  the  previously  proposed  interpretation  of  the  so-called 
laminar  sublayer  (reference  21).  Although  the  state  of  flow  in  this 
layer  is  greatly  influenced  by  the  effect  of  viscosity,  there  are  also 
large  velocity  fluctuations;  and  to  avoid  a  misunderstanding,  the  term 
"viscous  sublayer"  will  be  used.  Figure  14  shows  an  experimental  result 
in  the  immediate  vicinity  of  the  wall  in  a  turbulent  boundary  layer. 

Because  of  the  rapid  reduction  of  the  fluctuations  and  mean  velocity  very 
near  the  wall  and  the  decreasing  of  high-frequency  fluctuations,  the  exist¬ 
ence  of  the  viscous  sublayer  may  be  ascertained. 

Because  the  viscous  sublayer  is  extremely  thin,  as  shown  in  Figure 
14,  precise  measurements  are  difficult  and  characteristics  of  this  layer 
still  remain  unknown.  However,  the  production  of  vortices  from  the  wall 
can  be  clearly  observed  everywhere  along  the  flow  (reference  23).  In  the 
case  of  turbulent  flow  in  a  pipe,  the  observations  are  essentially  the 
same  as  in  the  case  of  boundary  layer  flow.  In  other  words,  after  the 
transition  of  the  laminar  boundary  layer  from  the  inlet  of  the  pipe,  the 
viscous  sublayer  is  developed  generating  strong  vortices  along  the  inner 
wall.  Such  a  condition  may  be  understood  by  the  observed  result  in 
Figure  2. 


8.  TURBULENT  FLOW  OF  NONDECAYING  CHARACTER 

In  the  case  of  turbulent  flow  along  a  wall  or  in  a  pipe,  discussions 
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in  many  cases  are  made  concerning  the  region  far  downstream  from  the  place 
of  transition.  In  this  region,  all  sorts  of  vortices  produced  upstream 
are  carried  in  chaotic  state.  In  the  case  of  decaying  turbulent  flow, 
only  the  primary  vortices  are  produced,  receiving  the  energy  of  the  main 
flow  directly,  and  the  descending  vortices  are  produced  from  some  of  the 
energy  of  the  ascending  ones.  The  cascade  phenomena,  similar  to  that 
which  might  occjr  in  a  decaying  turbulent  flow,  may  also  exist  in  the 
case  of  turbulent  flow  along  a  wall.  Since  the  primary  vortices  of  the 
same  order  of  intensity  are  produced  constantly  along  the  wall,  the 
effects  of  the  descending  vortices  are  far  smaller  than  in  the  case  of 
decaying  turbul  at  flow.  Vortices  produced  at  a  point  are  affected 
instantly  by  tht  primary  vortices  produced  upstream  from  this  point,  and 
the  velocity  is  influenced  constantly  by  all  primary  vortices  produced 
upstream.  As  the  fluid  goes  down  along  the  wall,  the  state  of  the 
turbulent  flow  is  affected  by  the  local  characteristics  of  the  newly 
produced  primary  vortices,  and  the  upstream  history  of  the  flow  is  for¬ 
gotten.  This  is  an  essentially  different  feature  from  the  decaying  turbu¬ 
lent  flow  in  which  the  history  of  the  primary  vortices  is  succeeded  by 
the  descending  vortices  one  after  another.  Thus,  it  is  thought  that  the 
vortex  chaos  motion  in  the  real  turbulent  flow  should  be  divided  at  first 
into  these  two  groups. 

The  kinetic  energy  of  the  primary  vortices  produced  by  the  effect 
of  the  viscous  sublayer  may  depend  upon  the  pressure  distribution  along 
the  flow,  the  roughness  of  the  wall,  and  many  other  factors.  However, 
since  the  primary  vortices  are  produced  along  the  wall,  each  with  consid¬ 
erable  energy,  the  intensity  of  the  velocity  fluctuation  does  not  necessar 
ily  decay  along  the  flow.  This  essential  difference  from  the  decaying 
turbulent  flow  can  be  easily  detected  by  experimental  observations.  When 
the  observed  results  shown  in  Figure  15  are  compared  with  those  in  Figure 
6,  the  difference  between  the  two  cases  is  clearly  seen.  This  case  will 
be  called  the  "nondecaying  turbulent  flow". 

All  the  vortices  produced  upstream  from  a  fixed  point  in  the  non¬ 
decaying  turbulent  flow  are  carried  nearby.  With  the  exception  of  the 
low-energy  descending  vortices  which  were  produced  through  the  cascade 
process,  the  production  of  the  primary  vortices  is  entirely  attributed  to 
the  effect  of  the  viscous  sublayer  which  exists  only  on  the  wall  along  the 
main  flow,  and  the  breadth  of  all  the  vortex  chaos  motion  is  not  much 
wider  than  the  width  of  the  individual  vortices.  Therefore,  it  cannot 
be  assumed  that  the  effects  of  these  vortices  on  a  fixed  point  are 
completely  random  regardless  of  the  direction  of  the  field  of  flow.  Sim¬ 
ilar  to  the  decaying  turbulent  flow  of  a  wake  or  jet,  some  regularity 
remains  in  the  chaotic  state,  at  least  with  the  primary  vortices  having 
high  energy.  This  characteristic  may  be  observed  in  Figure  2.  Because  of 
some  regularity  in  the  arrangement  of  vortices,  the  nondecaying  turbulent 
flow  may  be  called  shear  turbulent  flow.  However,  it  must  be  realized 
that  the  nondecaying  turbulent  flow  has  a  more  essentially  different 
mechanism  from  the  decaying  turbulent  flow  than  the  difference  between 
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the  shear  and  s  .earless  turbulent  flow  in  the  case  of  the  decaying  turbu¬ 
lent  flow. 

As  a  matter  of  course,  existence  of  some  regularity  produces  nonzero 
values  in  the  Reynolds  shearing  s tress ,  caus ing  further  deviation  of  the 
mean- ve loc i ty  profile.  Namely,  when  the  probability  distributions  of 
velocity  are  measured,  they  do  not  indicate  the  Gaussian  distribution 
function  as  shown  in  Figures  16  and  17. 

Thus,  because  of  the  above  discussions  on  the  fundamental  mechanism 
of  vortex  chaos  motion,  the  real  turbulent  flow  may  be  systematized  as 
f  o 1 1 ow  s  : 

A.  Decaying  turbulent  flow 

1.  Shearless  turbulent  flow 

2.  Shear  turbulent  flow 

B.  Nondecaying  (shear)  turbulent  flow 

In  the  next  chapter,  fundamental  mathematical  expressions  of  the 
general  vortex  chaos  motion  will  be  given,  and  in  the  following  chapters, 
quantitative  discussions  will  proceed  case  by  case  according  to  these 
classifications  of  turbulent  flow. 
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CHAPTER  THREE.  STATISTICAL  DESCRIPTION  OF  VORTEX  CHAOS  MOTION 


For  the  case  of  a  fluid  with  a  constant  density  and  temperature,  the 
following  equations  of  motion  are  given  by  Navier  and  Stokes  (reference 
25): 


fft  =  (&*.-■?"») 1 


i-x  Ty 
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<Tx-P+^j  r^-P+ZM^  > 

7  -M+JV  7  7^=4^  • 

(y*-4f  +  7m  ’  d* +3xT  ■’  tjy 

(9.1) 

In  equation  (9.1)  t  is  the  time;  x,  y,  and  z  are  Cartesian  coordinates  in 
the  field  of  flow;  U,  V,  and  W  are  velocity  components  of  the  x,  y,  and  z 
direction,  respectively;  P  is  the  static  pressure,  and  ju,  is  the  coeffi¬ 
cient  of  viscosity. 

When  the  viscous  terms  multiplied  by  /a  are  neglected,  the  Navier- 
Stokes  equations  (9.1)  become  the  Euler  equations  of  a  perfect  fluid  in 
which  the  Newton  dynamics  are  applied  to  the  continuous  medium  of  a  fluid 
by  neglecting  higher 'order  terms  in  the  Taylor  expansions.  As  for  the 
viscosity  coefficient,  yu,  ,  it  is  assumed  by  Hooke's  law  to  be  constant 
in  the  field  of  flow.  Depending  upon  the  statistical  dynamics  of  gas,yCO 
is  expressed  by  the  product  of  the  mean  velocity,  the  mean  free  path,  and 
the  density  of  the  molecules.  Therefore,  at  a  position  which  is  further 
from  the  wall  than  the  length  of  a  mean  free  path,  the  three  quantities 
may  be  assumed  to  be  constant,  and  Hooke's  law  can  be  adapted.  It  is  for¬ 
tunate  for  hydrodynamics,  whose  equations  of  motion  are  expressed  in  (9.1), 
that  the  mean  free  path  of  a  gas  at  standard  temperature  has  a  length  of 
the  order  of  10"  centimeters  and  is  far  smaller  than  a  macroscopic  stand¬ 
ard  length  in  the  field  of  flow. 

In  spite  of  many  neglected  terms  in  deriving  the  equations,  one  can 
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find  no  experimental  evidence  that  the  Navier-Stokes  equations  are  inade¬ 
quate  to  describe  the  real  motion  of  a  fluid.  As  mentioned  in  Chapter  One, 
the  chaotic  motion  in  a  turbulent  flow  has  a  macroscopic  scale  far  larger 
than  does  the  molecular  chaos  motion  of  gas.  Even  if  it  is  mathematically 
difficult  to  prove,  the  Navier-Stokes  equations  are  assumed  to  hold 
accurately  in  L  he  actual  state  of  turbulent  flow. 

When  velocity  fluctuations  exist  in  the  field  of  flow,  velocity 
components  at  a  point  are  written  by  dividing  them  into  the  mean  and 
f  1  uc t uat iona 1  parts, 


U=U  +  L L  J 


Vs  V+  XT 


(9.2) 


where 


t+t  t'+t  t'+t 

0  = 

^  t  t 


t'+t 


(9.3) 


In  the  above  expressions,  the  limiting  values  of  U,  V,  and  W  are  assumed 
to  be  definite  independently  ot  the  value  of  a  starting  time,  t',  of  the 
integration.  Hereafter,  all  the  mathematical  discussions  will  be  based 
upon  this  assumption  of  the  existence  of  definite  mean  values.  For  sim¬ 
plicity  of  description,  t'  is  often  replaced  by  0,  and  sometimes  mean 
values  are  denoted  only  by  using  the  notation  of  a  bar. 


By  expressions  (9.2)  and  (9.3)  it  is  easily  proved  that 


It  -  v  9ur  =  Oy  (9.4) 

and  the  mean  values  of  their  products, 


do  not  necessarily  vanish  with  definite  values.  For  simplicity  of  expres¬ 
sion,  the  root-mean-square  values  of  fu*  >  fy?  ,  and  will  be  denoted 
by  the  Gothic  letters  14  ,  V  ,  and  xxr. 

When  expressions  (9.2)  are  substituted  in  the  Navier-Stokes  equations 
(9.1)  and  time  means  are  taken,  the  equations  can  be  written  as 
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fji=  7xfc-V*)+fc(f*y-i'V+ja(7ex-Viv)  > 

/jt = &(%?&)+%(**-  W  +A( 

fft  -  A  (fmxuw) +$l(?^-vw)+A(^'  &*)  J 

jt7  .  <JU  ,  dtV  _  „ 


<rx  =  -p+^^-fuf,  try  <ri = 


In  equation  (9.6)  Ju/jt  indicates  that  the  mean  velocity  U  may  gradually 
change  for  a  far  longer  scale  of  time  than  the  time  interval  t  in  expres¬ 
sions  (9.3).  If  the  components  of  the  tensor  expression 


(9.7) 


are  added  to  the  respective  components  of  viscous  stress  in  equations  (9.1), 
equations  (9.6)  have  the  same  mathematical  expressions  as  (9.1).  Equations 
(9.6)  and  expression  (9.7)  are  known  as  the  Reynolds  equations  and  the 
Reynolds  stress,  respectively  (reference  26). 


The  assumption  of  the  existence  of  mean  values  which  has  been  the 
foundation  of  expression  (9.3)  or  (9.4)  can  be  adapted  widely  to  the  real 
state  of  turbulent  flow.  Thus,  the  statistical  study  in  which  only  the 
mean  values  are  discussed  has  an  important  meaning  in  the  study  of  turbu¬ 
lent  flow.  The  Reynolds  equations  derived  from  the  Navier-Stokes  equations 
based  upon  the  assumption  of  existence  of  mean  values  can  be  regarded  as 
necessary  conditions  to  determine  mean  values  for  the  time  of  fluctuating 
motion  of  turbulent  flow.  In  addition  to  the  turbulent  flow,  however, 
there  are  many  cases  of  unsteady  flows  in  which  the  assumption  of  the 
existence  of  mean  values  can  be  adapted;  for  example,  flow  patterns  of  the 
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Karman  vortex  streets  behind  a  body  and  of  th*1  Tollmien-Schlichting  oscil¬ 
lations  in  a  laminar  boundary  layer.  Therefore,  the  Reynolds  equations 
cannot  be  regarded  as  the  necessary  and  sufficient  conditions  to  prescribe 
the  mean  state  of  turbulent  flow.  It  is  significant  that  the  Reynolds 
stress,  newly  derived  from  the  nonlinear  terms  when  time  means  are  tal  *n, 
makes  the  Reynolds  equations  mathematically  inconclusive.  As  mentioned 
ir.  Chapter  One,  the  cause  of  confusion  arose  when  the  statistical  study 
of  turbulent  flow  was  opened. 


10.  COEFFICIENTS  OF  THE  EULER  CORRELATION 

The  value  of  the  Reynolds  stress  in  expression  (9.7)  depends  largely 
upon  the  amplitude  of  velocity  fluctuation  and  is  regarded  as  a  statisti¬ 
cal  quantity  of  the  intensity  of  turbulent  flow.  The  Reynolds  equations 
are  necessary  conditions  relating  the  turbulent  intensity  and  mean 
velocity.  As  mentioned  in  Chapter  One,  there  is  another  fundamental  quan¬ 
tity  of  turbulent  scale.  Since  formulas  (9.6)  and  (9.7)  are  not  concerned 
with  this  quantity,  another  statistical  expression  of  turbulent  scale  must 
be  established. 


Letting  u,  v,  and  w  and  u',  v',  and  w'  be  components  of  velocity 
fluctuations  at  two  points  A  and  A',  respectively,  and  having  coordinates 
x,  y,  and  z  and  x',  y',  and  z'  in  the  field  of  flow,  one  can  define  the 
following  tensor  expression  of  the  correlation  coefficients: 


uuf 

UV-' 

UUP 

i 

uVJ  * 

wr' 

trtl* 

j 

InF  > 

umr 

•ct/tr' 

iwv  * 

uur' 


TFuF 

urus' 

TcTEF? 


(10.1) 


If  the  A' -point  coincides  with  the  A-point,  every  numerator  of  the 
component  of  (10.1)  becomes  every  component  of  (9.7)  of  the  Reynolds 
stress.  In  the  turbulent  state  of  flow,  velocity  fluctuation  Is  generally 
a  continuous  function  of  the  time  and  location.  Even  If  the  A* -point  Is 
slightly  apart  from  the  A-polnt,  the  patterns  of  velocity  fluctuation  are 
similar  (cf.  Figure  3),  and  the  component  of  (10.1)  does  n >t  necessarily 
vanish.  However,  when  the  A '-point  Is  at  a  greater  distance  from  the  A- 
polnt,  there  will  be  no  Interrelation  between  the  two  velocity  fluctua¬ 
tions,  and  all  the  components  of  (10.1)  become  zero.  When  the  components 
of  (10.1)  are  regarded  as  functions  of  the  distance  between  the  two  points, 
the  value  of  (10.1)  may  be  regarded  as  a  statistical  quantity  signifying 
the  scale  of  fluctuating  motion  of  turbulent  flow.  Expression  (10.1)  Is 
Introduced  by  Taylor  (reference  13)  as  an  extended  formula  of  (9.7)  of  the 
Reynolds  stress  and  Is  known  as  the  Euler  correlation. 

According  to  the  mathematical  definition  of  the  correlation 
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coefficient,  (10.1)  is  a  double  correlation.  If  necessary,  the  triple 
correlation  at  two  points  and  the  i-th  correlation  at  N  points  can  be 
defined.  Viewed  mathematically,  they  are  related  to  point  probability 
which  can  be  defined,  based  upon  the  assumption  of  the  existence  of  mean 
values  mentioned  in  the  last  section.  Physically  they  signify  details 
of  the  characteristics  of  the  turbulent  scale. 

The  tensor  formula  of  the  Euler  correlation  coefficients  (10.1)  is 
a  general  statistical  expression  of  the  two  fundamental  quantities  of 
intensity  and  scde  of  fluctuating  motion  of  fluid.  However,  the  expres¬ 
sion  (10.1)  holds  not  only  for  turbulent  flow  but  for  many  other  unsteady 
flows  with  definite  mean  values.  The  definition  of  (10.1)  cannot  be  said 
to  compensate  for  the  Reynolds  equations,  which  are  the  necessary  condi¬ 
tions  in  the  study  of  turbulent  flow. 

11.  PROBABILITY-DENSITY  FUNCTION  IN  VORTEX  CHAOS  MOTION 

There  are  many  kinds  of  unsteady  flow  to  which  the  formulas  in  Sec¬ 
tions  9  and  10  can  be  adapted.  In  order  to  establish  a  conclusive  statis¬ 
tical  theory  of  turbulent  flow,  however,  it  is  necessary  to  distinguish 
the  physical  image  of  turbulent  flow  from  the  general  case  of  unsteady 
flows.  Then,  depending  upon  this  image,  the  components  of  the  Euler 
correlation  (10.1)  or  the  Reynolds  stress  (9.7)  must  be  expressed  as 
functions  of  the  location  in  the  field  of  flow.  Thus,  combined  with  these 
formulas,  the  Reynolds  equations  (9.6)  may  give  necessary  and  sufficient 
theoretical  foundations  for  a  general  statistical  description  of  turbulent 
flow. 

The  interpretation  of  a  vortex  chaos  motion  mentioned  in  the  previous 
chapters  will  be  taken  as  the  mechanism  of  turbulent  flow.  In  any  case 
of  turbulent  flow,  whether  the  decaying  or  the  nondecaying  turbulent  flow, 
it  is  certain  that  many  kinds  of  vortices  are  carried  by  the  mean  flow  in 
an  irregular  motion,  and  that  these  vortices  bring  forth  velocity  fluctua¬ 
tions  at  every  point  in  the  field  of  flow. 

In  the  above-mentioned  physical  image,  a  vortex  motion  means  the 
state  of  the  turning  movement  of  part  of  a  fluid  around  a  linear  part 
called  the  vortex  filament.  The  characteristics  of  an  individual  vortex 
motion,  the  states  of  the  vortex  filament  and  the  distribution  of  the 
turning  velocity  around  the  filament,  may  be  observed.  However,  the 
vortex  motion  is  a  phenomenon  of  fluid  motion  and  has  no  definite  boundary 
as  a  rigid  body. 

In  the  turbulent  state  of  flow,  these  vortices  are  carried  in  a 
chaotic  state  with  constant  interactions  along  the  flow.  Lengths,  direc¬ 
tions,  curvatures,  and  relative  locations  of  vortex  filaments  change  while 
they  are  being  carried  away.  For  the  situation  of  turning  velocity,  there 
are  many  kinds  of  intensity  and  scale.  In  this  section,  as  the  first  step 
in  deducing  a  statistical  description  of  this  physical  image,  a 
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probability-density  function  concerned  chiefly  with  the  flow  of  vortex 
filaments  will  be  introduced. 


Let  a  fixed  point  in  the  field  of  flow  be  called  the  A-point  for 
convenience  of  explanation.  In  Cartesian  coordinates  x,  y,  and  z  in  the 
field  of  flow,  the  x-axis  is  taken  parallel  to  the  direction  of  the  mean 
flow  through  the  A-point.  With  an  increasing  time  t  beginning  at  a  fixed 
time  t',  the  above-mentioned  vortex  chaos  motion  will  be  imagined  near 
the  A-point. 

At  the  beginning  time  t',  if  perpendiculars  are  drawn  from  the  A- 
point  to  vortex  filaments  nearby,  definite  intersections  are  determined 
in  the  field  of  flow.  Among  many  vortex  filaments,  the  nearest  filament 
that  has  the  shortest  distance  between  the  A-point  and  the  intersection 
can  be  pointed  out. 

With  an  increasing  time  t,  the  nearest  vortex  filament  at  the  begin¬ 
ning  time  t'  moves  near  the  A-point,  varying  the  inclination,  curvature 
and  other  characteristics.  The  perpendicular  drawn  from  the  A-point  at 
the  time  t'  moves,  and  the  intersection  forms  a  continuous  curve  in  the 
xyz-space.  After  the  nearest  vortex  filament  at  t'  is  carried  away  from 
the  A-point,  another  filament  comes  into  the  nearest  proximity  of  the  A- 
point.  An  alternation  of  the  nearest  filament  is  repeated  successively 
with  an  increasing  time  t.  Thus,  for  an  extended  time  t,  the  intersections 
of  perpendiculars  from  the  A-point  to  the  nearest  vortex  filaments  trace 
many  kinds  of  three-dimensional  curves  in  the  xyz-space  (cf.  Figure  18). 


Another  characteristic  of  a  vortex  motion  is  the  distribution  of 
turning  velocity.  At  the  beginning  time  t',  one  perpendicular  plane  to 
the  nearest  vortex  filament  can  include  the  A-point.  The  curvature,  the 
elongation  of  the  filament,  and  the  effects  of  other  vortices  near  the 
intersection  of  the  nearest  filament  will  be  neglected.  Then,  the 
turning  velocity  of  this  two-dimensional  vortex  in  the  perpendicular 
plane  is  distributed  around  the  intersection.  Therefore,  at  the  A-point 
a  turning  velocity  of  this  vortex  in  the  perpendicular  plane  is  determined. 
This  turning  velocity  is  denoted  by  the  following  vector  with  the  magni¬ 
tude  V*, 


(11.1) 


The  x'-,  y1-,  and  z'-axes  from  the  A-point  will  be  taken,  respec¬ 
tively,  parallel  to  the  x- ,  y-,  and  z-axes.  The  angles  between  V*  and 
the  z'-axis,  between  the  orthogonal  projection  of  V*  to  the  x'y'-plane 
and  the  x'-axis  are  denoted,  respectively,  by  <p  and  O  ;  and  the 
distance  from  the  A-point  to  the  nearest  vortex  filament  is  r  (cf.  Figure 
19).  Then,  regardless  of  the  type  of  vortex  chaos  motion,  the  quantities 
r,  &  ,  and  ^  are  determined  uniquely  at  the  beginning  time  t'.  With  an 
increasing  time  t,  they  are  expressed  as  functions  of  t: 
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r(t),  G(t),  Hi) 


(11.2) 


Although  the  variables  of  (11.2)  are  continuous  functions  of  t  as  long 
as  the  reference  vortex  remains  at  the  nearest  distance  from  the  A-point, 
they  vary  discontinuous ly  for  long  periods  correspondinb  to  the  loci  of 
the  nearest  intersections  as  shown  in  Figure  18. 

Now,  another  set  of  Cartesian  coordinates  x*,  y^  and  z*  will  be 
taken  apart  from  the  field  of  flow,  and  the  variables  of  (11.2)  will  be 
considered  as  the  movement  of  one  point  in  the  x*y*z*-space .  Such  an 
A*-point  will  be  taken  whose  coordinates  may  be  decided  uniquely  by  the 
variables  of  (11.2)  and  whose  motion  in  the  x*y*z*-space  may  uniformly 
correspond  to  the  motion  of  (11.2)  in  the  r^  Qj  ^-space,  as  the  pol^r 
coordinates  shown  in  Figure  20.  Then,  the  A*-point  moves  about  in  the 
x*y*z*-space  discontinuously  for  long  periods  corresponding  to  the  move¬ 
ments  of  the  intersections  in  the  xyz-space  shown  in  Figure  18. 


In  a  vortex  chaos  motion  where  many  vortices  are  carried  irregularly 
one  after  another,  the  value  of  r  for  the  distance  between  the  A-point 
and  the  nearest  vortex  filament  is  incapable  of  attaining  an  infinite 
value.  The  movement  of  the  A*-point  is  also  limited  in  a  domain  of  a 
finite  distance  from  the  origin.  Such  a  domain  D*  of  finite  area  around 
the  origin  that  contains  all  the  loci  of  the  A*-point  in  the  time  inter¬ 
val  between  t'  and  t'+t  will  be  taken  as  shown  in  Figure  20. 


For  the  movement  of  intersections  of  the  perpendiculars  from  the  A- 
point  to  the  nearest  vortex  filaments  in  the  field  of  flow,  the  parts 
before  and  after  the  time  intervals  when  the  filaments  are  in  the  nearest 
relation  to  the  A-point  (cf.  Figure  18)  will  be  considered.  If  such  excess 
parts  of  the  loci  of  the  intersection  in  the  field  of  flow  are  taken  so 
that  the  A*-point  may  always  move  from  end  to  end  on  one  boundary  of  the 
D*-domain,  then  the  movement  of  the  A*-point  in  the  D*-domain  has  some 
excessively  repeated  parts  of  time  interval  in  the  actual  state  of  flow. 
When  the  total  sum  of  the  excess  time  in  the  actual  time  interval  between 
t1  and  t'  +  t  is  denoted  by  A  t,  the  movement  of  the  A*-point  is  shown  by 
a  group  of  loci  which  are  drawn  in  the  time  interval  t*, 


f=  t+At  . 


(11.3) 


In  the  D*-domain,  a  part  domain  aving  an  infinitesimal  volume  dQ* 
around  a  fixed  point  (r,  &  ,  <fi  )  is  taken.  By  letting  the  total  sum  of 
the  infinitesimal  time  intervals  when  the  A*-point  passes  through  this 
part  domain  be  denoted  by 


ctt*(x,  3  4>) , 


(u.4) 
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the  following  limiting  value, 

f‘*(rl6,$) dQ* 

t-+oo  J  > 


(11.5) 


can  be  determined.  Of  course,  as  in  the  case  of  the  Reynolds  equations, 
the  limiting  value  in  (11.5)  is  assumed  to  be  determined  definitely 
independent  of  the  beginning  time  t'.  For  brevity,  t'  shall  be  replaced 
by  0  hereafter. 


P*  defined  by 
in  the  D*-domain. 
relation 


(11.5)  can  be  regarded  as  a  function  of  r,  and  y 
It  has  the  dimension  of  an  inverse  of  volume,  and  the 


Iff  p*(r,  6 A)  do'-  / 

O 

(11.6) 


holds.  Clearly,  P*  (r ,  &  ,  f  )  is  a  probability-density  function  by  which 

the  frequency  of  the  existence  of  the  A*-point  is  expressed  in  the  Do¬ 
doma  in . 


In  the  case  of  an  ideal  two-dimensional  vortex  chaos  motion  with  all 
the  vortex  filaments  parallel  to  the  z-axis,  motions  of  the  nearest  vortex 
centers  from  the  A-point  on  the  xy-plane  can  be  expressed  by  the  movements 
of  the  A*-point  in  the  x*y*-plane  which  is  taken  in  the  same  manner  as  in 
the  three-dimensional  case.  When  a  two-dimensional  D*-domain  is  taken 
to  include  all  the  loci  of  the  A*-point  and  an  infinitesimal  part  domain 
is  fixed  around  the  r,  d—  point,  then  the  quantities  t ,  dQ*  and  dt*  can 
be  defined  in  the  same  manner,  so  that  dQ*  is  an  infinitesimal  area  in 
this  case.  Thus,  the  following  two-dimensional  probability-density  func¬ 
tion  can  be  defined  as 

p*(r;e)  dor  •  (11.  J.) 


with  the  relation 


(U6t) 

In  actual  turbulent  flow,  the  vortex  filaments  and  the  turning 
velocity  are  in  very  complicated  situations.  If  the  concept  of  a  vortex 
chaos  motion  is  adapted,  however,  the  P*-runction  of  (11.5)  can  be  defined. 
In  the  course  of  defining  the  function  P*,  the  vector  V*  is  taken  as  a 
characteristic  only  of  the  nearest  vortex,  and  the  effects  of  other  vor¬ 
tices  are  not  considered.  It  is  another  problem  whether  the  actual 
instantaneous  velocity  fluctuation  at  the  A-point  may  be  equal  to  "V*.  At 
this  stage  of  the  introduction  of  the  P*-function,  there  is  no  need  to 
distinguish  between  large  and  small  or  strong  and  weak  vortices.  The  P*- 
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function  can  be  defined  only  if  many  vortices  with  their  respective  fila¬ 
ments  and  turning  velocities  pass  one  after  another  near  the  A-point. 

The  introduction  of  the  P*-function  is  made  only  because  it  may  play  a 
convenient  role  in  proceeding  hereafter  to  the  mathematical  formulations 
of  the  statistical  characters  of  a  vortex  chaos  motion.  In  the  study  of 
a  gas,  quantitative  discussions  are  made  in  the  phase  space,  which  is 
defined  by  the  generalized  location  and  momentum  jf  molecules.  The  D*- 
domain  may  correspond  to  the  phase  space  in  statistical  dynamics. 


12.  TRANSFORMATION  OF  TIME  MEANS  INTO  AREA  MEANS 

In  this  section,  transformation  of  the  time  means  of  the  Reynolds 
stress  (9.5)  or  the  Euler  correlation  (10. 1)  into  the  area  means  in  the 
D*-domain  will  be  attempted  by  using  the  P*-function  introduced  in  the' 
last  section.  As  an  example,  the  u^-component , 


UZ=J&nv(-i  J , 

n 


(12.  1) 


of  the  Reynolds  stress  is  taken.  The  D*-domain  is  defined  so  that  the 
nearest  vortices  pass  near  the  A-point  without  interruption  in  a  time 
interval  0<Vt ,  although  many  excessively  repeated  time  intervals  may  be 
included  in  O/'-'t*.  Now  a  function  u^(t)  is  introduced  in  O/Wt*  that  is 


?  I 

equal  to  u^(t)  in  Oro  t  and  is  equal  in  At  to  the  mean  value  of 
during  the  time  interval  O/^t: 


<4(t)  - 


uz(t) 

i?wi 


Oft/ 


Oft/ 


o  ■'V 


4  t . 


u‘ 


(t) 


(12.2) 


Then  the  relation 


(12.3) 


can  be  easily  proved.  When  the  time  progress  in  O/vt  in  the  integration 
of  (12.1)  is  indicated  by  the  movement  of  the  A*-point  in  the  D*-domain, 
(12.1)  is  written  as 


t* 

=  pr )U?(r(t),  6(0,  4>(t\  t)dt j  . 


(12.4) 
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In  the  expression  (12.4),  the  variables  r(t),  &  (t),  and  4>  (t)  indicate 
the  movement  of  the  A*-point  in  the  D*-domain , 2«ind  the  existence  of  the 
last  variable  t  means  that  at  different  times  does  not  necessarily 

take  the  same  value  even  at  the  same  location  in  the  D*-domain. 


—2 

In  the  integration  of  (12.4)  in  the  time  interval  O/Vt*,  when  u  (r, 
O  ,  if)  )  is  taken  as  the  contribution  to  u^  in  the  infinitesimal  time 
interval  dt*(r,  0,$Z>)  of  (11.4),  it  can  be  expressed  as 


U*G  eJ  <t>)  =  f  tfcrt  tiUtJ. 

dt  (rej) 

In  expression  (12.5),  u^(r,  t)  is  written  as 


(12.5) 


u.,(rAt  O  =  u, (r6^t*&q ?j)  +ct,(re  4  t) ^ 


(12.6) 


divided  into  the  mean  and  f luctuational  parti  in  the  time  interval  dt* 

(r,  0,  The  mean-square  value  of  the  f luctuational  part  is  written  as 

^Cre^oCecrosS)  =  *—  f  ufcsjt)#. 

4)J  (i2.7) 

_2  M  Cr,  e,  4>) 

Then,  u  (r,  )  in  (12.5)  is  transformed  as  follows: 

uf(re^)  -  A^v[t*f  { u,(r;6i4'it*(r64>$)+u!(rjej  4  oY'd.t] 


In  the  above  transformations,  all  the,  limiting  values  are  assumed  to  have 
definite  values.  The  first  term,  (dt*  (r  ,  0  ,  $  ) /t*)  ,  is  expressed 

by  the  P*-tunction  in  (11.5). 
are  denoted,  respectively,  by 
following  expression: 

u *(r,et  4)  =  P*Cre,  4){ufce,  4)  i-ufro,  4)}UQ*.  (12  g) 

Expression  (12.8)  is  derived  by  collecting  the  parts  in  the 


When  the  limiting  values  in  the  bracket 
7T“(r,0,^)  and  u|2(r,0,^),  one  gets  the 
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integration  (12.4)  which  pass  through  a  fixed  infinitesimal  part  domain 
around  the  r,^,^-point  at  different  times.  It  is  clear  by  the  definition 
of  (12.2)  that  the  function  u^(t)  of  (12.4)  is  integrate  in  and  the 

order  of  integration  y  dt  can  be  altered.  Therefore,  uz  of  (12.4)  can  b 
expressed  by  the  following  integration  in  the  whole  area  of  the  D*-domain: 


u-*  =f{fMP*(r>0.  /V  (rtet  4) 


(12.9) 


As  for  other  components  of  the  Reynolds  stress,  if  such  functions 
and  others  aie  taken  into  account  as  defined  by  (12.2), 


v7(t),  uv,  (t) 


2 , 

uvi 

they  can  be  transformed,  respectively,  into  the  area  integral  in  a 
D*-domain  like  (12.9).  In  an  ideal  two-dimensional  vortex  chaos  motion, 
the  same  transformation  can  be  made  by  taking  the  P*-function  of  (11.5') 
Thus,  turbulent  intensity  at  the  A-point  fixed  in  the  field  of  flow  can 
be  expressed  by  the  following  area  integrals  in  the  D*-dornain: 


P*(r,  8,  <t) {ufc 7 3 uf(r;  8j  djj  dQ*  , 

Va  =  P*&A  *■>{ V? +  V"‘(k  4  to}  * . 

P *0; q -ur^fre djJ-  dQ* , 

Vur  ^f/fotP^rA  J){vur,  (rej)+vvr,  fye  d)}da\ 

yFu.  =  P*(r,  eJ  uni,  6;  *  4) +wu!tr,  #A)}dQ* , 

Cf  *  fff  ^*(^6,4) '[Wr;  Cr  9t4)  -fo'ij2 Cr Jd.Q? 

and 

u*  =jfD<t  P*(X0)  {ufOjfi)  +  uf(r;e)}  do*, 

**«  ffD»P*6ye)  { +  vfVr,*)}  da*, 

wr  -  ff  P*()]e){uA(ra)  +■  uv'fce)}  da* . 


The  above  transformation  can  also  be  made  on  the  Euler  correlation 
(10.1).  For  instance,  uu ' -correlation  at  the  fixed  A-  and  A'-points  is 
defined  by  •£ 


(12.11) 


In  the  same  manner  as  explained  in  Section  11,  the  P*-function  in  the 
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D*-domain  can  be  defined  concerning  the  A-point.  As  in  the  case  of  the 
definition  of  V*  in  (11.1),  at  the  A'-point  a  turning  velocity  vector  V'* 
due  to  the  same  vortex  as  that  taken  at  the  A-point  will  be  assumed.  Also, 
the  effects  of  curvature,  elongation  and  the  effects  cf  other  vortices 
near  the  intersection  of  the  perpendicular  from  the  A-point  (cf.  Figure  21) 
shall  be  neglected.  Then,  corresponding  to  a  position  (r,  Q,  <f>  )  of  the 
A*-point  in  the  D*-domain,  the  position  (r',  ,  (j)')  of  the  A'*-point  is 

uniquely  determined  in  the  x*y*z*-space .  It  can  be  proved  that  when  such 
a  function, 


tn-  0~t 


urv> 


(12. 12) 


is  introduced  in  the  time  interval  0/^t*,  expression  (12.11)  is  transformed 
into  the  area  integral  of  the  A*-point  in  the  D*-domain. 


Thus,  the  double  correlations  of  (10.1)  take  the  following  three-  or 
two-dimensional  expressions  with  a  parameter  r',  '  determined  by  r, 
@  ,  <P  ,  and  the  vector  aK'  : 


umJ  =  j(f  +P*(r6j  '4')  +UUj(r  3  4- 

UP  =  fff n  P*Crej  Vfuv-ffrq  -t-uvf(r,  0  4;  r'6'4')}d4  * 

icur'  =  fff  p* hr^  4)fZnr/(r; 6,4;  r/e'4'M  6,  4;  r'ejd'JotQ* 

vu'  =  JfJp+P^K6,  4j;  4;  r'  4'4'J  da  * 

=  Jf[D*P\ey'){:iPV)(rJ8J<P; r;e'4')+VV;"(yjej4j  r')ej 'PfdQf 

'fw'-  f/fD»  P*(r»j  4){i P^'Ck  e  4;  rtf#)  +  e'  4')}cCOf 

■tUu.'  =  (ffD+  P%  3  4)(ivu'/r  3  4- y'  ej4') + vju^JCr  eJ  4;  r'e'  4')Jd.Q  * 
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iw\r=  Jf(D*P\e  4)fyrvj(reJ  <t;  r'e't)  rwv/X^e  <t>;  t)Jdti^ 

U/iir' ~  (r} dj &)( i wu>/(r  ej 4>j r ;&'<£') -+  ww'/ Ck ^ ^jr'o'4)}d Q* 

v  C  (12.13) 


and 


icuf  -  ffon  P*(z*){i uu-'fyo; r'o')  -h  ulc'/Cr,  e;  r'e'jJ  <=X0 * 
uv-'=  ff0*P*(r  &)  {uvjCr  &;  r'e ')  ’h'u^,(rJ &'  r'e ')}  d&  * 
vPjd  -  ffD*P*(K 0){vu/ (rt  6 ;  r'e') + v&j (r e^'&'jjd 6L * 

'iFjr'  - ff  v^Crejr'e')  +  isv'/(r <$>; r^eOjd G T 

(12.14) 


13.  VORTEX  CHAOS  MOTION  IN  THE  IDEAL  STATE 


The  transformation  from  (12.1)  co  (12.9)  is  purely  mathematical.  It 
holds  regardless  of  the  shape  of  the  D*-domain  only  if  all  the  time  inter¬ 
val  O/v^t  in  the  real  flow  is  included  in  0/^t*.  As  far  as  this  transfor¬ 
mation  is  concerned,  any  physical  interpretation  can  be  given  t  i 
functions  of  P*  and  (u^  +  u'2).  In  this  section,  an  approximate  formula 
of  (12.9)  wi^^be  proposed  &y  inquiring  into  the  physical  meanings  of  the 
terms  (uf  +  u,1  )  in  the  real  states  of  a  vortex  chaos  motion. 


If  the  perpendicular  plane  is  taken  from  the  A-point  to  the  nearest 
vortex  filament  and  if  the  effects  of  other  vortices  are  neglected,  the 
turning  velocity  is  distributed  on  this  plane.  This  vector  is  distributed 
from  the  center  of  intersection  of  the  filament  to  infinity,  since  in 
fluid  mechanics  a  single  vortex  motion  should  have  no  boundary  in  the 
field  of  flow.  Thus,  the  intensity  and  scale  of  a  vortex  motion  can  be 
determined  relatively  by  the  form  of  the  distribution  of  the  turning 
velocity  in  the  perpendicular  plane.  The  turning  velocity *V*  at  the  A- 
point  denoted  by  (11.1)  has  been  introduced  by  neglecting  all  effects  of 
the  interactions  of  many  vortices.  In  the  real  state  of  vortex  chaos 
motion,  however,  the  turning  movement  of  a  fluid  around  the  filament 
has  a  respective  finite  range,  and  the  effect  of  a  vortex  motion  does  not 
reach  an  infinitely  long  distance. 


When  the  moving  A*-point  coincides  with  a  fixed  point  (r,  in 

the  D*-domain,  the  nearest  vortex  filament  has  a  constant  relative  location 
to  the  A-point  in  the  field  of  flow.  In  this  case,  the  direction  of  the 
V*-vector  at  the  A-point  is  constant  regardless  of  the  time  t,  but  the 
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magnitude  is  assumed  to  vary  generally  with  time.  When  V*  is  the  limiting 
value  at  t— »<*>  of  the  mean  value  of  the  magnitude  of  V*  in  an  infinites¬ 
imal  time  interval  dt*(r,  0,  <J),  the  magnitude  V*  of  the  vector. 


(13.1) 


is  determined  uniquely  at  the  (r,  0,  ^) -point. 

The  vector  V*  indicates  the  mean  state  of  the  turning  velocities 
which  have  a  constant  relative  location  of  (r,  0,  «$)  of  vortex  filaments 
with  respect  to  the  A-point  in  the  field  of  flow  (cf.  Figure  19).  It  is 
easily  understood  by  the  definition  of  r,  0,  4>  in  Figure  19  that  x-,  y-  and 
z-components  of  the  mean-turning  velocity  in  the  field  of  flow  are 
expressed  by 


V*CO&  9/lcrb  } 
VyT-  V  O/icrv  j 

V* =  <f>. 


(13.2) 


Now,  in  the  fo<rmula_(12 . 10)  of  every  component  of  turbulent  intensity,  the 
functions  of  (u2  +  u'^)  and  others  will  be  written  by  introducing  the 
components  of  (I3.2)*as  follows: 


V,*(rJ0Jt)Jr/frJ0Jt)=  {y^(r  $<!>)+  ^ 

vtyfrjOtffv&rXKZ  *)=  { Cro4>)}  ^  Pj 

urufae^  wu.'(r0)4>)=  {vrfrq 

u^Croj  P) -buVj'Cr^ 4>)-{v e  1-  Oc^e^u^P. 


(13.3) 


Then  (12.10)  becomes 
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Hz  =(ffDf*(rA  +){v*&6*)  +  V*x(rjoj  <fi  UQ  * 

V*  =J/fp*  P*(K  3  *)  { ~V*f K&jt)+  YJy  0J  t)Jx3Mv*0  ^un?  tdQ.^ 

us2~  JffD£  (r^efi  [v* (r  eJ  6)  +  /4^  (r  3  c<si <$  UQ 

irur  ~ Hjpn  P*(c qJ) {\/*0 K^b  (r 0/)}^rv 0<am dcM Set  Q* 
uFu  ~JffQit Pf^A  t)  +  V*x'rj 2  4)J CJt  04cn,  *6 Cm  <tdO * 

ifir=  fff  P^rjej4>)(v*(rjeA)  +  v£Crjej4)jAin.0c*i'O*u*t?4dQ* . 
o*  1  ' 

(13.4) 

The  two-d imens ion i i  turmula  (,  1  2  .  10')  becomes 

*-ffj*rA V**(r,6)t  j ~/*x(r,6)]co*6dLa* } 

V-Z=jfD*  PX*){v*(r,6)  +  v£(r  dj^ejQ*, 

uv  =  {j^jfP*(rle)[v*frl6)+  V^(r6)J  AMidcMedG? . 

The  expressions  of  turbulent  intensity  in  (13.4)  or  (13. 4')  are 
obtained  _in  order  to  connect  every  component  of  the  intensity  with  the 
value  of  V*(r,  &  A)  in  the  D*-doma  in.  It  is  characteristic  that  all  the 
independently  defined  components  of  u^,  v^  and  others  are  expressed  with 
the  P*-  and  V*- functions .  Since  the  parts  that  cannot  be  expressed  by 
the  two  functions  are  contained  in  V*  and  others,  the  formula  (13.4)  or 
(13. 4')  is  a  mathematical  transformation  from  the  original  definition  (9.5), 
without  any  neglect  because  of  physical  supposition. 

The  physical  meaning  of  the  terms  V*x  and  others  will  be  interpreted 
in  terms  of  a  vortex  chaos  motion.  At  first,  a  .'implified  case  in  which 
only  the  same  kinds  of  vortices  are  produced  at  one  point  upstream  will 
be  taken.  In  this  case,  when  such  a  field  of  flow  is  taken  which  is 
completely  filled  with  identical  vortex  motions  having  the  same  distribu¬ 
tion  of  turning  velociLy  within  a  finite  range  around  every  straight 
vortex  filament,  then  the  D*-domain  can  be  determined  definitely  without 
«  ay  repeated  time  A  t.  In  such  an  idealized  cace.  V*  means  the  turning 
velocity  of  every  vortex  motion,  and  V*  and_others  become  zero.  By  the 
relation  (13.2),  the  formula  (13.4)  wi^ftout  V*x  and  others  holds  exactly 
in  this  case. 

In  the  real  state  of  a  \  -rtex  chaos  motion,  a  similar  image  of 
situations  cannot  be  adapted.  Even  in  the  simple  case  of  a  decaying 
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turbulent  flow  in  which  only  the  primary  vortices  produced  just  behind  an 
obstacle  body  are  taken  into  account  with  the  cascade  phenomena  neglected, 
every  turning  velocity  cannot  be  assumed  to  have  an  identical  distribution 
around  the  filament.  At  a  place  far  from  the  filaments,  effects  of  their 
interactions  may  be  conspicuous,  and  the  situations  in  the  middle  of  two 
filaments  may  be  especially  complicated.  Of  course,  there  is  no  boundary 
between  two  vortex  motions.  Moreover,  the  elongation  or  curvature  of 
filaments  is  neglected  in  the  definition  of  V*  of  (11. _1_)  .  Thus,  in  the 
expression  (13.3),  some  nonzero  values  must  remain  in  V*  and  others, 
corresponding  to  an  arbitrarily  elected  D*-domain.  By  £ffe  above  dis¬ 
cussions,  V*x  and  others  may  be  regarded  as  the  f luc tua t iona 1  terms 
caused  by  the  interactions  of  many  vortices  or  three-dimensional  character¬ 
istics,  while  V*  is  the  mean  term  of  turning  velocities. 

The  transformation  from  (9.5)  to  (13.4)  is  independent  of  the  shape 
of  the  D*-domain  only  if  the  time  interval  (Wt  is  included  in  (Wc*. 
However,  what  values  the  f luctuational  terms  may  take  depends  largely 
upon  the  shape  of  the  D*-domain.  A  D*-domain  will  be  taken  so  that  the 
repeated  time  intervals  At  may  be  as  small  as  possibly.  Then  the 
f luc tuat iona 1  terms  will  be  far  smaller  than  the  term  V*  caused  by  their 
original  turning  velocities. 

In  a  vortex  chaos  motion  that  consists  of  one  kind  of  vortex,  if  the 
f 1 uc tua tiona 1  terms  V*  and  others  are  neglected,  expressions  (13.4)  and 
(13.4')  become  xx 


ff{D*P*(ret)v*(r  oj  dQ*, 

V'Z=  fffp*P  Oj  6,  i d 

f//c*P*(r,et  4)  V*( r-j&jt)  c64?<t><lQ?2 
W  =  fffpit  P*fye,  4)  6,  $)* irv  Gs&vrv  t  C **  d  cCQ  * 

tUFLu  ~ IJfD*  P^KQ  4)  4>)  dd  *j 

Uir  9ffJ *  P*&A  V*Z(r>  &P)  0  <*+  G'&wtdL 3  *  (1 3  5) 

and 

ffDltP*(r,e)  v*z(r,e) Ci*, 
ffD*P*(K e) 

w=JfpnP*(rte)V^(rJe)t*&n>6c*+6<LGtt.  (13  5, 
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Expression  (13.5)  or  (13.5')  is  no  more  than  a  mathematical  transformation 
from  (9.5)  but  is  an  approximate  expression  of  the  relation,  founded  on 
the  supposition  that  the  intensity  of  turbulent  flow  is  caused  by  only 
the  mean  characteristics  of  vortex  chaos  motion.  Such  a  simplified  state 
as  written  by  (13.5)  shall  be  called  an  ideal  state  of  vortex  chaos  motion, 
while  (13.4)  is  ♦’he  description  of  the  real  state  of  the  motion. 


In  the  statistical  dynamics,  the  concept  of  an  ideal  gas  is  intro¬ 
duced  in  which  only  the  collision  motion  of  every  molecule  is  taken  into 
account  by  neglecting  the  effects  of  their  rotations  and  interactions. 
Quantitative  discussions  are  made  chiefly  on  this  idealized  state.  The 
concept  of  an  ideal  state  of  vortex  chaos  motion  may  co^-respond  to  that 
of  an  ideal  gas. 


In  consideration  of  the  nondecaying  turbulent  flow  along  a  ’*all,  many 

kinds  of  primary  vortices  produced  everywhere  upstream  must  be  treated. 

In  the  study  of  the  cascade  phenomena  of  the  decaying  turbulent  flow,  the 

situation  is  the  same.  In  such  a  case,  it  is  desirable  to  d  fine  the  P*- 

and  V*-functions ,  respectively,  for  the  same  kind  of  vortkes.  When 

different  N  kinds  of  vortices  pass  near  the  A-point,  the  P?-  and  V*- 

functions  can  be  defined  in  the  same  manner  as  in  (11.5)  ailid  (13.1)1in 

the  D*~domain  for  an  i-th  kind  of  vortices, 
i 


When 


/v> 


is  written 
are  mixed 
by 


,  P*  means  a 
1 

in  all  kinds 


nondimensional  ratio 
of  vortices,  and  the 


(13.6) 

by  which  the  i-th  vortices 
condition  (11.6)  is  expressed 


(13.7) 


When  the  transformation  from  (12.1)  to  (13.4)  is  applied  to  every 
kind  of  vortex,  the  real  expression  of  turbulent  intensity  in  this  case 
is  given  by 


u2  C/fj^  P* fc  *){ V?(t,  6.  +  e.  *')}  9***? 4 da*  Jj 

v*  =f  [/£,  P*(k  s  *){ vffrA  *)  +V*L  (rA  > 

(r>6-  to+Viufr.e,*)}  J 

•V*/  ^4** 
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4)}^  6**-4<*>4dQ5j , 

-C 

LO’u  ^  [fffD*  P?(r‘  6>  4)  0,  4)  +  ^*p;  &J  4)Josj<S^un  4 d  <2* ]  j 

=£[ffftp* 'K*S){ ?/< &;*,*) +  vz*l(k  &/>}'***■  0  c*#.*** 4  (£<£] . 


(13.8) 

When  every  D*-domain  is  elected  in  the  same  manner  as  in  (13.5),  the  ideal 
expression  is  obtained  as  follows: 


**  fffD *  P*(r,  *,  4)  v*%  e,  d& } 

—  ///  ^  _  z 

V’%^^rJI(n*P2(rA4d  V* *<^v2e^rv*4 ctQ* > 

“>*  ^ ^ *)  K?th 0, 4) c*+  4  _, 

-  11.  (ffD*P* (?*;&;  V£ 6)6^) &s6vn*  f tc+a-ddQjt,  j 

A/ 

~  %  f{JD*P*(y'j6j^)  Vi 6i6>4)c6+  Gj&i,  4  c*i  4 otQ*  y 


(13.9) 


The  Euler  correlation  at  the  A-  and  A'-points  of  x,  y,  z  and  x',  y', 
z'  has  been  transformed  into  the  area  integrals  of  (12.13).  When  the 
following  relation 


iLiLt  Cr  &j  <tj  rjd'pj 


(13. 10) 
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is  given,  the  real  expression  in  the  case  consisting  of  one  kind  of  vortex 
is  written  as 


ttuJ  =  //^  i V  6, <fi)  1 /*(>'&'  <t>0  + 

(r} Gj <tjr' &' <Pcm0'^w 4  'oLd * 


(13.11) 


and  in  the  case  of  several  kinds  of  vortices,  it  is 


1/^2 Cr  ej 4>j Pe'4 ')} cm dca* . 

(13.12) 

In  the  ideal  state,  the  following  general  expressions  are  derived 
by  neglecting  the  f luctuational  terms  in  every  D*-domain,  defined  in  the 
same  manner  as  in  (13.5):  1 

N  ,,,  _ 

ULC  =  J/J  P*^  Gj  0)  V£Crt  6,  &)  V*  frj&j  <?> Ocoo G^otv  <t> CtdGlativ  4  'd$*i 
/V 


""  ?-  JSLEc  (K*J)  <t> 'd  #2 

-c=/  °U, 

u&'  =  £  Ifh+PZCr^)  V*(reJ)  j 


*- 


Ax''' 

A J 


V'U'  ~  6xX*v>j)CA4J&'x20t>  <# 'd  Qu 

At  '  ** 


N 


VV ,=  /L  V* Gamw <Z* j 

*/  ^6 
fsj 

\rux'=  £  ffLp/t'A  ?)  Yi(rt &, 4) Kc( (r'G'PO^UAV  G«Un> <t>C*prf'cCQA 

^Jr/ 

arco'-  Z.  Jff *  Pi  fyot)  ViCTj6J+)V*(r/}e;p')c++Jc*&e/td&v  t'dd* j 


y 
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urv' 


V^C^ot)  viCT^eyOcAnt^itv  e'^u^^'dQ^ J 

4/  -/  Dj 


urur'-  2  Jff * P* /rt ej 4)  v/(r  <9  4)  V*(r'&'4'Jc44 'aZQ*^  . 

-4  ~  /  tSj. 


(13.13) 


In  an  idealized  two-dimensional  case,  they  are  reduced  to 

U 


f{ V*(r}e)V*{r'e')c& echo'd $2  , 
d2 

zZv H  ff  * P* (t,  &) Vj,  (t, d) Vji  (tj6jJc4& &4c*v6 '<dQ* j 


x=t  "D} 

A* 


vu! "27  ff # P* i (k o)  V^i  (^e)  V* ( r'je'J/ain^ echo'd Q*  J 

As  ”  / 


As-<  ^ 

N 


VV*  -  27  *  Pffr, &)  |/*  C7^ I ')au*v  &sdn> O 'd&ij,  * 

•4"/  ^4 


(13.13') 


14.  CHARACTER  OF  A  VORTEX  MOTION 


In  the  previous  sections  from  11  to  13,  mathematical  formulations  are 
given  to  the  Reynolds  stress  in  order  to  make  it  convenient  to  introduce 
physical  assumptions  of  the  vortex  chaos  motion.  These  formulations  are, 
so  to  speak,  statistical  kinematics  of  a  vortex  chaos  motion.  Now 
discussions  will  be  continued  on  the  physical  grounds  by  which  P* ,  V*, 
and  other  functions  shall  be  determined  in  the  D*-domain. 

The  real  expressions  in  (13.8)  or  (13.12)  contain  the  f luctuational 
terms  of  V*  ^  and  others  in  addition  to  the  P*-  and  V*-functions .  It  is 
too  difficult,  however,  to  presume  characteristics  of  these  f luctuational 
terms  caused  by  interactions  of  many  vortex  motions.  The  presumption 
may  be  almost  impossible  unless  unsteady  solutions  of  the  Navier-Stokes 
equations  are  obtained  for  a  complicated  vortex  chaos  motion.  Approximate 
expressions  of  an  ideal  state  have  the  characteristic  that  quantitative 
discussions  can  be  de  /eloped  depending  upon  only  the  two  functions  of  P* 
and  V*  whose  physical  leanings  are  not  too  difficult  to  be  defined. 
Particularly,  the  V*-function  concerns  the  mean  state  of  the  turning 
velocities  of  many  vo  :tex  motions  with  the  elongation  and  curvature  of 
filaments  neglected,  and  the  functional  form  can  be  studied  in  the  field 
of  hydrodynamics.  In  this  section,  some  theoretical  results  already 
obtained  in  hydrodynamics  on  the  state  of  one  vortex  motion  in  a  fluid 
(reference  27)  will  be  related. 
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In  the  ordinary  case  where  the  Reynolds  equations  (9.6)  can  be 
adapted,  it  is  not  necessary  to  consider  the  effect  of  compressibility  of 
a  fluid;  however,  the  effect  of  molecular  viscosity  is  important.  If  the 
Euler  equations  of  a  perfect  fluid  are  the  foundation,  they  will  prove 
the  preservation  of  a  constant  kinetic  energy  and  of  a  constant  scale  in 
a  vortex  motion.  This  is  obviously  inconsistent  with  the  real  vortex 
chaos  motion  (cf.  Figure  1).  Even  in  the  case  of  one  vortex  motion,  it  is 
difficult  in  viscous  hydri  Jynamics  to  decide  exactly  the  situation  of  the 
production  and  the  development  of  the  vortex  filament  and  the  distribution 
of  the  turning  velocity.  However,  when  a  vortex  has  a  straight  filament 
without  elongation  or  constriction,  the  turning  velocity  retains  a  two- 
dimensional  char  '.ter  in  the  perpendicular  plane  with  the  condition  of 
symmetry  around  the  intersection.  Thus,  mathematical  analysis  based  upon 
the  Navier-Stokes  equations  is  easily  made. 


The  problem  of  a  two-dimensional  viscous  vortex  motion  surveys  the 
diffusion  of  vorticity  which  is  initially  concentrated  ;  one  point  in 
a  fluid.  When  cO  and  r  are,  respectively,  the  vorticity  of  the  fluid  and 
a  distance  from  the  center,  and  when  the  time  t  is  taken  since  the  begin¬ 
ning  Lime  0,  then  the  two-d imens ’ ona 1  unsteady  Navier-Stokes  equations 
with  the  condition  of  round  symmetry  are  reduced  to 
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by  eliminating  the  pressure  terms.  Letting 

s  =  rz/(4yt ) 


(14.1) 


(14.2) 


and  integrating  (14.1)  by  separating  the  variable  in  the  form  oQ  (r,t)  = 
OO  ^  (t)  (s)  ,  the  solution 


S'*') 

-6/  &  J  * 


(°L=0  > 


(14.3) 


is  derived  with  two 
the  distribution  of 


constants  of  Co<  and  o<  .  By  the  definition  of  60, 
the  turning  velocity  V*  is  written  as 


l/*=  Croooilr  t 

J  (14.4) 
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Thus,  under  the  boundary  conditions 


V*  =  0 

at  r  = 

0 

V*->0 

at  v  — ■ 
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Expression  (14 

.6)  is  the 

solution  of 

V*, 

and  the 

func  t ional 

forms 

Fo(_  are  shown  in  Figure  22  for  several  values  of  c<_  .  In  the  above 
solution  only  the  boundary  conditions  are  taken  into  account,  and  the 
index  oc  ,  together  with  the  constant  Cod  >  must  be  determined  depending 
on  the  initial  condition  at  t  =  0.  As  in  the  production  of  a  vortex 
motion,  the  physical  mechanism  has  not  been  clarified  at  present.  More¬ 
over,  the  above  analysis  concerns  only  the  diffusion  of  vorticity  concen 
trated  primarily  at  one  point.  Therefore,  this  analysis  is  not  necessarily 
appropriate  in  a  discussion  of  the  production  mechanism  of  a  vortex  motion, 
and  the  determination  of  the  values  of  oL  and  must  be  made  by  comparing 

theoretical  results  with  experimental  works. 


In  the  case  of  oC  -  1,  some  investigations  have  been  made  on  the  prob¬ 
lem  of  production.  When  f  r,t  is  the  circulation  around  a  circle  of  radius 
r,  it  is  written  by  definition  as 


'r, tf  =4ttC,  rC/-e  s). 


(14.7) 


Expression  (14.7)  does  not  contain  t  explicitly,  and  at  the  limits  of  t-*-0 
and  r  — >  oo  ,  P&ojo  ~  4-rrC,y.  Namely,  when  a  circulation  P  is  given 
at  t  =  0,  C^  is  determined  as 


c,  =  r/^TTr); 


and  the  limiting  value  of 


V*  is  reduced  to 
1 


(14.8) 
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It  is  well  known  that  (14.9)  indicates  the  state  of  a  vortex  motion  of  a 
perfect  fluid;  therefore,  it  is  understood  that  the  vortex  motion  of0C'“  1 
tends  always  to  take  the  form  of  a  perfect  fluid  at  r  — >  op  . 

When  E  ^  is  the  kinetic  energy  of  a  vortex  motion  contained  in  the 
range  O/^Sq,  it  is  evaluated  as 


(14.10) 


In  the  case  of  oC 


1,  it  is  reduced  to 


£f  =  8TrC?Y2\F*Cs)c(s, 


(14.11) 


which  means  the  invariability  of  energy  independent  of  t.  For  other  cases 
it  decreases  with  t  as  seen  in  (14.10).  It  may  be  interpreted  that  the 
amount  of  diffused  energy  from  the  center  is  generally  less  than  that  of 
the  energy  dissipated  by  molecular  viscosity. 


The  above  results  are  principal  features  which  have  been  clarified  in 
the  case  of  a  two-dimensional  viscous  vortex  motion.  In  chaotic  states  of 
vortices,  effects  of  elongation  and  curvature  of  a  vortex  filament  cannot 
be  neglected,  nor  can  the  interactions  of  man^  other  vortices,  and  the 
formula  (14.6)  does  not  hold  exactly  for  the  V*-function.  Founded  on  the 
above  solutions,  however,  general  characteristics  of  V*  may  be  presumed 
to  some  extent.  At  least,  compared  with  the  solution  of  a  vortex  motion 
of  a  perfect  fluid  (14.9),  it  is  appropriate  to  state  for  the  real  state 
of  a  vortex  chaos  motion  that  all  the  kinds  of  vortices  of  oC  have  their 
respective  similar  distribution  of  F  oCf  expanding  at  the  rate  of  as 

seen  by  (14.2),  and  have  also  the  respective  decaying  term  G ^  of  (14.6). 


15.  EXTENSION  OF  THE  ERGODIC  HYPOTHESIS 

Vortex  chaos  motion  means  that  many  vortices  are  carried  by  the  mean 
flow  in  an  irregular  agitating  motion.  In  the  case  of  a  decaying  turbulent 
flow  behind  a  circular  cylinder  or  of  a  nondecaying  turbulent  flow  along  a 
wall,  transition  phenomena  from  the  production  of  vortices  to  their  chaotic 
states  are  explained  circumstantially  in  Chapter  Two.  In  a  word,  regularly 
arranged  vortices  always  tend  to  become  irregular,  probably  because  of  the 
effects  of  viscosity,  interaction,  and  other  factors  of  many  vortices.  It 
is  too  difficult,  however,  to  trace  accurately  the  transition  phenomena 
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based  upon  the  Na vier-S tokes  equations.  At  any  rate,  the  existence  of 
such  transition  phenomena  is  true,  although  the  above  interpretations  are 
merely  suppositions  founded  on  experimental  observations.  In  this  section 
there  is  no  intention  of  further  inquiry  into  the  physical  meanings  of  the 
transition  phenomena.  Attempts  will  be  made  only  to  give  a  mathematical 
expression  in  the  form  of  the  P*-function  to  the  physical  concept  of  a 
regular  or  an  irregular  state  of  vortex  motions. 

To  make  the  essentials  of  the  meaning  easily  understandable,  an  ideal 
case  of  the  two-dimensional  vortex  chaos  motion  behind  a  circular  cylinder 
will  be  taken  first.  If  a  pair  of  vortices  just  behind  the  cylinder  keeps 
a  stationary  state,  not  being  carried  away  into  the  flow  as  in  the  case  of 
a  very  low  Reynolds  number,  the  relative  location  of  the  vortex  center  to 
the  A-point  is  invariant  and  independent  of  the  time.  The  magnitude  and 
direction  of  the  turning  velocity  V*  at  the  A-point  defined  by  (11.1)  are 
invariant,  and  the  variables  r  and  &  in  (11.2)  are  constant  for  the  time 
Therefore,  the  A*-point  having  the  coordinates  determined  by  r  and  0  does 
not  move  in  the  x*y*-space.  If  a  D*-domain  is  taken  with  a  finite  area 
around  the  A*-point,  the  P*-function  defined  by  (11.5')  takes  the  value  of 
infinity  of  the  second  order  at  the  A*-point,  and  in  another  area  in  the 
D*-domain,  it  becomes  zero. 

If  the  vortices  separated  from  a  cylinder  keep  a  regular  flow  pattern 
of  the  theoretical  Karman  vortex  streets,  the  V*-function  at  the  A-point 
has  a  cyclic  character  for  every  vortex  motion  in  the  street,  because 
every  vortex  which  has  the  same  distribution  form  of  the  turning  velocity 
passes  near  the  A-point  in  the  same  way.  Therefore,  in  the  D*-domain  the 
A*-point  repeats  the  same  motion  along  one  locus  determined  by  r(t),  Q  (t) 
of  (11.2),  and  the  ^-function  takes  the  value  of  infinity  of  the  first 
order  on  this  locus  and  vanishes  in  another  area.  When  the  vortices  on 
the  opposite  side  of  the  Karman  streets  are  taken  into  account,  two  loci 
must  be  considered  in  the  D*-domain. 

When  the  arrangement  of  vortices  in  the  Karman  streets  are  disturbed 
as  they  are  carried  downstream,  V*  has  somewhat  different  characteristics 
for  each  vortex,  and  the  A*-point  does  not  necessarily  repeat  the  same 
motion  in  the  D*-domain,  because  there  is  a  uniform  relation  as  mentioned 
in  Section  11  between  the  motion  of  the  A*-point  and  the  variables  r,  Q 
of  (11.2).  Thus,  the  P*-function  may  show  a  continuous  function  which  has 
the  highest  density  on  the  locus  in  the  case  of  the  Karmen  vortex  streets 
and  has  some  breadth  of  the  distributions  on  both  sides.  It  is  easily 
assumed  that  the  more  irregular  the  Karman  vortex  streets  become,  the  more 
widel)  '■he  P*-function  distributes  in  the  D*-domain. 

In  general,  the  following  correspondence  can  be  pointed  out  between 
the  physical  concept  of  regularity  or  irregularity  of  the  arrangement 
of  vortices  and  the  mathematical  form  of  the  P*-function.  In  the  case  of 
a  stationary  vortex  motion  just  behind  a  cylinder,  which  is  the  most  regu¬ 
lar  arrangement,  the  P*-function  takes  the  form  of  Dirac's  delta  function 
of  the  second  order  in  the  D*-domain,  and  in  the  regular  flow  pattern  of 
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the  Karman  vortex  streets,  it  takes  Dirac's  delta  function  of  the  first 
order.  As  the  Karman  vortex  streets  lose  regularity  in  the  arrangement, 
P*  takes  the  form  of  a  continuous  function  which  has  its  peak  at  the 
position  of  the  delta  function  of  the  first  order.  As  the  regularity 
decreases  and  the  irregularity  increases  in  the  flow  pattern  of  vortices, 
the  range  of  a  continuous  P*-function  becomes  wider  in  the  D*-domain  with 
a  low  peak.  At  the  limit  of  the  most  irregular  state  of  a  vortex  chaos 
motion,  the  P*-function  is  assumed  to  be  constant  in  all  the  D*-domain 
corresponding  to  random  values  of  r  and  O  .  It  may  be  concluded  that  as 
the  physical  concept  of  irregularity  of  a  vortex  chaos  motion  increases, 
the  P*-function  changes  the  mathematical  form  from  a  singular  type  of  the 
delta  function  to  the  simplest  functional  form  of  a  constant.  Figure  23 
shows  a  conceptional  diagram  of  the  above  explanations. 


Transition  phenomena  from  the  production  of  vortices  to  their  chaotic 
states  of  turbulent  flow  are  widely  observed  in  many  cases  of  turbulent  wake 
behind  a  lattice,  turbulent  flow  in  a  pipe,  turbulent  jet,  turbulent 
boundary  layer  along  a  wall  and  others.  If  detailed  observations  are  made, 
some  different  characteristics  may  be  found  case  by  case.  It  can  be  said, 
however,  that  in  all  cases  the  P*-function  in  a  three-dimensional  D*-domain 
tends  to  take  a  more  simple  form,  as  a  regular  flow  pattern  of  vortices 
develops  into  an  irregular  chaotic  state.  Furthermore,  it  is  not  easy  to 
assume  that  an  irregular  chaotic  motion  of  vortices  reduces  again  into  a 
regular  pattern.  Namely,  the  P*-function,  characteristically,  always  tends 
to  take  a  simpler  functional  form  going  downstream,  and  the  process  is 
not  reversible.  Thus,  in  all  the  turbulent  flow  of  a  vortex  chaos  motion, 
the  following  characteristic  of  every  P*-function  of  (13.6)  can  be 
obtained:  1 
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In  general  statistical  studies  of  chaotic  phenomena,  other  than  the 
vortex  chaos  motion,  the  characteristic  of  irregularity  or  complexity  has 
been  usually  expressed  in  a  probability-density  function  of  the  phenomena. 
In  a  chaotic  phenomenon  which  takes  many  kinds  of  situations  for  the  time, 
such  a  probability-density  function  may  be  introduced  which  will  indicate 
every  kind  of  situation,  like  the  P*-function  in  the  D*-domain.  If  all 
the  causes  which  make  the  phenomenon  take  on  different  characteristics 
are  independent  of  each  other,  without  any  specially  distinguishing  causes, 
this  phenomenon  usually  shows  the  character  of  "irregularity"  or  "complex¬ 
ity".  In  this  case,  the  probability-density  function  shows  the  character¬ 
istic  of  uniformity.  On  the  other  hand,  if  all  the  causes  are  identical, 
the  phenomenon  takes  the  "regular"  state  independently  of  the  time  attrib¬ 
uted  to  this  cause,  and  the  probability-density  function  takes  a  singular 
form  of  the  delta  function.  Even  in  the  phenomenon  of  an  irregularity, 
if  the  causes  are  representative  ones,  the  phenomenon  shows  the  character¬ 
istics  of  some  regularity,  and  the  probability-density  function  takes  the 
form  of  a  nonuniform  but  nonsingular  continuous  function.  Namely,  if  an 
appropriate  probability-density  function  is  defined,  existence  of  the 
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above  correspondence  between  the  physical  concept  of  irregularity  and  its 
functional  form  can  always  be  pointed  out.  This  may  be  an  essentially 
important  fact  when  statistical  characteristics  of  chaotic  phenomena  in 
many  cases  are  studied. 

In  the  case  of  a  gas,  it  is  well  known  that  as  the  absolute  tempera¬ 
ture  rises  from  zero,  a  system  of  molecules  changes  the  state  generally 
from  a  solid  to  a  gas.  If  this  transition  phenomenon  is  considered  in 
the  phase  space,  it  can  be  found  that  the  probability-density  function 
changes  from  the  delta  function  to  a  simple  continuous  function  and,  still 
further,  to  the  simplest  functional  form  of  a  constant.  Detailed  explana¬ 
tions  are  given  in  Section  3. 

In  the  state  of  a  gas,  the  probability-density  function  which  indi¬ 
cates  the  situation  of  molecular  chaos  motion  distributes  uniformly  in 
an  energy-constant  domain  in  the  phase  space.  In  statistical  dynamics, 
this  characteristic  is  called  the  Ergodic  hypothesis  and  is  taken  as  a 
foundation  of  the  theory.  Furthermore,  the  irreversible  process  in  which 
the  regularity  tends  inevitably  to  become  irregular  is  serious  according 
to  the  Entropy-increase  principle.  In  other  words,  the  Ergodic  hypothesis 
in  statistical  dynamics  is  a  specia1  case  of  the  above-mentioned  general 
characteristics  between  the  concept  of  irregularity  and  the  probability- 
density  function,  which  is  adapted  only  to  the  case  of  the  most  irregular 
chaotic  states  of  molecules.  It  is  thought  that  the  physical  principle 
of  the  Ergodic  hypothesis  can  be  introduced  to  other  chaotic  phenomena  as 
well  as  to  the  molecular  chaos  motion.  Also,  according  to  the  degree  of 
irregularity,  it  is  appropriate  to  assume  that  the  probability-density 
function  takes  the  form  of  a  simple  continuous  function  other  than  a  con¬ 
stant.  The  expression  (15.1)  is  that  which  is  extended  from  the  physical 
principle  of  the  Ergodic  hypothesis  in  statistical  dynamics  and  is  applied 
to  the  case  of  a  vortex  chaos  motion  as  a  generalized  expression. 


16.  VORTEX  CHAOS  MOTION  IN  STATISTICAL  EQUILIBRIUM 

The  regularity  characteristic  of  a  vortex  chaos  motion  always  tends 
to  become  irregular.  In  the  final  state  where  the  P*-function  is  assumed 
to  distribute  uniformly  in  the  D*-domain,  this  chaotic  state  of  vortices 
is  unable  to  become  more  irregular  and  also  does  not  revert  to  a  more  regu¬ 
lar  state.  In  the  chaotic  motion  of  N  kinds  of  vortices,  a  following 
nondimensional  probability-density  function  for  an  i-th  kind  of  vortices 
will  be  taken, 


r+ 
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(16.1) 


where  P*  is  given  by  (13.6)  and  is  the  volume  of  the  D*-domain.  If  the 
P^-function  has  the  condition  1 
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(16.2) 
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it  can  be  said  that  the  i-th  vortex  chaos  motion  is  in  the  completely 
irregular  state  (cf.  Figure  23-D). 

As  mentioned  in  Chapter  Two,  the  real  vortex  chaos  motion  usually 
consists  of  many  kinds  of  vortices  with  different  conditions  of  produc¬ 
tions.  If  the  idealization  of  (16.2)  is  adapted  to  every  kind  of  vortex, 
such  a  chaotic  motion  of  all  the  vortices  is  taken  as  a  completely  irreg¬ 
ular  vortex  chaos  motion.  Furthermore,  as  seen  from  the  physical  concept 
of  a  vortex  chaos  motion,  (16.2)  holds  not  only  at  one  point  but  in  a 
finite  range  of  the  field  of  flow.  The  range  of  an  idealized,  completely 
irregular  vortex  chaos  motion  with  the  condition  (16.2)  for  all  the  values 
of  i  will  be  called  shearless  turbulence.  The  shearless  turbulent  flow 
behind  a  lattice  explained  in  Section  is  appropriately  idealized  by  the 
shearless  turbulence.  In  the  chaotic  ation  of  N  kinds  of  vortices,  if 
at  least  one  kind  of  i-th  vortex  does  not  have  the  condition  of  complete 
irregularity  (16.2),  this  vortex  •  haos  motion  as  a  whole  shall  be  called 
shear  turbulence.  In  the  decaying  shear  turbulent  flow  behind  a  circular 
cylinder  mentioned  in  Section  6,  the  primary  vortices  produced  just  behind 
the  body  are  considered  not  to  be  adapted  by  (16.2),  because  scales  of 
these  vortices  are  not  small  compared  with  the  breadth  of  the  turbulent 
wake.  The  turbulent  wake  is  an  example  of  shear  turbulence. 

Many  cases  of  incomplete  irregularity  are  seen  in  the  real  vortex 
chaos  motions  of  turbulent  flow.  Exactly  speaking,  these  vortex  chaos 
motions  usually  tend  to  become  more  irregular  downstream,  and  the  P*- 
function  cannot  retain  a  constant  functional  form.  However,  the  change 
in  the  statistical  states  of  a  vortex  chaos  motion  along  the  flow  is  not 
as  rapid  as  in  the  case  of  a  molecular  chaos  motion.  Therefore,  in  the 
statistical  study  of  turbulent  flow,  such  an  idealization  is  preferable 
such  that  the  condition 


stationary  continuous  function  in  D* 
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(16. 3) 


holds  along  a  finite  range  of  flow.  An  idealized  state  in  which  the 
functional  form  of  P^  is  invariant  regardless  of  the  time  and  location  in 
the  field  of  flow  is1said  to  be  in  statistical  equilibrium.  Expression 
(16.3)  or  (16.2)  is  the  condition  of  statistical  equilibrium.  Statistical 
studies  of  the  real  vortex  chaos  motions  in  the  following  chapters  will  be 
made  on  this  idealization  of  statistical  equilibrium. 


In  molecular  chaos  motion,  the  mean-free  path  of  the  molecules  is 
far  smaller  than  the  macroscopic  length  as  mentioned  in  Section  1,  and 
statistical  dynamics  of  gases  chiefly  treat  the  completely  irregular  state 
corresponding  to  (16.2).  When  a  molecular  chaos  motion  is  not  in  the 
completely  irregular  state,  it  usually  shows  a  strong  tendency  to  change 
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into  this  state,  and  the  assumption  of  a  statistical  equilibrium  of  incom¬ 
plete  irregularity  is  inappropriate.  It  is  important  that  the  problem  is 
studied  as  a  transition  phenomenon  into  the  completely  irregular  state. 

The  statistical  interpretations  of  the  Entropy- increase  principle  in 
statistical  dynamics  were  made  from  this  point  of  view. 

In  vortex  chaos  motion,  every  vortex  has  a  macroscopic  scale  and 
different  situations.  When  every  vortex  scale  is  far  smaller  than  the 
breadth  of  vortex  chaos  motion  and  the  interactions  of  many  surrounding 
vortices  have  no  directional  effect,  the  idealization  of  the  complete 
irregularity  (16.2)  is  adaptable.  When  the  vortex  scales  are  comparable 
with  the  breadth  of  the  chaos  motion,  some  directional  effects  remain  in 
the  interaction  of  vortices,  and  it  is  difficult  for  all  vortices  to  come 
into  the  complete  irregular  state  (16.2).  The  idealization  of  an  equi¬ 
librium  state  not  in  the  completely  irregular  state  (16.3)  is  more  appro¬ 
priate  in  this  case. 

Since  the  technique  of  a  hot-wire  observation  was  completed  (reference 
15),  the  opinion  has  been  widely  supported  that  unsteady  flow  with  a 
regular  velocity  fluctuation  is  not  a  turbulent  flow,  but  it  is  turbulent 
if  the  fluctuation  is  irregular  (cf.  Figure  4).  This  consideration  has 
provided  the  basic  physical  background  for  many  researchers  to  participate 
in  the  study  of  turbulent  flow.  However,  this  is  not  expressed  in  the 
Reynolds  equations  (9.6)  or  in  the  Euler  correlations  (10.1),  and  few 
attempts  have  been  made  to  introduce  this  concept  definitely  into  the 
basis  of  statistical  theories  of  turbulent  flow.  As  a  mathematical  founda¬ 
tion  of  the  analysis,  one  must  depend  solely  upon  the  Reynolds  equations, 
which  in  themselves  are  not  mathematically  conclusive. 

In  Section  12,  the  Euler  correlation  of  time  means  has  been  trans¬ 
formed  into  the  area  means  in  the  D*-domain  by  introducing  the  P*-function. 
The  purpose  of  this  transformation  has  been  to  make  it  easy  to  introduce 
the  basic  hypothesis  of  general  statistical  physics  into  the  study  of 
turbulent  flow.  The  assumption  (15.1)  is  that  in  which  the  physical 
meaning  of  the  Ergodic  hypothesis  in  statistical  dynamics  is  extended  and 
applied  to  the  vortex  chaos  motion  of  turbulent  flow.  The  conditions 
(16.3)  or  (16.2)  denote  the  special  state  of  a  statistical  equilibrium 
which  corresponds  to  the  stationary  state  in  hydrodynamics.  This  state¬ 
ment  is  made  only  to  avoid  the  difficulties  of  the  foregoing  statistical 
analysis . 

In  the  field  of  hydrodynamics,  if  the  Navier-Stokes  equations  were 
solved  under  the  given  initial  and  boundary  conditions  of  the  complicated 
flow  of  a  vortex  chaos  motion,  the  state  of  every  vortex  motion  could  be 
determined  as  a  function  of  x,  y,  z,  and  t  in  the  field  of  flow.  Then, 
the  P*-func_tion  in  the  D*-domain  can  be  derived  from  the  definition  (11.5). 
As  for  the  V*-function,  the  functional  form  can  be  determined  more 
accurately  than  the  presumption  of  the  solution  of  a  single  vortex  motion, 
and  the  f luctuational  terms  V*xand  others  can  also  be  derived  from  exact 
solutions.  At  present,  however,  it  is  almost  impossible  in  mathematical 
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treatments  to  get  such  a  nonsteady  solution  under  the  complicated  condi¬ 
tions  of  a  vortex  chaos  motion.  In  the  transition  phenomena  from  the 
production  of  vortices  to  their  chaotic  motions,  only  a  few  cases  of  the 
formation  of  a  pair  of  vortices  just  behind  a  circular  cylinder  and  of 
the  stability  of  the  Karmen  vortex  streets  have  been  proved  based  upon 
the  equations  of  motion  in  hydrodynamics.  Discussions  founded  on  the  P*- 
function  in  this  chapter  have  essential  meaning  in  the  introduction  of 
the  basic  statistical  hypothesis  made  independently  of  hydrodynamics,  to 
avoid  the  difficulties  in  obtaining  nonsteady  solution  of  hydrodynamics. 

In  statistical  dynamics,  some  attempts  have  been  made  to  prove  the 
Ergodic  hypothesis  mathematically  based  upon  Newtonian  dynamics.  One 
would  like  to  expect  that  the  assumptions  of  the  P*-function  could  be 
derived  directly  from  the  Navi er- Stokes  equations  in  the  near  future.  At 
that  time,  this  statistical  theory  of  turbulence  may  be  included  as  a 
principle  in  hydrodynamics. 
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CHAPTER  FOUR.  SIMILARITY  THEORY  OF  THE  ISOTROPIC  TURBULENCE 


17.  CONDITIONS  OF  HOMOGENEOUS  AND  ISOTROPIC  TURBULENCE 


Now  the  case  of  the  shearless  turbulence  of  decaying  turbulence 
(reference  18)  shall  be  considered.  The  shearless  turbulence  is 
defined  as  a  vortex  chaos  motion  in  which  the  condition  of  complete  irreg¬ 
ularity  (16.2)  is  adapted  to  all  the  N  kinds  of  vortices.  In  the  shear¬ 
less  turbulence,  consider  a  special  case  that  has  a  constant  mean  velocity 
in  the  field  of  flow.  Then,  the  vortex  chaos  motion  has  the  conditions 

~  /,  •  •  *  /V, 

U  ~  U0  C ^ 

This  kind  of  vortex  chaos  motion  can  be  taken  as  the  simplest  case  from 
both  statistical  and  hydro dynamical  points  of  view.  This  idealized  vortex 
chaos  motion  is  applicable  to  the  turbulent  flow  behind  a  grid  put  in  a 
uniform  flow  of  a  wind  or  water  tunnel.  The  flow  pattern  shown  in  Figure 
1  may  be  regarded  as  a  two-dimensional  example  of  this  case. 

The  condition  =  1  means  that  all  the  vortices  are  in  the  com¬ 
pletely  irregular  state  everywhere  in  the  field  of  flow.  Moreover,  the 
condition  indicates  that  the  mean  flow  gives  no  effect  of  the  mean  pressure 
to  the  vortex  motions  in  it.  Thus,  in  addition  to  the  growing  effects  of 
vortices  caused  by  the  molecular  viscosity,  the  mean  and  f luc tuational 
terms  V*  an<*  other  similar  terms  in  the  expressions  of  the  real  state 

(13.8)  are  independent  of  the  locations  in  the  field  of  flow.  Namely, 
besides  the  variation  along  the  x-direction,  mean  states  of  the  velocity 
fluctuation  are  uniform  in  the  field  of  flow.  This  is  the  same  the 
state  of  flow  usually  called  homogeneous  turbulence  (reference  28). 

In  order  to  retain  the  state  of  a  shearless  turbulence,  breadth  of 
the  vortex  chaos  motion  must  be  far  wider  than  the  scale  of  individual 
vortices  in  it,  as  mentioned  in  Section  16.  In  other  cases  besides  a 
uniform  flow,  effects  of  the  pressure  gradient  of  the  mean  flow  cannot  be 
neglected  on  the  individual  vortices,  and  it  is  also  difficult  to  give  a 
uniform  effect  in  the  whole  field  of  flow.  In  addition  to  the  case  of  a 
uniform  flow,  a  homogeneous  turbulence  is  not  found  which  holds  in  the 
wide  region  of  a  real  state  of  flow.  In  the  case  of  shear  turbulence, 
the  shearing  stress  caused  by  an  incompletely  irregular  arrangement  of 
vortices  gives  a  distortion  to  the  mean-velocity  profile  even  if  the 
undisturbed  flow  upstream  is  uniform,  and  the  condition  of  homogeneous 
turbulence  cannot  be  adapted.  This  is  the  same  for  the  nondecaying  turbu¬ 
lent  flow  along  a  wall. 

In  the  case  of  the  completely  irregular  vortex  chaos  motion  in  a 
uniform  flow,  characteristics  of  the  individual  vortices  in  the  time  means 
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are  constant,  regardless  of  direction  in  the  field  of  flow.  Namely,  the 
distribution  of  the  mean  turning  velocity  of  the  vortices  is  symmetrical 
around  the  filament,  and  the  inclination  of  the  filament  is  also  completely 
irregular  in  a  three-dimensional  space.  Therefore,  when  the  variables  Y, 

0 ,  ^  of  (11.2)  which  represent  the  orientations  of  turning  velocities 
near  the  A-point  are  taken  to  be  the  polar  coordinates  of  the  A*-point  in 
the  x*y*z*-space,  then  the  A*-point  moves  about  in  the  completely  Irreg¬ 
ular  state  near  the  origin,  and  in  the  distribution  of  the  probability- 
density  function  P*,  no  directional  effects  remain.  Thus,  when  a  spherical 
D*-domain  is  taken  around  the  origin  of  the  x*y*z*-spaceiwe  can  suppose 
that  the  mean  and  f luctuational  turning  velocities  TX*  Tjot*. »  and  other 
like  terms  have  no  directional  effect.  Therefore,  the  following  conditions 
result : 


V*\r)y 


*  0  0  0 


^  -  /,  4,  ■■■  V. 


(‘  rrx 


(17.2) 


In  spherical  coordinates,  an  infinitesimal  volume  dQ*  is  expressed 
as  Thus,  in  the  case  of  a  vortex  chaos  motion,  expressions 

of  the  real  state  of  flow  in  (13.8)  are  written  as  the  following  summations 
of  integrals  in  every  spherical  D*-  domain, 

ftfai  ir 

j  l(V$r)+VJ$r)^c*6d*+tfwfar*l6dS]  y 

/efiffi f(V*(r)  +  vJ*(r))]  cacf /  Y‘A*'+dr<l6di]  i 


Ydf  j{(  (  V*(r)+  Vi(r))^Mn  6  y 

UHL  j  j(  Yifrj)}  Gad  QaL*  rd  6d^]j 

UV=£[{(Ff/&*)f  J Vjfr)  +  Vj,Cr))J  ch  jdndsdfl]  j 

oli  *  (17.3) 


where  and  R*  are  the  volume  and  the  radius,  respectively,  of  the  D*- 

domain.  For  tne  mean  value  of  TO?  and  other  like  terms,  expressions 
similar  to  (17.3)  can  be  derived.  These  expressions,  including  (17.3), 
easily  lead  to  the  following  results: 


48 


y?  =  ir*-  (=  U  % 

s  mju.  -  ~  Oj 


(17.4) 


■yp^Ut  s  xO*U.  -  •*•  =  ^ 

•  •  • 

The  above  derivation  is  made  for  conditions  of  the  real  state  of  flow, 
and  the  characteristics  of  (17.4)  are  no  more  than  those  of  the  isotropic 
turbulent  flow  defined  by  G.  I.  Taylor  (reference  13).  Namely,  conditions 
(17.1)  and  (17.2)  of  a  spherical  symmetry  in  the  D*-domain  have  proved  the 
condition  of  the  isotropic  turbulent  flow.  Thus,  it  can  be  concluded  that 
the  statistically  and  hydrodynamical ly  simplest  vortex  chaos  motion  is 
the  homogeneous  and  isotropic  turbulence. 


In  Taylor's  definition  of  isotropic  turbulence,  an  irregularity  of 
the  velocity  fluctuation  is  not  implied  explicitly.  In  the  real  expression 
(13.8),  his  definition  corresponds  to  the  assumption  of  (rrJj  Tier)... 

instead  of  t?*zL  Kt  Wj...  Although  his  definition  has  a  wide  field  * 
of  application,  it  is  doubtful  whether  such  an  isotropic  turbulent  flow 
really  exists  having  the  condition  f*(r)  instead  of 


Probably,  the  definition  of  isotropic  turbulence  may  have  been 
introduced  according  to  the  physical  image  of  such  a  vortex  chaos  motion 
as  shown  in  Figure  1.  But,  in  order  to  develop  theoretical  studies  based 
on  this  definition,  another  condition  of  JJ  ~  (constant)  must  be  assumed. 
In  our  statistical  theory  of  turbulence,  it  shall  be  assumed  that  the 
statistical  and  hydrodynamiccl  uniformities  ft  -/  and  17*0*  bring  forth 
the  conditions  of  the  homogeneous  and  isotropic  turbulence. 


18.  CHARACTERISTICS  OF  THE  CORRELATION  FUNCTIONS 


In  the  homogeneous  and  isotropic  turbulence,  components  of  the  mean 
and  f luctuational  velocities  have  simple  properties  as  expressed  in  (17.1) 
and  (17.4).  Owing  to  their  properties,  the  Reynolds  equations  and  the 
Eule»"  correlations  in  Sections  9  and  10  become  simple  expressions. 

Components  of  the  Euler  correlation  of  velocity  fluctuations  at  two 
points  A  and  A'  of  coordinates  x,  y,  z  and  x',  y',  z' ,  respectively,  are 
generally  expressed  in  the  tensor  formula  K  of  (10.1).  In  the  case  of 
the  homogeneous  and  isotropic  turbulence,  intensities  of  the  velocity 
fluctuation  are  constant  across  the  mean  flow.  As  mentioned  previously, 
the  Euler  correlation  has  a  nonzero  value  in  a  region  having  a  length 
approximately  equal  to  the  mean  scale  of  the  individual  vortices.  Over 
such  a  small  distance  along  the  flow,  variation  of  the  intensity  is 
negligible,  and  all  the  denominators  in  the  formula  K  can  be  written  as 
It2. 


The  numerators  in  K  have  the  general  formulas  of  (13.13).  Because 
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of  the  completely  irregular  vortex  chaos  motion  in  a  uniform  flow,  they 
can  be  expressed  by  the  summations  of  integrals  in  spherical  D*-domains 
of  the  A*-point  as  in  the  formula  (17.3)  of  the  intensity.  As  mentioned 
in  Section  12,  when  the  fixed  A-  and  A' -filaments  are  transmitted  into 
the  x*y*z*-space ,  local  curvatures  of  vortex  filaments  are  neglected  as 
shown  in  Figure  21,  and  for  the  same  kind  of  i-th  vortices  the  coordinates 
(r7,  »'  4?)  of  the  A'*-point  in  the  D*-domain  are  determined  uniquely, 
depending  upon  the  position  of  0>p)  of  the  A*-point.  Thus,  in  this 

case  of  flow,  the  Euler  correlation  (10.1)  can  be  expressed  as  follows  by 
taking  a  spherical  D*-domain  of  the  A*-point: 
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(18.1) 


In 


the  expressions  of  (18.1),  variables  Yf ,  9\  r  are  dependent  upon 
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T >  of  the  A*-point.  However,  because  of  the  complete  irregularity 

of  relative  locations  of  the  vector  7^'  and  the  vortex  filaments,  corre¬ 
sponding  to  one  location  of  in  the  x*y*z*-space  the  reversed  orienta¬ 

tions  reflected  to  every  y*z*-,  z*x*,  x*y*-plane  always  exist.  If  A-  and 
A'-points  are  on  a  line  parallel  to  the  x-axis,  many  components  of 
correlation  become  zero  by  cancelling  the  symmetrical  positions  in  the 
spherical  D*-domain,  except  the  following  two  components: 


(iFyfJ/uz-  (u7oi‘)/v? • 


(18.2) 

The  discussion  may  be  easily  understood  by  taking  a  two-dimensional  case 
of  the  vortex  chaos  motion.  In  th  i  case  of  arbitrarily  located  A-  and  A'- 
points  in  the  field  of  flow,  the  vanishing  of  the  remaining  components 
besides  f  and  g  is  also  proved  by  the  feature  of  a  spherical  symmetry  in 
the  D*-domain,  where  f  and  g  are  taken  as  the  correlation  coefficients  of 
the  components  respectively  parallel  and  perpendicular  to  the  direction  of 
Aa'  . 


When  A-  and  A'-points  are  taken  at  some  locations  in  the  field  of 
flow  with  a  distance  J&y  ,  a  correlation  of  the  velocity  fluctuations  to 

their  arbitrary  directions  can  be  proved  as  follows,  expressed  only  in  _ ^ 

f  and  g  (reference  14).  Namely,  in  Figure  24,  let  the  vectors  AA^  and  A'A{, 
represent  instantaneous  velocity  fluctuation  at  the  two  points  A  and  A' , 
and  let  the  x'-,  y ' -,  and  z'-axes  from  the  A-point  be  taken  parallel  to 
the  x- ,  y- ,  and  z-axes,  respectively.  Further,  let  the  three  components  of 
velocity  ^fluctuations  at  the  A-  and  A'-points  parallel  to  AA\  perpendic¬ 
ular  to  AA  **  and  contained  in  che  AjAA  -plane,  and  parallel  to  ^4^,  be 
u,  v,  w  and  u',  v',  w'}  respectively,  where  B  is  an  intersection  of  the 
perpendicular  from  A }  -point  to  the  A'AA^-plane.  The  angles  ©<  ,  fS  , 

and  ^  are  taken  as  shown  in  Figure  24.  Then,  the  relations  u  »  u' -h 
V*!*'*'  °(  anc*  V'  -  are  proved,  and  this  relation  follows: 


(18.3) 


Thus,  the  tensor  formula  K  of  the  correlations  (10.1)  can  be  generally 
expressed  as 
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(18.4) 

Furthermore,  the  fundamental  correlations  f  and  g  are  proved  to  be 
related  to  each  other  (reference  14).  Namely,  when  the  time  means  are 
taken  of  the  continuity  equations  at  the  A'-point  multiplied  by  u,  v  and 
w,  respectively,  at  the  A-point,  they  are  combined  into  the  following 
formula : 


2s  f+  . 

(18.5) 

In  the  triple  correlations  of  a1*-'  and  other  similar  terms  at  two 
points  with  a  distance  k  ,  only  the  three  components  h,  k,  and  q  shown  in 
Figure  25  remain  with  otfier  components  vanished  by  the  feature  of  spherical 
symmetry  in  the  D*-domain.  As  in  the  case  of  the  double  correlations,  the 
following  interrelations, 

(18.6) 

can  be  derived  from  the  continuity  equations.  For  the  higher  order 
correlations,  some  reduction  of  the  expressions  may  be  made  in  the  same 
manner . 
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As  a  matter  of  course,  functional  forms  of  the  Euler  correlation 
signify  the  property  of  the  scale  of  turbulence.  Fundamental  characteris¬ 
tics  of  the  scale  may  be  manifested  by  the  functional  form  of  the  double 
correlations.  It  is  seen  by  integration  formulas  in  (18.1)  that  at  a 
short  distance  of  k^,  the  value  of  f  depends  for  the  most  part  on  the 
small-scale  ’'ortices,  while  at  a  long  distance  it  depends  on  large  vor¬ 
tices.  The  triple  and  higher  order  correlations  can  be  regarded  as 
describing  in  more  detail  the  character  of  the  scale  of  turbulence. 


From  the  spherical  symmetry  of  the  D*-domain,  it  is  seen  that  the 
fundamental  double  correlation  f  or  g  has  a  symmetrical  form  for  positive 
and  negative  values  of  .  When  a  scale  length  such  as 


po 


Lf  -  j  f*4. 


(18.7) 


is  introduced 
produced  just 
by 


If  chiefly  concerns 
behind  the  grid.  Let 


the  large-scale  primary  vortices 
another  scale  length  be  defined 


(18.8) 


under  the  assumption  that  f  can  be  expanded  into  the  Taylor  series  at  the 
origin.  As  shown  in  Figure  26,  Xjf  is  equal  to  the  half  of  the  segment 
on  the  -^^.-axis  cut  by  the  parabola  touching  the  top  of  the  f-curve. 

Thus,  2f  designates  the  property  of  f  near  the  origin  and  chiefly  concerns 
the  small-scale  descending  vortices  produced  by  the  cascade  process.  Lf 
and  Xf  >  called  the  integral-  and  micro-scales,  respectively,  can  be 
regarded  as  the  two  general  standards  of  the  scale  of  turbulence  (reference 
13). 


It  can  be  proved  further  that  the  quantities  f,  h,  and  U  are  not  inde 
pendent,  but  are  interrelated.  Namely,  when  the  three  equations  of  the 
Na vier-Stokes  equations  at  the  A-point  are  multiplied  respectively  by  u1, 
v' ,  and  w1  at  the  A'-point,  and  the  time  means  are  taken,  they  become 

(18.9) 

It  is  easily  seen  that  f  and  h  in  formula  (18.9)  come  from  the  viscous  and 
inertia  terms,  respectively,  of  the  Navier-Stokes  equations.  The  formula 
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(18.9)  is  the  foundation  for  discussion  of  statistical  quantities  of  the 
isotropic  turbulence,  known  as  Karman-Howarth ' s  propagation  formula  of  the 
Euler  correlations  (reference  14). 


When  the  limiting  value  at 


is  taken  in  (18.9),  it  becomes 


If  the  Taylor  expansion  is  possible  at  *ts*  ,  ^  takes  the  same  form 
as  (18.8).  Formula  (18.10)  is  called  the  decaying  formula,  which  denotes 
an  interrelation  of  the  turbulent  intensity  *4.  and  the  microscale 
(reference  13). 


y 


19.  REPRESENTATION  BY  THE  SPECTRUM  FUNCTIONS 


Characteristics  of  the  Euler  correlation  mentioned  in  the  last  section 
may  also  b^  represented  by  the  spectrum  functions.  For  instance,  when  the 
u-component  of  velocity  fluctuation  is  taken  at  an  A-point,  this  is  an 
irregularly  oscillating  function  for  the  time,  which  contains  many  kinds 
of  frequency  as  shown  in  Figure  3.  The  int  ensity  H  Q/j)  f  <ft 

will  be  divided  into  many  infinitesimal  regions  contributed  by  the  same_ 
value  of  a  frequency  n.  When  the  wave  number  is  taken  as  ft,  - 
and  th  e- contribution  to  4t^  by  the  region  between  k  and  k  +  dk  is 
H  ,  then  FA)  is  generally  called  the  spectrum  function,  and  the 

total  intensity  is  expressed  as 

«o 

U2=  a*/  F'CtFct-l, . 

o 

(19.1) 

When  the  Fourier  transformation  of  an  instantaneous  velocity  function 
u(t)  is  written  as  <*«  (A)  with  s  2.71+1*  this  relation  is  obtained: 

1  Pf  }“Ci)  e^ute!ij 

and 
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(19.2) 


and 


Fur thermore ,  if  the  Lagrange  correlation  of  velocity  fluctuations  at  one 
point  for  different  times  t  and  t-kt  is  denoted  by 


Rm  (A  >  --  U«)LL(t-%)/*\ 


(19.3) 


the  following  relations, 


?*>  -  *1  Run  (£±)  ^"*0- 


and 


00 


/fMU  (if)  *  fp*)  <*2 


(19.4) 


can  be  derived  by  taking  formula  (19.1)  into  account  (reference  29). 

In  the  vortex  chaos  motion  of  turbulent  flow,  an  instantaneous  state 
of  the  chaotic  motion  incessantly  changes  with  time  and  position.  However, 
in  homogeneous  and  isotropic  turbulence,  scales  of  vortices  are  far 
smaller  than  the  breadth  of  the  flow,  and  the  mean  flow  gives  no  effect  to 
the  individual  vortices  by  the  pressure  gradient  and  other  forces.  Thus, 
it  can  be  considered  that  in  a  narrow  region  along  the  flow  of  the  same 
order  of  the  mean  scale  as  that  of  the  vortices,  the  vortex  chaos  motion 
retains  approximately  constant  situations  of  motion.  Namely,  in  the  region 
of  nonzero  value  of  the  Euler  correlation,  the  function  u(t)  at  a  point 
is  assumed  to  be  transported  in  the  same  form  by  a  constant  mean  velocity 
.  This  assumption,  known  as  Taylor's  hypothesis,  was  introduced  at 
the  same  time  as  the  definition  of  isotropic  turbulence  (reference  13). 

In  accordance  with  lLIs  hyputhes is ,  we  have  put  a  constant  denominator 
in  the  tensor  expression  K  of  (10.1). 

Based  on  this  hypothesis,  it  is  easily  seen  that  the  Lagrange 
correlation  /?„„  !it  )  in  (19.4)  is  the  same  as  the  Euler  correlation  f(4r) 
at  two  points  with  the  distance  A-r.Vjt-  Then,  the  formulas  ir.  (19.4) 
can  be  written  as 
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and 


00 


F,(it)  s  4  J  f$r)  **'#&’<(&? 


(19.5) 


by  using  the  function  P,(A,)  of  (19.1).  The  function  f  and  F  are  quan¬ 
tities  which  can  be  measured  by  experiment.  Figures  27  and  28  show 
examples  of  the  observed  results  on  the  relations  of  (19.5),  where  Taylor's 
hypothesis  seems  to  be  supported  in  the  case  of  a  uniform  turbulent  wake 
behind  a  grid. 

The  above  discussions  on  the  spectrum  function  have  been  made  by 
taking  only  the  wave  number  to  the  x-direction.  Strictly  speaking, 
however,  the  Fourier  analysis  of  a  velocity  fluctuation  should  be  done 
with  three  components  of  the  wave  number  k  ,  k  ,  and  k  respective  to  the 
x- ,  y-,  z-direction  (reference  30).  The  tnree-dimensi^nal  expression  of 
the  u-component  of  velocity  fluctuation  which  corresponds  to  (19.2)  is 
written  as 

k<*  •  Z&jfjlu  (A  4  ■ 

* (19  6) 

2 

The  intensity  £<  is  expressed  in  the  integration  of  (19.6)  in  a  large 
volume  Q.  This  representation  is  the  same  as  that  for  the  v-  and  w- 
f luctuations .  Thus,  when  a  function  such  as  p  is  introduced, 

-  -§f 1 


(19.7) 


and  the  following  integration, 

u1  *&/ ?%db4, 

°  (19.8) 
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o 

is  obtained  for  the  expression  of  U.  . 


Although  the  formula  (19.8)  is  similar  to  (19.1),  F3  is  clearly  a 
different  expression  of  a  combination  of  the  three  components  of  wave 
number.  Usually,  F3  and  F3  are  distinguished  as  the  one-  and  three- 
dimensional  spectrums.  It  is  proved  by  their  definition  that  they  are 
not  independent  but  are  related  to  each  other  by  the  following  expressions: 


F,(A)  --  ijjoi)  <4, 


(19.9) 

As  seen  in  (19.5),  the  Euler  function  f  can  be  related  to  the  spectrum 
function  F^  or  F^.  Corresponding  to  the  propagation  formula  (18.9)  of  the 
Euler  correlation,  a  similar  expression  of  the  spectrum  functions  must 
exist.  Namely,  when  equation  (18.9)  is  multiplied  by  (Z/r7")  cos  kkr  and 
is  integrated  by  kr  in  0  ^ 00  ,  it  leads  to 

j-t(u-*Mf^£4rd&r)  +  4“S)(3T+  4-*)*+*iircl£r 

o  o 

=  7T  “J(i£*+ #  ir)  Mr 


If 


00 


o 


(19.10) 

and  the  one-dimensional  spectrum  F 3  of  (19.5)  is  taker.,  the  above  expres¬ 
sion  becomes 


2  00  ^ 

=  -z  ^u(pf  £%-4$P,4d4:] . 

(19.11) 
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When  the  differentiation  process  denoted  by  the  second  expression  in  (19.9) 
is  carried  out  in  the  expression  (19.11),  the  following  formula  of  the 
three-dimensional  spectrum  F3  is  obtained. 


j  (U*&)  ,3  , 

jt  +  zu.  =  -ztu  F34 , 


(19.12) 


where 


Wa  =tIH-  i2^- 

W3  -Ttn  z  3 


(19.13) 


This  formula  of  the  propagation  of  the  spectrum  function  is  often  expressed 
simply  as 


iF. 

St 


+  W  =  -ZY^Ej 


E  =  u-zF3j  asrU  W  =  zu3w3. 


(19.12') 


As  is  easily  seen  by  the  definitions,  the  terms  E  and  W  are  related 
respectively  to  the  double  and  triple  correlation  functions  which  are 
derived  from  the  viscous  and  inertia  terms  in  the  Navier-Stokes  equations, 
respectively . 


It  is  mentioned  in  Section  17  that  basic  quantities  of  the  intensity 
and  scale  of  the  isotropic  turbulence  are  represented  by  the  components 
IX  and  f  or  h,  respectively.  The  three-dimensional  spectrum  functions 
F3  and  W3  which  correspond  to  f  and  h,  do  not  have  different  components 
according  to  the  x- ,  y-  and  z-direction  in  the  field  of  flow.  The 
isotropic  turbulence  is  that  in  which  these  fundamental  quantities  vary 
only  along  the  x-direction  of  the  flow.  In  this  sense,  the  isotropic 
turbulence  is  essentially  a  one-dimensional  flow. 


Discussions  in  Sections  17,  18,  and  19  concern  the  kinematical 
characteristics  of  the  isotropic  turbulence.  The  work  which  we  shall 
have  to  do  hereafter  is  to  evaluate  the  behaviors  of  these  fundamental 
functions  along  the  flow  in  accordance  with  the  real  states  of  the 
isotropic  turbulent  flow.  Viewed  from  a  theoretical  principle,  the 
kinematical  formulas  (18.9),  (18.10),  or  (19.12)  are  no  more  than 
transformations  from  the  Reynolds  equations  in  the  case  of  the  homogeneous 
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and  isotropic  turbulence  of  the  completely  irregular  vortex  chaos  motion 
in  a  uniform  flow.  Namely,  these  formulas  are  not  those  which  have 
compensated  for  the  insufficiency  of  some  physical  principles  in  the 
Reynolds  equations.  For  instance,  in  the  decaying  formula  (18.10),  two 
independent  variables  CC  and  Af  are  involved.  The  propagation  formula 
(18.9)  of  the  Euler  correlation  has  the  three  variables  U*  ,  f,  and  h. 

The  situations  are  the  same  for  the  spectrum-propagation  formula  (19.12) 
having  Lt  ,  F^,  and  W-.  Even  if  the  propagation  of  the  triple  correlation 
is  formulated  similarly  to  (18.9),  the  formula  may  further  contain  the 
fourth  correlation  and  shall  never  become  a  mathematically  conclusive 
system.  Of  course,  this  is  the  same  as  for  the  spectrum  propagation. 
Namely,  the  basic  obst.cle  in  the  study  of  turbulent  flow,  that  the 
Reynolds  equations  are  not  conclusive  because  of  the  inertia  terms  of  the 
Navier-Stokes  equations,  has  not  yet  been  overcome,  even  in  the  simplest 
case  of  the  homogeneous  and  isotropic  turbulence. 

20.  CONCEPTION  OF  SIMILARITY  PRESERVATION 

Fundamental  formulas  (18.9),  (18.10),  and  (19.12)  of  the  isotropic 
turbulence  have  far  simpler  mathematical  expressions  than  those  of  the 
Reynolds  equations.  On  account  of  the  simple  expressions,  these  formulas 
are  available,  combined  with  other  physical  assumptions,  to  investigate 
the  characteristics  of  statistical  quantities  of  the  isotropic  turbulence. 
Similarity  preservation  has  been  introduced  as  one  of  the  physical 
assumptions  in  the  previous  studies  of  isotropic  turbulence.  This  section 
will  consider  the  basic  conception  of  the  similarity  preservation,  based 
upon  the  physical  interpretations  of  a  vortex  chaos  motion. 

It  is  mentioned  that  the  definition  of  the  isotropic  turbulence  is 
deduced  from  the  completely  irregular  chaotic  states  of  many  kinds  of 
vortices  in  a  uniform  mean  flow,  and  the  discussions  in  Sections  17,  18, 
and  19  hold  for  these  chaotic  motions  of  all  the  vortices  of  N  kinds. 

Now,  such  an  idealized  isotropic  turbulence  shall  be  considered  as  con¬ 
sisting  of  one  kind  of  vortex  produced  at  a  fixed  location  x“0,  and 
shall  take  the  approximation  of  an  ideal  state  mentioned  in  Section  13. 
Then,  the  representations  of  the  intensity  (17.3)  and  correlation  (18.1) 
are  written  by  the  following  integrations  in  a  single  spherical  D*-domain 
with  a  radius  R*. 

U*  =  ^  [ff  V*(r)  of 

cu?  -  V*(r'Jc*4eA*n  jc&Q'jrin  f'dcf  t 
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(20.1) 


4 

3 


Since  the  elongation  and  curvature  of  a  vortex  filament  have  been 
neglected  in  the  definition  of  the  V*-function  of  (11.1),  the  ideal  state 
of  the  isotropic  turbulence  refers  to  the  three-dimensional  and  completely 
irregular  state  of  vortices  which  keep  two-dimensional  characteristics  in 
a  uniform  flow.  Thus,  the  solution  (1_4.6)  of  the  viscous  vortex  motion 
can  be  taken  as  a  functional  form  of  V*(r)  in  (20.1).  By  the  solution 
(14.6)  the  extension  of  a  vortex  motion  is  seen  to  be  proportional  to 
sTtT  and  the  radius  R*  is  appropriately  chosen  as 


R*=j4Ys0  y/F, 


(20.2) 


where  Sq  is  a  constant^  independent  of  t  in  (14.2).  From  the  solution 
(14.6),  the  function  V*(r)  in  (20.1)  can  be  written  with  a  suffix  o(  which 
denotes  the  condition  of  production. 


V*  - 

r* 

s  s  4rt 


(20.3) 

In  (20.3),  F©<  is  a  function  of  s  in  the  interval  0^  Sq  in  the  D*-domain. 
Gp<  is  a  function  of  the  time  t  since  the  production  of  vortices,  and  is 
not  dependent  upon  the  coordinates  in  the  D*-domain. 

Thus,  the  turbulent  intensity  in  (20.1)  is  written  as 


u- 

(20.4) 

where  the  first  term  is  a  definite  integral  in  the  spherical  D*-domain 
with  a  radius  R*  of  (20.2)  and  does  not  involve  t  explicitly. 

For  the  correlation  f  jit  A-  and  A' -points  of  a  distance  kx  to  the 
x-direction,  the  numerator  uu'  of  (20.1)  is  written  as 
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(20.5) 


uu'=  {$Pjs)£(s')cM6^4cM6^fM*}(G*Ci)/0.  *} . 


In  the  above  expression,  s,  9,  4>  and  s',  91,  are  the  coordinates  of  the 
A*-  and  A'*-points  in  the  D*-domain,  and  the  latter  are  decided  uniquely 
with  the  former  as  interpreted  in  Section  12.  In  the  case  of  isotropic 
turbulence,  when  the  same  spherical  D*-domain  as  in  (20.4)  is  taken  and 
a  parameter  such  as 


4Z 

4Yt 


(20.6) 

is  used  instead  of  kx,  then  the  first  term  in  (20.5)  is  regarded  as  a 
function  of  s,  9,  <i> ,  sx  in  the  expanding  D*-domain  along  the  flow  as 
denoted  by  (20.2).  Thus,  the  correlation  function  f  is  written  as 


ffhboo&sl  0*4  t'cCOt* 

tcid* 


(20.7) 


and  is  considered  to  be  a  function  only  of  s  independently  of  t. 

X 

This  independency  characteristic  also  holds  in  the  triple  correlation. 
For  instance,  the  correlation  h  is  reduced  to 


/  _  fffpt/U  ($)  fU(S') '&***s9 

(20.8) 

in  the  same  manner  as  f  of  (20.7).  Furthermore,  in  this  case  and  on 
account  of  the  spherical  symmetry,  the  integrand  multiplied  by  cosO'  sin^' 
is  cancelled  at  symmetrical  positions  in  the  spherical  D*-domain,  as  is 
easily  seen  in  the  two-dimensional  vortex  chaos  motion,  and  the  value  of 
h  vanishes.  This  is  the  same  for  k  and  q,  and 


^  -  4.  = 


= 


(20.9) 


is  obtained.  The  above  results  in  (20.7)  and  (20.9)  are  no  me  :e  than 
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those  which  Karmen  and  Howarth  have  introduced  as  the  assumptions  of 
similarity  preservation  in  isotropic  turbulence  (reference  14). 

It  is  suggested  by  the  above  discussions  that  in  expressions  (13.9) 
and  (13.13)  o_f  the  ideal  state  of  N=1  vortices  when  two  fundamental  func¬ 
tions  P*  and  V*  have  respective  similarity  characteristics  independent  of 
t  in  the  D*-domain,  the  Euler  correlations  preserve  their  similar  func¬ 
tional  forms  along  the  flow.  Namely,  according  to  the  physical  interpre¬ 
tation  of  a  vortex  chaos  motion,  it  is  found  that  the  similarity  preser¬ 
vation  in  turbulent  flow  consists  of  two  kinds  of  similarities:  a  hydro- 
dynamical  similarity  of  the  V*-function  which  is  proved  by  the  solution  of 
the  Navier-Stokes  equations,  and  a  statistical  similarity  of  the  P*-func- 
tion  given  a  priori  as  a  statistical  hypothesis.  Karm^n-Howarth ' s  simi¬ 
larity  assumption  for  isotropic  turbulence  belongs  to  the  case  where  the 
P*-  and  V*-func tions ,  respectively,  have  similarity  conditions  in  their 
simplest  forms. 

By  integrating  (20.4),  the  following  expression  results: 


/- 

y 


v)/s* }  I  z&STa's. 


(20.10) 

In  the  exponential  formula  (20.10),  Cu?  is  obviously  independent  of  the 
time  t_since  the  production  of  the  vortices,  and  t  is  related  to  the  mean 
speed  UD  with 


Uo  = 


(20.11) 


Namely,  (20.10)  suggests  that  the  intensity  CJL  should  be  plotted  versus 
t  instead  of  x.  If  plotted  versus  x,  experimental  data  may  be  scattered 
with  different  mean  speed  UQ . 

As  for  the  correlation  function,  the  propagation  formula  (18.9)  takes 
the  form  of  an  ordinary  differential  equation  owing  to  the  features  of 
(20.7),  (20.9),  and  (20.10).  When  the  nondimensional  length. 
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/  *  z/s*  -4JM, 

(20. 12) 


is  taken  and  f  is  regarded  as  a  function  of  ^  ,  (18.9)  becomes 


f<fi+(?+T)fo)  +  ^TrfO)  = 

(20.13) 

where  '  denotes  d/d^.  The  equation  (20.13)  is  the  same  form  as  that 
derived  by  Karman-Howarth ,  and  the  solution  is  proved  to  be  expressed  as 
a  hypergeometric  function  as  follows  (reference  14): 

M&jtnCi)  ^  <!  (2.mH)(2m  +2)  •  *  *  +<Cj  *  J  • 

(20.14) 


Figure  29  shows  the  functional  forms  of  (20.14). 

The  integral-  and  microscale  of  (18.7)  and  (18.8)  are  expressed  as 

Lf  =  C4  y  t,  Cq  *  {  Jfcsu?}* 

A/  =  c4yt>  cXf  =  '°/(z*-0  ■ 

(20.15) 

Even  if  the  microscale  is  not  equal  to  the  integral-scale  L^,  the 

meaning  of  a  finite  value  of  may  be  understood  by  the  physical  picture 

of  a  chaotic  motion  of  one  kind  of  vortex  in  which  the  production  of 
infinitesimal  small  vortices  by  the  cascade  process  is  neglected. 
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21.  SIMILARITY  PRESERVATION  IN  THE  INITIAL  PERIOD 


In  the  expressions  of  the  similarity  law,  the  selection  of  the  value 
of  concerns  the  condition  of  production  of  a  vortex  motion  in  the  real 
flow,  and  the  selection  cannot  be  made  from  a  purely  theoretical  point  of 
view.  Investigations  must  be  made  in  the  light  of  experimental  works.  At 
first,  the  theoretical  results  of  (20.10)  to  (20.15)  shall  be  checked  by 
comparison  with  experimental  results. 

In  a  uniform  flow  behind  a  grid,  it  is  easy  to  use  the  hot-wire 
technique  to  measure  velocity  fluctuations  to  determine  the  turbulent 
intensity.  Except  for  the  transition  region  just  behind  the  grid,  many 
previous  experimental  results  indicate  that  for  a  fairly  long  distance 
behind  the  grid,  an  empirical  formula  such  as 


_/ 

t 


(21.1) 

can  be  adapted,  and  that  further  downstream  the  decaying  process  is  more 
rapid.  The  formula  (21.1)  is  usually  expressed  as  IX  "2  t ,  and  is 

called  the  linear-decay  law.  Figure  30  shows  an  example  of  measurements. 

In  the  real  states  of  turbulent  flow  behind  a  grid,  effects  of  the 
cascade  phenomena  and  three-dimensional  characteristics  of  vortices  cannot 
be  neglected,  and  the  idealizations  mentioned  in  the  last  section  do  not 
hold  exactly.  However,  in  a  region  along  the  flow  where  the  primary  vor¬ 
tices  which  are  produced  directly  from  the  grid  are  predominant,  the  above- 
mentioned  idealizations  may  have  significance. 

When  the  empirical  formula  (21.1)  is  compared  with  the  theoretical 
result  (20.10),  it  may  be  correct  to  take 


<  =  /. 

(21.2) 

As  explained  in  Section  14,  the  solution  of  ©(  =1  in  (14.6)  applies  far 
from  the  vortex  center  to  the  vortex  motion  of  a  perfect  fluid.  This  fact 
favors  regarding  the  primary  vortices  produced  by  the  energy  of  the  poten¬ 
tial  flow  outside  the  boundary  layer  as  those  of  the  solution  of  ©(  =1. 
Theoretical  results  (20.15)  of  the  turbulent  scales  hold  independently 
of  the  suffix  o(  .  However,  they  are  also  supported  by  many  observations 
as  shown  in  Figures  31  and  32. 

When  the  theoretical  curves  of  the  correlation  function  f  in  Figure 
29  are  compared  with  an  experimental  measurement  in  Figure  27,  it  turns 
out  that  the  solution  of  o(  «=1  in  (20.14)  is  difficult  to  adapt  to  the  real 
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state  of  the  isotropic  turbulent  flow.  Departure  from  the  axis  of  the  f- 
curve  at  a  large  value  of  k^  may  be  attributed  to  the approximative 
description  of  the  ideal  state  in  which  the  value  of  uu*  is  expressed  with 
a  connection  of  a  single  kind  of  o(  =1  vortex,  even  at  a  large  value  of  kr. 

Near  the  origin  k  =  0,  however,  the  theoretical  curve  of  o(  el  does 
not  have  a  sharp  peak,ras  indicated  by  experimental  observations.  This  is 
also  recognized  in  other  cases  of  o(  .>  1 y  and  the  real  state  of  the  corre¬ 
lation  seems  to  have  a  different  nature  near  the  origin  from  all  the  sim¬ 
ilar  solutions.  Moreover,  it  is  proved  experimentally  that  the  triple 
correlation  coefficients  do  not  vanish  although  the  numerical  values  are 
small,  at  most  no  larger  than  0.03  (reference  31).  Probably,  the  discrep¬ 
ancy  of  the  correlation  functions  near  the  origin  may  be  caused  by  the 
production  of  small  vortices  through  the  cascade  process.  Namely,  the 
newly  produced  small  vortices  give  a  direct  effect  to  the  functional  form 
near  the  origin  k  =0,  even  if  the  total  scale  length  and  the  intensity 
u,2  are  slightly  affected  by  them.  Existence  of  a  nonzero  value  of  the 
triple  correlation  is  also  difficult  to  comprehend  without  considering  a 
cascade  phenomena.  Considering  the  propagation  formula  (18.9)  of  the 
correlation  functions,  the  effect  of  a  nonzero  value  of  h  may  be  integrated 
along  the  flow  to  alter  the  functional  form  of  f  near  kr®0,  although  the 
value  of  h,  itself,  is  small.  The  above-mentioned  considerations  of  the 
correlations  must  be  the  same  for  the  spectrum  functions,  which  are  the 
Fourier  transformations  of  the  correlation  functions. 

From  the  above-mentioned  interpretations,  it  may  be  understood  that 
in  isotropic  turbulence,  when  the  primary  vortices  are  made  to  correspond 
to  those  of  c(  =1  >  and  ideal  expressions  of  the  completely  irregular  state 
of  two-dimensional  vortex  motions  are  taken,  at  least  the  two  fundamental 
quantities  of  the  total  intensity  and  the  scale  length  are  considered  to 
be  supported  by  observed  results.  This  idealized  picture  of  a  vortex  chaos 
motion  is  easily  adapted  to  cases  other  than  that  of  the  completely  irreg¬ 
ular  state  in  a  uniform  flow.  Thus,  let  the  ideal  expressions  of  such  a 
vortex  chaos  motion  be  generally  called  the  law  in  the  initial  period,  and 
especially  when  the  P*-  and  V*-functions  have  their  similarity  conditions, 
they  shall  be  called  the  similarity  law  in  the  initial  period. 

Since  the  definition  of  the  isotropic  turbulence  was  introduced  and 
the  propagation  formula  of  the  correlation  or  the  spectrum  was  established, 
a  study  was  first  made  to  solve  these  fundamental  formulas  by  assuming 
the  similarity  preservation.  Then,  from  the  results  of  many  experimental 
studies  on  the  distribution  of  the  turbulent  intensity,  the  relation  (21.1) 
was  ascertained,  and  the  region  where  (21.1)  can  be  supported  experimen¬ 
tally  is  called  the  initial  period  by  Batchelor-Townsend  (reference  28). 

The  initial-period  similarity-law  mentioned  in  Sections  20  and  21  is  that 
used  to  derive  the  Karmim-Howarth  similarity  assumption  from  the  physical 
interpretation  of  a  vortex  chaos  motion  and  has  given  physical  meaning 
to  the  conception  of  the  initial  period  as  detected  by  experimental  obser¬ 
vations. 
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It  is  certain,  however,  that  the  similarity  assumption  has  not 
derived  a  satisfactory  result  for  the  correlation  or  the  spectrum  func¬ 
tion.  In  this  chapter,  discussions  are  made  only  on  similarity  preserva¬ 
tion.  The  fundamental  meaning  of  similarity  preservation  must  be  grasped 
before  proceeding  to  the  study  of  nonsimilarity.  If  the  similarity 
preservation  is  derived,  not  as  an  assumption,  from  some  fundamental 
hypotheses,  from  these  hypotheses  some  suggestion  will  be  obtained  to 
guide  us  in  our  search  for  the  characteristics  of  nonsimilarity. 

On  the  other  hand,  it  seems  that  in  other  cases  of  turbulent  shear 
flow,  the  approximative  expression  of  the  similarity  law  has  a  more  impor 
tant  significance.  From  the  standpoint  of  a  vortex  chaos  motion,  it  is 
possible  to  extend  the  simplest  hydrodynamical  and  statistical  similarity 
conditions  directly  to  the  case  of  the  decaying  turbulence.  Thus,  the 
following  two  chapters  will  discuss  problems  of  the  extended  initial- 
period  law,  and  the  nonsimilarity  problems  will  be  studied  later  from  a 
wider  viewpoint  of  the  decaying  turbulence. 
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CHAPTER  FIVE.  SIMILARITY  THEORY  IN  r,IE  INITIAL  PERIOD 


22.  IDEALIZATION  OF  THE  INITIAL  PERIOD 

As  mentioned  in  Section  21,  the  essential  meaning  of  the  law  in  the 
initial  period  exists  in  taking  an  expression  of  the  ideal  state  of  the 
chaotic  state  of  the  o(  -  1  vortices  in  their  s  ta  t  is  t  ica_l^  equi  1  ibr  ium. 

In  the  case  of  an  isotropic  turbulence,  both  the  P*-  and  V*-functions  have 
their  respective  similarity  characteristics  owing  to  the  completely  irreg¬ 
ular  chaotic  states  in  a  uniform  flow,  which  have  proven  the  similarity 
preservation  of  the  flow.  Further,  by  applying  a  two-dimensional  solution 
to  the  V*-function,  simple  expressions  of  the  distributions  of  the  inten¬ 
sity  and  scale  along  the  flow  have  been  cbtained.  In  general  cases  of 
the  decaying  turbulence,  however,  the  initial-period  law  does  not  neces¬ 
sarily  derive  the  similarity  character,  and  expressions  for  the  intensity 
and  scale  become  somewhat  complicated. 

A  nonisotropic,  shearless  turbulence  will  first  be  considered.  This 
cose  of  flow  is  still  a  completely  irregular  motion  of  N  kinds  of  vortices, 
but  the  mcan-velocitv  distribution  is  not  uniform.  Because  of  the  complete 
irregularity,  the  vortex  chaos  motion  does  not  bring  about  any  shearing 
stress,  and  the  effect  of  normal  pressure  caused  by  the  chaotic  motion 
is  small.  Thus,  when  the  potential  function  of  the  mean  flow  is  denoted 
by  f  ,  the  condition  of  the  flow  is  written  as 
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corresponding  to  (17.1)  in  the  isotropic  turbulence. 


(22.1) 


In  the  case  of  the  completely  irregular  vortex  chaos  motion,  effects 
of  the  potential  function  ^  to  the  vortex  motions  are  only  to  the  direc¬ 
tions  of  the  x- ,  y^,  z-axe_s,  and,  as  assumed  in  a  two-dimensional  vortex 
chaos  motion,  the  V*-  and  V* ' -functions  are  regarded  as  symmetrical  to  the 
axes  in  the  D*-domain.  Thus,  in  the  real  expression  (13.8),  the  terms  of 
vw ,  wu ,  uv  vanish.  Namely,  the  potential  function  of  ?  (x,  y,  z)  means 
the  flow  without  a  shearing  stress.  But,  unlike  the  result  (17.4)  of  the 
isotropic  turbulence,  components  of  the  intensity  IL  ,  V’  ,  W'  genera  1 ly 
have  different  values  in  respect  to  each  other. 


In  a  wind  tunnel,  the  air  stream  from  a  rectifying  grid  is  led  to 
the  test  section  through  a  contracting  section.  Vortices  produced  from 
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the  grid  may  be  mixed  into  a  completely  irregular  state,  but  they  must  be 
affected  by  the  pressure  gradient  of  the  mean  flow  in  a  contracting  sec¬ 
tion.  By  experimental  measurement,  the  values  of  UL,  V*,t U  are  generally 
different,  although  correlation  components  uv  and  other  like  terms  vanish. 
This  case  of  a  contracting  stream  corresponds  to  an  example  of  the  non¬ 
isotropic  shearless  turbulence. 

Only  the  primary  vortices  of  o(  -  1  shall  be  taken  into  account  in 
the  shearless  turbulence.  Even  if  three-dimensional  effects  of  elongation 
of  the  vortex  filaments  are  neglected  as  in  the  case  of  the  similarity 
law  in  isotropic  turbulence,  the  V*-function  is  affected  by  the  pressure 
gradient  caused  by  f  (x,  y,  z)  unlike  the  case  of  a  uniform  flow. 
According  to  a  given  field  of  ?  (x,  y,  z) ,  however,  it  is  difficult  to 
derive  an  exact  formula  of  the  V*-function  from  the  hydrodynamica 1  equa¬ 
tions  of  motion,  and  as  the  first  approximative  expression, 
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will  be  taken  as  an  extended  expression  of  (14.6)  in  isotropic  turbulence. 
Hereafter,  the  suffix  1  denoting  the  o(  «  1  vortices  shall  be  neglected  for 
brevity. 

The  condition  P^'“l  in  (22.1)  has  statistical  similarity  independent 
of  the  coordinates  x,  y,  z.  On  the  other  hand,  the  V*-function  in  (22.2) 
does  not  necessarily  have  hydrodynamical  similarity.  Therefore,  the 
description  of  an  ideal  state  based  upon  (22.1)  and  (22.2)  does  not 
generally  derive  the  result  of  similarity  preservation,  although  their 
description  is  based  upon  the  same  theoretical  foundation  as  the  Karman- 
Howarth  similarity  hypothesis  in  isotropic  turbulence. 

The  turbulent  wake  behind  a  circular  cylinder  in  a  uniform  flow  will 
be  considered  as  a  simple  example  of  the  decaying  shear  turbulence.  In 
the  case  of  the  turbulent  wake  behind  a  grid,  production  of  vortices  from 
a  rod  of  the  grid  is  not  affected  by  situations  downstream  and  is  not 
influenced  by  other  vortices  produced  by  other  rods.  Namely,  the  condition 
of  production  of  vortices  may  be  the  same,  both  in  the  cases  behind  a 
circular  cylinder  and  in  a  grid  consisting  of  the  same  kind  of  cylinders. 

It  is  natural  to  asrume  that  the  primary  vortices  in  the  decaying  turbu¬ 
lence  all  belong  to  those  of  o(  *  1. 

When  the  co-ordinate  axes  are  fixed  as  shown  in  Figure  33,  the  mean- 
velocity  distribution  keeps  a  two-dimensional  character  in  the  xy-plane. 

The  primary  vortices  are  first  separated  alternatively  from  both  sides  of 
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Lilt*  cylinder  with  the  vortex  filaments  parallel  to  the  z-axis,  and  then 
the  Karman  vortex  streets  can  be  observed  on  the  xy-plane.  As  far  as  the 
theoretical  K^rmdn  vortex  streets  are  observed,  probably  the  vortex  fila¬ 
ments  keep  nearly  parallel  to  the  z-axis.  However,  as  the  vortex  streets 
break  into  an  irregular  state,  the  filaments  probably  begin  to  take  on  a 
three-dimensional  fluctuation  around  the  z-direction.  In  chaotic  states 
of  vortices  far  from  the  cylinder,  three-dimensional  effects  of  the  fila¬ 
ments  cannot  be  neglected.  Thus,  the  idealization  of  an  ini t ia 1 -per iod 
law  in  this  case  could  be  the  chaotic  motion  of  the  =  1  vortices  which 
keep  two-dimensional  features  themselves,  with  only  the  direction  of  fila¬ 
ments  fluctuating  around  the  z-direction. 

The  vortices  of  ©C  =  1  become  irregular  as  they  go  downstream.  But, 
ns  interpreted  in  Section  6,  it  is  difficult  for  them  to  become  completely 
irregular  because  of  the  directional  effects  in  the  interaction  of  vortices 
produced  from  the  cylinder.  And,  even  at  a  position  of  X  ,  the  functional 
form  of  P* ,  indicating  the  statistical  situation  of  the  running  of  vorti¬ 
ces,  varies  with  the  y-direction.  But,  the  V*-function  expressing  mean 
states  of  the  vortices  produced  at  one  position  upstream  is  unaltered  in 
the  y-  or  z-direction  and  is  not  affected  by  the  pressure  gradient  of  the 
mean  flow. 

The  chaotic  motion  of  the  c(  =  1  vortices  in  this  case  may  be  reason¬ 
ably  assumed  to  be  in  a  statistical  equilibrium,  but  not  in  a  wide  region 
along  the  flow.  Thus,  as  an  extension  of  the  case  of  the  isotropic  turbu¬ 
lence,  the  initial -period  law  in  this  case  is  expressed  by 

V*=  FCs,  o,  «0  (zcVy  t  , 
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(22.3) 

Namely,  even  if  the  mean- velocity  distribution  is  two-dimensional  in  the 
xy-plane,  a  finite  value  of  the  z-component  of  turbulent  intensity  exists, 
and  the  initial-period  law  gives  a  similarity  preservation  in  this  case. 

In  the  decaying  turbulence,  there  are  many  kinds  of  shear  anci  shear¬ 
less  turbulence.  According  to  the  particular  cases,  the  P*-  and  V*- 
functions  may  take  different  expressions.  For  instance,  in  the  case  of  a 
round  jet,  an  elongation  of  the  vortex  ring  cannot  be  neglected  even  in 
the  initial  period.  In  the  case  of  a  two-dimensional  wake  in  a  nonuniform 
mean  flow,  a  distortion  of  the  V*-function  in  (22.3)  caused  by  the  pressure 
gradient  must  be  evaluated.  However,  if  the  statistical  similarity 
expressed  in  the  P*- function  is  assumed  for  the  chaotic  motion  of  the 
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primary  vortices  of  o(  ■  1,  an  idealized  expression  of  the  vortex  chaos 
motion  can  be  obtained.  It  is  proved  in  Sections  21  and  22  that  in  the 
case  of  isotropic  turbulence  this  idealization  supports  the  Karman- 
Howarth  similarity  assumption.  In  this  chapter  some  investigations  on 
the  extended  formulas  of  the  ini tia 1 -per iod  law  of  the  decaying  turbulence 
shall  be  made  (references  18  and  37). 

23.  INTENSITY  AND  SCALE  OF  THE  SHEAR  TURBULENCE 

As  a  typical  case  of  the  decaying  shear  turbulence,  a  turbulent  wake 
behind  a  circular  cylinder  will  be  taken  and  the  distributions  of  the  tur¬ 
bulent  intensity  and  scale  under  the  condition  of  the  ini tia 1 -period 
similarity-law  shall  be  surveyed.  Expressions  for  the  intensities  of  the 
e  1  vortices  can  be  written  as  follows,  with  formula  (22.3)  substituted 
into  (13.5): 


U*=cu*6j)t-; 

y  =  y /'/■*■* 1 1 

Cutty*  ^0 Iff 0s**,  f 
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The  coordinates  of  the  field  of  .low  are  taken  as  shown  in  Figure  33.  In 
(23.1),  t  is  the  time  since  the  outbreak  of  the  =  1  vortices  and  is 

obviously  connected  with  the  mean  velocity  by  the  relation 


c£x. 


(23.2) 


For  the  Euler  correlation,  discussions  in  the  case  of  an  isotropic 
turbulence  can  be  extended.  For  instance,  when  g  =  uu '  / ,  is  taken 

as  a  correlation  coefficient  at  two  points  A  and  A'  with  a  distance  ky  to 
the  y-direction,  the  ideal  expression  for  g  similar  to  expression  (20.7) 
is  written  as  follows: 


fffo*  Pfe  6j  V)F(sj  ej  ***  6***  t  <**  6'**’  t 


(23.3) 


In  the  numerator  s,  9,  <b  and  s',  9',  4> '  are  the  respective  co-ordinates 
of  the  A*-  and  A*'-points  in  the  D*-domain;  in  the  denominator  P*  and  F'^ 
are  the  functions  defined  in  the  D*-domain  for  the  A'-point,  and^are  the 
respective  ordinates  of  the  A-  and  A'-points  in  the  field.  In  this  field 
of  shear  turbulence,  a  vortex  motion,  although  not  disturbed  by  others, 
may  still  be  distorted  by  the  shearing  stress  of  the  mean  flow,  and  the 
turning  velocity  \*  of  (11.1)  may  not  be  in  circular  symmetry.  As 
mentioned  in  Section  12,  however,  s',  9',  and  <t’  are  determined  uniquely 
in  the  D*-domain  according  to  the  coordinates  s,  9,  d,  and  a  distance  k  . 
Thus,  when  a  parameter 
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is  introduced,  (23.3)  is  seen  to  be  a  function  of  sy  only  as  in  (20.7)  for 
isotropic  turbulence.  Namely,  the  similarity  preservation  expressed  in 
(20.7)  still  holds  in  this  case  of  shear  turbulence. 

When  the  scale  lengths  of  L  and  are  defined  as  (18.7)  and  (18.8), 

their  distribution  in  the  x-dire§tion  is  written  as 
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as  (20.15).  Other  components  of  correlation  function  and  their  scale 
lengths  can  also  be  defined  as  (23.3)  and  (23.5). 

In  nonisotropic  decaying  turbulence,  the  field  of  flow  is  not  homo¬ 
geneous,  and  the  condition  of  spherical  symmetry  as  in  isotropic  turbu¬ 
lence  does  not  hold.  These  results  complicate  the  situation.  Namely, 
even  in  the  simple  case  of  a  two-dimensional  wake,  there  are  different 
components  of  the  intensity  and  functional  forms  of  the  correlation,  which 
cannot  be  reduced  to  the  two  elements  (Jt  and  f  only,  as  in  the  case  of 
isotropic  turbulence.  It  is  also  difficult  to  prove  the  vanishing  of  the 
triple  correlations  under  the  idealized  expression  of  the  initial -period 
similarity-law.  Thus,  we  cannot  expect  such  a  simple  propagation  formula 
of  the  correlation  function  as  (18.9),  and  it  becomes  difficult  to  extend 
phenomenological  discussions  based  on  the  propagation  formula  into  general 
cases  of  the  decaying  turbulence.  In  the  case  of  isotropic  turbulence, 
when  the  approximation  of  the  initial-period  similarity  is  taken,  the 
correlation  functions  can  easily  be  derived  from  the  propagation  formula 
without  evaluating  the  integration  of  (20.7).  In  other  cases,  however, 
(23.3)  will  have  to  be  evaluated  directly  for  the  purpose  of  determining 
the  functional  forms. 

The  above-mentioned  results  of  the  initial-period  similarity-law  can 
be  ascertained  by  experimental  measurements.  Observed  results  on  the 
distribution  of  C  z  and  other  terms  in  the  y-direction  in  (23.1)  are 
shown  in  Figure  34.  In  the  case  of  isotropic  turbulence,  these  coeffi¬ 
cients  of  the  intensity  are  reduced  to  a  coratant,  and  the  similarity 
preservation  must  be  examined  by  observing  the  form  of  f  or  another 
correlation  function.  In  shear  turbulence,  however,  this  characteristic 
can  also  be  seen  in  the  profile  of  <JUA  and  others.  As  another  example 
of  measurements,  observed  results  of  and  the  g-correlation  behind  an 

airfoil  are  shown  in  Figures  35  and  36.  Downstream  from  the  airfoil, 
similarity  is  seen  to  be  preserved  in  the  g-function,  although  it  has  an 
asymmetrical  form  in  the  y-direction. 

For  the  distribution  of  turbulent  intensity  along  the  flow,  (23.1) 
proves  that  when  the  data  at  locations  of  the  same  value  of  are 

plotted,  a  linear-decay  law  C-"*  must  be  obtained  as  in  isotropi£ 

turbulence.  Far  downstream  from  the  obstacle  body,  the  mean  velocity  U 
is  taken  to  be  approximately  constant  along  these  locations,  and  an 
essential  character  of  the  linear-decay  law  in  this  case  can  be  checked 
experimentally  by  taking  t  c-n  x.  As  seen  from  (23.1)  and  (23.5),  the 
scale  length  defined  by  the  correlation  g  or  the  profile  of  the  coefficient 
Cua  in  the  y-direction  increase-  along  the  flow  proportionally  to  t^. 

Figure  37  indicates  the  characteristics  of  the  linear-decay  law  of  the 
initial  period  in  the  case  of  turbulent  wake  behind  an  airfoil. 


72 


24.  CONSERVATION  OF  MOMENTUM 


In  this  section  variation  of  the  mean  velocity  along  th_  x-direction 
of  the  decaying  shear  turbulence  shall  be  investigated.  At  first,  a  simpl 
case  of  the  two-dimensional  wake  in  a  uniform  flow  shall  be  examined.  As 
a  matter  of  course,  it  is  the  Reynolds  equations  that  connect  turbulent 
intensity  with  the  mean  velocity.  As  seen  in  Figure  6,  the  region  in  the 
y-direction  of  the  turbulent  wake  is  far  smaller  than  that  in  the  x- 
direction,  and  the  shearing  stress  is  represented  by  duv/^y,  with  the 
effect  of  molecular  viscosity  neglected.  Then,  as  in  the  laminar  boundary 
layer,  the  Reynolds  equations  (9.6)  are  reduced  to 


(24.1) 


where  the  velocity  components  are  taken  as  shown  in  Figure  38.  Apart  from 
the  body,  and  V  become  far  smaller  than  U,  unlike  the  case  of  boundary 
layer  flow.  When  they  are  neglected,  (24.1)  is  approximated  by 


tjM. 

u°  ix 


^  uv 


(24.2) 


On  the  other  hand,  the  relations  from  (23.1)  and  (23.2)  are 
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Therefore,  (24.2)  is  integrated  into  the  form 


(24.4) 

Figure  39  shows  an  observed  result  of  this  relation. 
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In  a  two-dimensional  wake  in  a  uniform  flow,  momentum  loss  M  of 
the  mean  flow  across  a  section  is  written  as 


oo 

M=ffu(Uo-o)ctp . 


(24.5) 


Since  is  taken  to  be  small,  (24.5)  is  approximated  by 

M  =  rUc\u,ce^. 

—  OO 
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Thus,  by  using  (24.4),  it  can  be  proved  that  the  relation 


M  =  c+ndZ&rvt 


(24.7) 


holds  independently  of  t. 

From  a  phenomenological  standpoint,  momentum  loss  in  a  section  across 
a  wake  must  be  balanced  with  the  resistance  of  the  body  af_fected  by  the 
main  flow.  Namely,  by  evaluating  (24.6)  with  an  observed  U^-distribution, 
an  approximative  value  of  the  resistance  can  be  obtained.  The  relation 
(24.7)  means  that  (24.6)  gives  a  constant  value  of  the  resistance  at  any 
section  along  the  wake  where  it  is  evaluated. 

According  to  the  physical  picture  of  the  structure  of  turbulent  flow, 
the  primary  vortices  formed  by  the  effect  of  the  boundary  layer  around  the 
body  are  successively  thrown  away  and  carried  along,  accompanied  by  a 
cascade  phenomenon.  Thus,  the  kinetic  energy  of  a  uniform  flow  is  first 
transformed  into  that  of  the  primary  vortices  and  is  further  transmitted 
into  the  descending  small  vortices  where  it  is  partly  dissipated  into 
heat.  If  the  momentum  loss  of  the  mean  velocity  may  be  proved  to  vary 
along  the  flow,  the  effects  of  these  vortices  on  velocity  fluctuation  are 
exactly  evaluated,  because  the  Reynolds  equations  strictly  connect  the 
mean  flow  to  the  turbulent  intensity.  In  Section  14,  a  vortex  motion  of 
o(  ■  1  is  shown  to  conserve  a  constant  kinetic  energy  in  itself.  It  seems 
that  this  characteristic  causes  the  initial-period  law,  which  was  derived 
considering  only  the  primary  vortices  to  give  the  result  (24.7). 

In  order  to  measure  the  resistance  of  a  body,  the  Pitot- traverse 
method  is  often_used,  whereby  resistance  of  a  body  is  found  by  measuring 
the  profile  of  by  a  Pitot  tube  and  evaluating  the  integration  (24.6). 

It  is  seen  from  many  experiments  that  an  exact  value  of  resistance  is 
obtained  regardless  of  the  location  of  the  Pitot-traverse  if  the  location 
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is  somewhat  apart  from  the  body.  This  fact  may  be  regarded  as  experimental 
support  of  the  idealization  of  the  initial  period. 

The  above  discussion  is  concerned  with  a  simple  cj^se  of  'u\  • 
dimensional  wake  in  a  uniform  flow,  where  the  feature  U  .akes  it 

easy  to  develop  the  in i t ia 1 -per iod  similarity-law  of  isotropic  turbulence 
into  a  definite  expression.  In  other  cases  of  decaying  turbulence,  how¬ 
ever,  it  becomes  difficult  to  obtain  definite  expressions,  because  the 
simple  condition  of  a  uniform  mean  flow  or  neglection  of  the  elongation  of 
the  vortex  filaments  c annot _genera 1 ly  be  adapted.  In  many  cases, 
cannot  be  neglected  versus  U,  and  the  relation  between  x  and  t  is  al  :•-> 
intricate.  Therefore,  it  is  difficult  to  derive  a  definite  result  rrom 
the  in i t ia 1 -per iod  law.  However,  from  the  common  viewpoint  of  the  ideal 
state  of  the  chaotic  motion  of  the  o(  =  1  vortices,  the  characteristic  of 
conservation  of  momentum  may  be  widely  adapted  to  the  general  decaying 
turbulence  in  its  initial  period. 

When  the  main  flow  of  a  decaying  shear  turbulence  is  uniform  without 
a  pressure  gradient,  the  profiles  of  turbulent  intensity  across  the  flow 
may  be  assumed  to  preserve  their  similar  form  along  the  flow,  as  indicated 
by  (22.3)  in  the  case  of  a  two-dimensional  wake.  By  letting  f —  and  , 
respectively,  be  the  distribution  of  uv  across  the  flow  and  th^vscale 
length  to  this  direction,  an  expression 


Lr  = 

(24.8) 


is  obtained,  where  m  and  n  are  unknown  exponents  and  r  is  a  distance 
across  the  flow.  When  (24.8)  is  substituted  into  the  Reynolds  equations 
and  the  condition  ol  r omentum  conservation  is  used,  the  exponents  m  and 
n  can  be  determined  together  with  the  distribution  of  mean  velocity  along 
the  flow.  In  the  two-dimensional  wake,  for  instance,  when  (24.8)  is 
substituted  into  (24.2)  with  r  =  y,  then  m=l ,  n=^  from  condition  (24.7) 
is  obtained.  As  x  is  proportional  to  t  in  this  case,  the  relations  (24.3) 
and  (24.4)  can  be  proven  inversely. 


of 

as 


In  the  turbulent  wake  behind  an  axisymmetric  body,  the  expressions 
the  Reynolds  equations  and  of  the  momentum  conservation  are  written 


-oo 


) 


(24.9) 
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with  U0  and  taken  as  shown  in  Figure  38.  Combining  with  (24. 8), 


UY  =  f—'OTr)  X  } 

u,^-(sr)x-*m 


n  = 


* 


(24.  10) 


is  obtained.  For  a  two-dimensional  jet  in  a  still  fluid,  the  expressions 


77  ,  rjju  _ 

a# 

^  y  -  Cfnda*#, 

are  used  to  derive  the  following  relations: 
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In  an  axisymmetric  jet,  the  relations 
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lead  to 


(24.11) 


(24.12) 


(24.13) 


U1A=  f&(5r)x"j 
u  =  7  -  f? 
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7t=  /. 


(24. 14) 

In  the  case  of  a  half  jet,  the  character  of  flow  is  essentially  the  same 
as  (24.12).  However,  if  the  decaying  of  the  term  TTv  is  neglected  near 
x  =  0 , 


■rK-  - 


ft  «  / 


is  arrived  at  from  the  conditions 


U  -  c&ri&ta/>t£ . 


(24.15) 


(24.  16) 


Figure  40  shows  the  above-mentioned  results  graphically. 

In  general  cases  of  decaying  turbulence,  it  is  difficult  to  derive 
exactly  the  distributions  of  turbulent  intensity  and  scale  from  the 
expressions  of  P*-  and  V*-functions  of  the  initial-period  law.  The 
condition  of  momentum  conservation,  which  is  proved  by  the  initiai-period 
similarity- law  to  hold  approximately  in  the  case  of  a  two-dimensional 
wake,  is  important  in  determining  the  distribution  of  the  velocity  in  the 
x-direction.  Results  from  (24.10)  to  (24.15)  will  be  taken  as  the  founda¬ 
tions  of  the  studies  for  practical  purposes. 

25.  PROPORTIONAL  CHARACTER  OF  THE  COMPONENTS  OF  TURBULENT  INTENSITY 

In  the  previous  sections,  distributions  of  turbulent  intensity  and 
scale  along  the  x-direction  have  been  studied.  Then,  under  the  condition 
of  the  initial  period,  discussions  will  be  made  on  the  characteristics  of 
turbulence  in  a  direction  across  the  flow. 

In  the  case  of  isotropic  turbulence,  the  components  of  turbulent 
intensity  are  proved  to  be  equal  to  each  other  because  of  the  completely 
irregular  chaotic  motion  of  circular  vortices  in  a  uniform  flow.  Of 
course,  this  is  not  adapted  to  general  cases  of  decaying  turbulence. 
However,  because  of  the  significance  of  a  vortex  chaos  motion,  components 
of  turbulent  intensity  cannot  be  independent  at  all,  although  decaying 
turbulence  is  not  in  a  completely  irregular  state.  Even  in  a  turbulent 
shear  flow,  one  large  component  of  the  turbulent  intensity  is  usually 
accompanied  by  other  components  which  are  not  small.  Owing  to  experimental 
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observations,  it  is  hardly  supposed  that  turbulent  flow  has  only  one 
extremely  intensive  component. 

In  the  case  of  a  two-dimensional  wake  in  a  uniform  flow,  components 
of  the  turbulent  intensity  are  expressed  in  (23.1)  by  the  initial-period 
similarity-law.  In  (23.1)  vortex  motions  are  taken  to  be  two-dimensional 
in  themselves  as  previously  interpreted.  If  all  the  directions  of  vortex 
filaments  f.re  assumed  to  be  parallel  to  the  z-axis,  (23.1)  becomes  a 
purely  two-dimensional  expression  of  the  functions  P(s,9;^  )  and  F(s,0). 
Now,  in  »n  idealization  of  the  initial -period  in  a  two-dimensional  wake, 
we  shall  use  the  supposition  that  the  vortices  fluctuate  their  direction 
of  filaments  around  the  z-axis  with  equa]  probability,  regardless  of  the 
location  in  the  field  of  flow  (cf.  Figure  33).  Thus,  the  initial-period 
similarity- law  is  represented  by  two-dimensional  expressions  with  a 
correction  term  of  the  inclination  to  the  z-axis. 


As  seen  in  Figure  33,  the  z-component  of  turbulent  intensity  comes 
from  the  values  of  the  x-component  and  the  inclination  When  the 

probability  distribution  around  the  z-direction  is  denoted  by  P*(^),  at 
least  the  relation  z  * 


p*(0  =  p*(-+) 


(25.1) 


holds  from  the  characteristic  of  an  equal  probability.  Thus,  the  expres¬ 
sions  Cu*(  *|  )  and  other  terms  in  (23.1)  are  written  as 
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where  sQ(0)  denotes  the  boundary  of  the  D*-domain.  On  account  of  condition 

(25.1),  G^-  and  C —  are  easily  proved  to  vanish,  and  the  mean- veloci ty 
distribution  remains  two-dimensional  although  a  finite  intensity  of  the 
z-component  exists. 

Now,  in  (24.2),  we  write 


2tt 


a,  =  4czv/ J  s.(e)U6j 
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rr 

a*  -  j 
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a5  *  P*(+t)d<ft  j 


(25.3) 


and 


cm,  e  =  Z(&)} 


/^£*(o)ko. 


(25.4) 


Then,  Cua,(^{.)  in  (25.2)  can  be  transformed  as  follows: 

2jr  s.(6) 

Cu*.(>i)  =  a,  a.;  f  {  /  p*(3,  e;  }  f(e)d.0  =  a,a.zyl'(6;j)t*(ei>d6j 
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Namely , 
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(25.5) 

and 


U  / !uF+  ttZ+uj*  =  clz£ ,*(*{), 
xr/jtA?-hv*z+ujz  -  /  -  £? (y)j 

tAf  jjlJLZ+  irz-hurz  -  Cf  -  a?) 

LLV-/ (LLz-h  tr*-t  urz)  =  A3£%(y). 


(25.6) 

Zrr  ^ 

are  obtained.  In  the  integration,  S\  (?)  =  [  f/  (0; >2  )  £2(0)d0/  J  fU9; 
d9,tf  takes  some  value  in  0~1  at  a  position  of  Y)  ,  since  £2(0)  =  cos^Q 
varies  in  0^1,  and 


V 


I  >£?  >  o  j  l>z%>0. 

(25.7) 

Namely,  by  the  definite  integral  in  the  interval  O^tt  of 
0,  £|  °r  approaches  a  finite  value  between  0  and  1.  Thus,  even  in  the 
shear  turbfilence,  it  may  be  comprehended  that  every  component  of  turbulent 
intensity  has  a  tendency  to  take  the  same  order  of  magnitude. 


The  above-mentioned  proportional  characteristic  of  the  components  of 
turbulent  intensity  comes  from  the  integrations  by  the  trigonometric  func¬ 
tions  contained  in  the  fundamental  expression  (23.1)  of  the  initial  period. 
This  characteristic  holds  in  every  kind  of  vortex  chaos  motion.  The  above 
derivation  is  also  adapted  to  the  case  of  a  two-dimensional  jet.  In  the 
case  of  an  axisymmetric  wake  or  jet  the  same  kind  of  discussions  lead  to 


80 


the  result 


u  Islvf+v^w*  =  azSfC y) , 
ir ls/uz+v-z+t#z  =  //  -  £f( y)j 
lot /(u?+vz+ura)  =  a3 

V'  =  ur  .  (25.8) 

The  above-mentioned  formulations  are  made  under  the  Idealization  of 
the  initial  period.  As  seen  in  (13.8),  however,  the  real-state  expressions 
contain  similar  integration  formulas  through  trigonometric  functions  and 
the  proportional  characters  may  be  expected.  The  character  of  (25.6)  in 
the  observed  results  in  Figure  34  has  already  been  found.  In  Figure  41, 
the  distribution  of  H/tO  of  this  case  is  shown. 


26.  FREE  BOUNDARY  OF  THE  SHEAR  TURBULENCE 

In  order  to  determine  F^( ^ ) »  £?(’?)>  and  other  functions  concerning 
the  profiles  of  turbulent  intensity  as  indicated  by  (25.5),  the  functional 
forms  of  Pf(s,  0;^)  and  F2(s,0)  in  the  D*-domain  must  first  be  found. 

With  reference  to  the  P*-function  of  an  incompletely  irregular  state, 
free-boundary  phenomena  of  the  shear  turbulence  will  be  investigated  in 
this  section. 

If  a  boundary  is  imagined  in  the  field  of  flow  having  on  one  side  the 
completely  irregular  vortex  chaos  motion  and  on  the  other  side  no  vortex 
motion,  the  velocity  fluctuation  must  show  the  completely  turbulent  state 
on  the  former  side  and  the  laminar  state  on  the  latter.  Also,  in  a 
regular  arrangement  of  vortices  such  as  the  K^rm^n  vortex  streets,  the 
velocity  fluctuation  at  a  point  must  decrease  its  intensity  while  retaining 
the  same  regular  wave  form  as  the  point  moves  across  the  path  of  the 
centers  of  vortices. 

In  the  case  of  decaying  shear  turbulence,  the  region  of  vortex  chaos 
motion  is  not  very  wide  across  the  mean  flow.  The  strong  vortices  of  o(  = 

1  are  not  in  the  completely  irregular  state,  and  the  value  of  P*  distributes 
in  the  D*-domain  with  a  high  and  low  density  as  shown  in  Figure  23(C) . 

When  a  fixed  A-point  is  taken  at  a  position  not  near  the  center  part  of 
the  vortex  chaos  motion,  the  high  density  part  may  not  lie  at  the  center 
of  the  D*- domain,  namely  the  vortex  centers.  Therefore,  velocity  fluctua¬ 
tions  in  the  range  of  0~t  are  due,  for  the  most  part,  to  the  small  values 
of  the  V*-function  far  from  the  center  in  the  D*-domain.  However,  because 
of  a  finite  breadth  of  the  distribution  of  the  P*-function  in  the  D*-  _ 
domain,  velocity  fluctuations  are  sometimes  caused  by  large  values  of  V* 
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near  the  center.  As  the  A-point  moves  far  from  the  center  part  of  O 
vortex  chaos  motion,  parts  of  the  velocity  fluctuation  of  large  values 
must  be  decreased. 

In  order  to  proceed  with  a  statistical  treatment,  introduction  of  the 
P*  function  is  made  by  taking  only  the  mean  values  of  the  velocity 
fluctuations  consisting  of  large  and  small  values.  As  the  A-point  moves 
across  the  flow,  the  functional  form  of  P*  gradually  changes  in  the  D*- 
domain.  Thus,  the  values  of  C  ^  (VJ)  and  other  terms  decrease  contin¬ 
uously  in  the  y-  or  z-direction.  This  is  also  true  for  the  mean-velocity 
profile  O-(T^),  as  shown  in  Figures  34  and  39.  However,  if  velocity 
fluctuation  is  observed  with  the  time,  this  means  that  an  irregular 
mixing  of  the  parts  of  large  and  small  values  is  taking  place.  When  the 
A-point  moves  far  away,  the  parts  of  large  velocity  fluctuations  decrease. 
Namely,  on  account  of  the  characteristic  of  an  incomplete  irregularity  of 
the  P*-function,  the  existence  of  some  region  in  the  field  of  flow  where 
large  and  small  velocity  fluctuations  are  mixed  intermittently  is  assumed. 
Therefore,  without  a  statistical  meaning,  the  boundary  of  shear  turbulence 
cannot  be  defined. 

Figure  42  shows  the  velocity  fluctuations  in  a  turbulent  wake  behind 
a  circular  cylinder.  The  figures  represent  a  kind  of  discontinuous 
phenomena  such  as  that  of  the  transition  situation  from  the  laminar  to 
turbulent  boundary  layer  shown  in  Figure  13.  These  phenomena  have  been 
widely  observed  in  other  turbulent  shear  flows  of  wakes,  jets,  and 
boundary  layers.  They  are  known  as  the  intermittency  phenomena  at  the 
free  boundary  and  are  regarded  as  important  characteristics  of  the  turbu¬ 
lent  shear  flow. 

For  convenience,  let  the  part  of  the  velocity  fluctuation  that  is 
less  than  critical  be  laminar  and  the  larger  part  be  turbulent.  If  the 
summation  of  time  intervals  of  the  laminar  parts  in  the  range  0<-wt  is 
denoted  by  ,  a  limiting  value 


(26.1) 

can  be  defined  that  has  been  introduced  by  Townsend  (reference  40)  as  an 
intermittency  factor  representing  the  ratio  of  the  combined  laminar  and 
turbulent  parts.  It  is  assumed  from  the  incompletely  irregular  P*-function 
that  the  value  of  distributes  with  the  value  0  ^ 1  in  a  fairly  wide 
region  in  the  field  of  flow  not  near  the  center  of  the  vortex  chaos  motion. 

Then,  in  the  case  of  a  two-dimensional  turbulent  wake,  quantitative 
discussions  that  are  based  on  the  initial-period  similarity-law  shall  be 
made.  An  A-point  is  taken  in  the  xy-plane  in  Figure  33,  and  this  point 
is  moved  in  the  y-direction.  By  virtue  of  the  expressions  (25.2)  of  the 
initial  period,  statistical  features  of  the  movement  of  the  intersections 
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of  the  xy-plane  and  the  vortex  filaments  can  be  expressed  in  the  function 
o  f  P*  (  s  ,  0 ;  V  a  two-dimensional  D*-domain,  regardless  of  their 
inclination  to  the  z-axis.  This  is  also  the  same  for  the  function  F. 

When  the  two  functions  are  written  as 


*  \j4it  * 


7  '  j4  Yt 


(26.2) 


in  the  two-dimensional  D*-domain  of  the  x*y*-plane,  the  one-dimensional 
distributions  along  the  y*-axis  of  the  probability  density  and  of  the 
mean  turning  velocity  become 


(26.3) 

In  tne  field  of  flow  of  the  xy-plane,  let  us  consider  the  situations 
when  a  vortex  with  the  shortest  distance  from  the  A-point  passes  the 
parallel  line  AA 1  from  the  A-point  in  the  y-direction.  The  mean  turning 
velocity  of  the  o(  =  1  vortices  has  the  same  profile  for  every  vortex 
on  the  AA'-line  as  shown  in  Figure  22.  At  a  finite  distance  from  the 
vortex  center  on  the  AA'-line,  a  critical  point  shall  be  taken  as 
shown  in  Figure  43  (A).  Inside  this  point,  the  flow  may  be  regarded  as 
being  turbulent  with  a  large  velocity  fluctuation,  but  outside  this  point 
the  flow  is  considered  laminar,  with  a  small  fluctuation. 


Let  us  consider  the  situations  in  the  ^*^*-plane  of  the  D*-domain. 
Since  the  variable  0  of  the  turning- veloc ity  function  is  constant  on  the 
AA'-line,  the  functional  form  of  F(0,J^*)  on  the  ^  *-axis  in  the  D*- 
domain  is  the  same  as  that  on  the  AA'-line  in  the  field  of  flow.  There- 
fore,  the  critical  point  on  the  AA'-line  can  be  transmitted  to  the  Y)e  - 
point  on  the  *-ax is  with  the  same  distance  from  the  origin.  On  the 

other  hand,  distribution  of  the  P*-function  is  given  by  P^(0,^*;  7)  in 

(26.3),  as  shown  in  Figure  43(B).  Then,  from  the  definition  of  the  P*- 
function  the  relation 
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is  deduced  by  neglecting  the  effect  of  the 
direction. 


laminar  part  in  the 
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As  the  P*-function  in  (26.3)  is  concerned  with  the  =  1  vortices 
produced  at  one  position  in  the  field  of  flow,  the  functional  form  is 
relatively  constant  regardless  of  the  value  ^  of  the  A-point  on  the 
AA'-line,  with  only  varying  distribution  position  of  the  probability 
density  with  an  increasing  value  of  .  Therefore,  when  P*  is  expressed 
in  a  func  ion  of  *'  measured  from  the  point  of  the  highest  probability 
as  shown  :n  Figure  43(C), 

j  p?(°,  ft?)*?**  f 

7*  ?/'-  7 


is  obtained,  where  is  the  distance  between  the  points  of  ^  *  and 

the  highest  density  of  P*(0 ,  y*;0)  on  the  ^*-axis.  Thus,  the  intermit- 
tency  factor  r(>?)  is  expressed  in  the  simple  integration  formula, 


o=> 

/-  rff)  =  c,  +c2 / * 


(26.5) 


where  the  constants  c^  and  C2  are  determined  by  the  location  of  the 

critical  point  Y)  *  and  the  condition  limr- — ^0,  respectively. 

t  c  %’>c° 


The  functional  form  of  P*  in  the  shear  turbulence  must  be  given  a 
priori  as  a  hypothetical  foundation  of  the  statistical  theory.  The 
assumption  P*=constant  of  the  complete  irregularity  in  the  shearless 
turbulence  has  a  common  feature  of  the  Ergodic  hypothesis  for  the  vortex 
chaos  motion  and  for  many  other  phenomena.  On  the  other  hand,  no  general 
discussions  on  the  expression  of  an  incomplete  irregularity  in  statistical 
physics  is  obtained,  and  in  the  statistical  theory  of  turbulence  a  mathe¬ 
matical  expression  must  be  given  according  to  the  real  states  of  the  vor¬ 
tex  chaos  motion.  In  the  idealization  of  the  initial-period  law,  we  have 
assumed  the  statistical  equilibrium  of  the  P*-function.  It  is  further 
assumed  that  P*  is  a  function  of  ^  *  only  as  shown  in  Figure  23(C)  ,  and 
it  may  be  appropriate  as  the  first  approximative  description  to  assume  the 
Gaussian  distribution  of  77*.  Namely,  taking  H  as  the  dispersion  and  c 
as  a  constant, 


p*  = 


c  -e 


<r 


( T  = 


H 

J 4Yt  , 


(26.6) 

is  arrived  at  where  <T~  is  regarded  as  the  nondimensional  dispersion. 

The  intermittency  factor  t'  is  connected  to  the  P*-function  by  a  simple 
mathematical  expression  and,  at  the  same  time,  is  directly  observed.  By 
(26.5)  ai  ’  (26.6),  the  following  relation  of  the  intermittency  factor 
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(26.7) 


r  -  °.  +  cz  S* 
7 


y*  '2 

** d??*' 


is  obtained. 

Although  the  above  derivation  applies  to  the  case  of  a  two-dimensional 
wake,  the  assumption  of  the  Gaussian  distribution  of  the  P*-function  may 
be  generally  adapted  to  other  cases  of  shear  turbulence.  In  the  ca3<5  of 
a  round  jet  as  shown  in  Figure  40(C)  ,  the  above  derivation  still  holds  in 
the  plane  containing  the  center  axis,  and  formula  (26.7)  can  be  checked 
experimentally.  Figures  44  and  45  show  observed  results  of  the  distribu¬ 
tions  of  T  in  these  cases.  The  observed  results,  as  pointed  out  by 
Corrsin  (reference  41),  are  well  represented  by  the  Gaussian-integral 
curve.  The  formula  (26.7)  is  that  which  has  given  a  quantitative  inter¬ 
pretation  to  the  empirical  recognition  of  the  intermi ttency  factor, 
according  to  the  idealized  treatment  of  the  initial -period  similarity- 
law.  Even  if  theoretical  evaluations  of  the  dispersion  H  are  difficult, 
(26.6)  gives  a  constant  value  to  <T~  regardless  of  x.  Figure  46  is  an 
experimental  verification  of  this  result^  and  in  Figure  47,  does  not 
seem  to  be  dependent  on  the  mean  speed,  UQ. 


27.  DISTORTION  OF  THE  HOMOGENEOUS  AND  ISOTROPIC  TURBULENCE 


In  order  to  derive  quantitative  results  from_the  initial-period  law, 
it  is  necessary  to  decide  the  functional  form  of  V*  as  well  as  the  func¬ 
tion  of  P*.  In  the  case  of  isotropic  turbulence,  the  solution  of  a  two- 
dimensional  viscous  vortex  motion  is  taken  as  the  fundamental  form  of  V*, 
because  of  the  spherical  symmetry  in  the  completely  irregular  vortex 
chaos  motion.  In_other  cases,  the  field  of  flow  is  not  uniform  and  the 
deviation  of  the  V*-function  is  widely  observed  from  the  simplest  case 
of  spherical  symmetry.  The  problem  of  distortion  of  the  isotropic  turbu¬ 
lence  in  shearless  turbulence  shall  be  taken  in  this  section  as  a  simple 
case  of  the  deviation. 

Asa  matter  of  course,  the  essential  characteristic  of  shearless 
turbulence  is  the  condition  P*=constant  of  the  completely  irregular  vortex 
chaos  motion.  Therefore,  in  the  flow  of  shearless  turbulence,  an  inter¬ 
mit  tency  phenomenon  cannot  be  observed,  due  to  P*^constant  of  the  incomplete 
irregularity.  As  detected  in  a  wind  tunnel  stream  when  the  mean  velocity 
is  made  nonuniform,  the  turbulent  flow  deviates  from  the  state  of  isotropic 
turbulence  into  that  having  different  values  of  the  components  of  turbulent 
intensity.  This  tendency  may  be  attributed  to  the  deviation  of  the  V*- 
function  from  the  symmetrical  form,  in  spite  of  the  complete  irregular 
arrangement  denoted  by  P*=constant. 
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Even  with  the  idealization  of  the  initial-period  of  the  o(  =  1  vor¬ 
tices,  it  is  difficult  in  hydrodynamics  to  decide  the  functional  form  of 
V*  in  accordance  with  an  arbitrarily  given  pressure  distribution  of  the 
mean  flow.  As  a  way  to  show  the  process  of  the  statistical  study  on  this 
problem,  the  followin’  ideal  case  is  surveyed. 

amely,  such  a  nonuniform  field  of  flow  as  shown  in  Figure  48  is  taken 
and  the  two-dimensional,  completely  irregular  vortex  chaos  motion  along 
the  center  line  of  the  x-axis  is  considered.  In  the  uniform  flow  upstream, 
the  vortex  chaos  motion  shall  present  the  situation  of  an  idealized,  two- 
dimensional,  isotropic  turbulence.  When  the  mean  velocity  is  accelerated, 
however,  circular  vortices  may  be  deformed.  When  we  write 


uoo  _  i 

Uo  A°  > 


(27.1) 


with  UQ  and  U(x)  at  the  uniform  and  contraction  parts,  respectively, 
effects  of  the  pressure  gradient  of  the  mean  flow  may  be  represer  :ed  by 
the  parameter  as  the  first  approximation..  With  an  undisturbed  mean 

turning  velocity  of  vortices  V*=F  (s )  (2C  J  y  "t-*)  and  the  effect  of  defor¬ 
mation  P'C *j  X)>  the  following  expression  for  the  V*-function  at  a 

point  x  is  obtained: 

v* 1  fa)  (zc(vt  ~bF'(Sj  8j\  J  . 


(27.2) 


It  is  now  difficult  to  evaluate  the  functional  form  of  F'(s,  ©jA^) 
exactly  by  the  Navier-Stokes  equations  for  the  viscous  vortex  motion. 
However,  under  the  assumption  of  a  perfect  fluid,  a  square  part  of  the 
fluid  is  transformed  approximately  into  a  rectangular  form  at  the  con¬ 
tracted  part,  and  a  circular  vortex  is  deformed  into  an  elliptic  form. 
According  to  the  continuity  condition,  the  ratio  of  the  axes  of  the 
rectangle,  or  of  the  ellipse,  can  be  connected  to  the  parameter  A0  of 
(27.1).  For  the  perfect  fluid,  the  turning  velocity  around  an  elliptic 
body  can  be  evaluated.  Thus,  by  estimating  F'  of  the  mean  turning  velocity 
of  deformed  vortices  at  x  as  above  and  integrating  in  the  elliptic  D*- 
domain,  the  following  expressions  (reference  37)  are  obtained: 
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u,ir  =  o 


(27.3) 

By  putting  a  two-dimensional  lattice  upstream  where  the  flow  is 
parallel,  a  nonhomogeneous  shearless  turbulent  flow  such  as  that  shown 
in  Figure  48  can  be  roughly  realized.  An  experimental  check  of  relation 
(27.3)  is  shown  in  Figure  49.  The  deformation  phenomena  have  been  widely 
observed,  and  some  theoretical  studies  proposed  (reference  38).  The 
course  of  analysis,  however,  is  to  evaluate  the  deformation  effects  of 
regularly  placed  vortices,  and  is  difficult  to  prove  the  vanishing  of 
the  shearing  stress  even  if  the  variation  of  turbulent  intensities  tt  and 
V  can  be  evaluated  (reference  43).  The  analysis  treats  the  states  of 
Figure  23(B)  and  does  not  touch  an  essential  point  of  the  statistical 
study.  The  course  of  the  two-dimensional  analysis  leading  to  (27.3) 
contains  many  neglections  in  itself,  and  the  conditions  of  the  observed 
flow  may  include  three-dimensional  effects  of  the  vortex  chaos  motion 
although  the  flow  is  behind  a  two-dimensional  lattice.  The  quantitative 
criterion  in  Figure  49  does  not  have  a  very  important  meaning.  However, 
it  may  turn  out  that  the  initial-period  law  can  include  the  quantitative 
interpretation  of  the  deformation  of  the  isotropic  turbulence  without  an 
essential  contradiction  to  the  reuL  states  of  flow. 

In  large-scale  wind  tunnels,  it  has  also  been  observed  that  various 
values  of  IX,  V*  and  W  in  the  contracting  section  behind  a  rectifying 
grid  tend  to  be  equal  to  each  other  again  in  the  test  section,  probably 
caused  by  the  small  descending  vortices  produced  by  the  cascade  phenomena 
downstream.  These  phenomena  are  clearly  beyond  the  scope  of  the  initial- 
period  law. 


28.  PROFILE  OF  TURBULENT  INTENSITY 


In  t.l  is  section  profiles  of  the  Reynolds-stress  components  across  the 
mean  flow  will  be  evaluated  by  using  the  functional  forms  of  P*  and  V*  of 
the  expressions  in  the  initial  period  discussed  in  the  last  two  sections. 
For  the  purpose  of  presenting  only  the  process  of  analysis,  take  the 
following  ideal  case  of  the  shear  turbulence  of  a  two-dimensional  vortex 
chaos  motion.  In  the  case  of  a  half- jet  as  shown  in  Figure  40(d),  the  c(  * 
1  vortices  produced  at  the  edge  of  the  wall  are  carried  away  in  their 
incompletely  irregular  state.  Unlike  other  cases  of  shear  turbulence,  the 
vortices  produced  at  the  edge  are  not  disturbed  by  another  kind  of  the 
primary  vortices  produced  at  the  opposite  side.  Thus,  this  case  of  flow 
can  be  compared  to  the  simplest  case  of  decaying  shear  turbulence. 

As  the  mean-velocity  profile  is  not  uniform  across  the  flow,  the  mean 
form  of  the  vortices  shall  be  oblique,  unlike  the  distorted  shearless 
turbulence.  Because  of  a  lack  of  precise  studies  on  the  individual  vortex 
motions,  it  is  now  almost  impossible  in  hydrodynamics  to  decide  an  exact 
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functional  form  of  V*  for  the  viscous  vortex  motion  in  this  case.  If  a 
tentative  case  of  the  numerical  values  is  taken,  such  that  the  obliqued 
elliptic  form  of  the  mean  vortices  in  the  45°  direction  is  twice  the 
ratio  of  the  axes  and  the  Gaussian  distribution  of  P*  is  three  times  that 
of  the  relative  dispersion  <j— ^  ,  Cher,  the  distributions  in  the  y-direction 

of  Ut ,  v'  ,  and  uTT  can  be  evaluated  by  formula  (25.2)  of  the  initial- 
period  similarity-law  (reference  37).  The  mean  velocity  profile  can  also 
be  determined  by  solving  the  Reynolds  equation  (24.16). 

Calculated  results  and  experimental  comparison  are  shown  in  Figures 
50  and  51.  Of  course,  they  have  no  more  significance  than  the  supposition 
that  the  initial-period  law  also  may  derive  appropriate  results  on  the 
profiles  of  turbulent  intensities  across  the  mean  flow,  if  rhe  fundamental 
functions  of  P*  and  V*  for  the  ci  -  1  vortices  are  clarified  by  future 
investigations . 


29.  LIMIT  OF  THE  INITIAL  PERIOD 


In  all  previous  sections  in  this  chapter,  theoretical  studies  in  the 
initial  period  are  made  of  the  distributions  of  turbulent  intensity  and  the 
scale,  both  parallel  and  perpendicular  to  the  mean  flow.  The  initial- 
period  law,  however,  is  obviously  an  approximate  description  which  is 
expected  to  hold  at  locations  not  far  behind  the  body.  In  isotropic  turbu¬ 
lence,  an  insufficiency  of  the  description  is  detected,  particularly  in  the 
correlation  functions  as  mentioned  in  Section  21.  In  order  to  check  this 
point  for  decaying  shear  turbulence,  an  experimental  work  has  been  per¬ 
formed  on  the  turbulent  wake  behind  a  circular  cylinder. 


As  seen  in  (22.2),  the  region  in  which  the  initial-period  law  is 
adaptable  depends  principally  on  the  time  t  since  the  outbreak  of  the  o(  =  1 
vortices.  Thus,  observations,  as  for  downstream  as  possible,  were  made  of 
the  profiles  of  the  mean  and  f luctuational  velocities  behind  a  small 
cylinder  in  a  low-speed  flow.  Although  velocity  profiles  were  seen  to 
preserve  their  similar  form  in  the  downstream  flow,  a  gradual  variation 
could  be  found.  As  shown  in  Figure  52,  the  similar  form  of  the  profiles 
becomes  narrower  at  the  bottom  and  wider  at  the  top.  The  same  tendency 
was  also  found  in  the  profiles  of  IX  .  Moreover,  as  the  similar  profiles 
of  the  mean  and  f luctuational  velocities  became  broken,  the  decaying  of 
IX  became  faster  than  the  relation  lAuo  t”^.  Figure  53  shows  the  observed 
results  of  the  distribution  of  XX  along  points  with  similar  relative  loca¬ 
tions  in  the  profiles. 


In  isotropic  turbulence,  the  coefficients  G— ,  Cu£,  and  others  are 
respectively  constant  in  the  v-  or  z-direction,  aHd  the  character  of  simi¬ 
larity  preservation  should  be  investigated  with  respect  to  the  form  of  the 
correlation  function  or  the  decay  of  turbulent  intensity.  It  is  mentioned 
in  Section  21  that  observed  results  of  the  correlation  function  cannot  be 
supported  by  the  theoretical  curve  of  the  initial  period.  If  che  correla¬ 
tion  function  can  be  evaluated  definitely  by  the  formula  of  the  initial 
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period,  such  as  (13.13)  with  N= 1  in  the  shear  turbulence,  discrepancy 
between  the  evaluated  and  observed  results  may  be  determined  earlier  than 
the  deviation  from  the  similar  profile  of  the  mean-  or  f luc tuationa 1 - 
velocity  is  detected.  The  similarity  character  is  broken  because  of 
cascade  phenomena.  As  mentioned  in  Section  5,  production  of  new  vortices 
can  be  assumed  because  of  the  disturbing  effects  of  vortices  in  their 
chaotic  state.  Thus,  in  completely  irregular  vortex  chaos  motion  of 
isotropic  turbulence,  a  disturbance  to  one  vortex  that  is  affected  by  others 
is  more  critical  than  in  shear  turbulence.  An  experimental  verification 
of  the  breakdown  of  a  similar  profile  in  a  turbulent  wake  or  jet  can  seldom 
be  found.  Therefore,  it  is  concluded  that  the  idealized  expression  of  the 
in i t i a  1 -per iod  law  can  be  taken  to  be  more  useful  in  shear  turbulence  than 
in  the  case  of  shearless  turbulence  of  an  isotropic  or  contracting  flow. 
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CHAPTER  SIX.  TRANSFER  THEORY  IN  THE  INITIAL  PERIOD 


30.  TRANSFER  OF  MOMENTUM  IN  THE  SHEAR  TURBULENCE 


An  essential  operation  in  the  statistical  theory  of  turbulence  is  to 
introduce  expressions  of  the  Reynolds  stress  as  functions  of  location  in 
the  field  of  flow  by  means_of  appropriate  statistical  and  hydrodynamical 
hypotheses  in  the  P*-  and  V*-functions .  With  these  expressions  combined 
with  the  Reynolds  equations,  mean  velocity  can  be  determined.  The  purpose 
of  the  theory  is  to  give  a  unifiable  theoretical  process  of  evaluating 
statistical  quantities  of  mean  and  f luc tuational  velocities  in  general 
cases  of  turbulent  flow.  Idealization  of  the_initial -period  law  is  no 
more  than  a  postulation  by  which  the  P*-  and  V*-func tions  may  be  easily 
determined.  By  taking  the  approximative  description  of  the  initial-period, 
some  quantitative  results  mainly  related  to  the  velocity  fluctuation  were 
discussed  in  the  last  chapter. 

However,  a  strict  calculation  of  the  distribution  of  the  Reynolds 
stress  in  the  field  of  flow  is  generally  difficult.  Although  it  does  not 
seem  difficult  to  grasp  the  functional  form  of  the  Gaussian  distribution 
for  the  P*-function,  there  is  little  reliable  foundation  for  the  functional 
form  of  V*.  Present  investigations  of  the  real  states  of  an  individual 
vortex  motion  are  few.  Therefore,  it  is  difficult  to  proceed  with  a  consis¬ 
tent  study  of  the  evaluation,  especially  of  the  mean  velocity  which  depends 
on  this  theory.  Generally  speaking,  as  the  study  proceeds  toward  theoreti¬ 
cal  unification,  the  process  used  between  foundation  and  evaluation  of 
practical  problems  becomes  lengthy.  When  viewed  as  an  interesting  engi¬ 
neering  problem  in  fluid  mechanics,  analysis  of  the  mean  velocity  is 
important  in  the  case  of  a  shear  turbulent  flow.  Only  if  the  real  state 
of  the  mean  velocity  is  anticipated  can  many  practically  important  problems 
be  solved,  although  there  is  no  knowledge  about  the  velocity  fluctuations 
themselves.  The  character  of  the  transfer  theory  proposed  by  Prandtl 
(reference  10)  should  be  interpreted  from  this  point  of  view.  This  theory 
has  been  used  with  many  appropriate  results  in  regard  to  the  mean-velocity 
profiles,  and  has  played  an  important  role,  up  to  date,  as  a  practical 
theory  of  turbulent  flow. 

However,  the  transfer  theory  has  a  narrow  scope  of  application.  This 
theory  holds  only  in  the  decaying  or  nondecaying  shear  turbulent  flow  and 
loses  meaning  in  the  case  of  shearless  turbulence,  as  this  is  a  particular 
theory  adaptable  to  a  narrow  field  of  turbulent  phenomena.  On  the  other 
hand,  the  theory  of  isotropic  turbulence  was  developed,  as  mentioned 
previously,  by  referring  to  the  velocity  fluctuations  themselves  in  the 
simplest  case  of  the  shearless  turbulence.  However,  it  seems  impossible 
to  connect  the  basic  hypotheses  of  the  transfer  theory  with  those  of 
isotropic  turbulence.  In  the  study  of  transfer  theory,  few  considerations 
are  made  of  the  basic  hypotheses.  It  is  thought  that  such  a  situation 
prevents  the  application  of  the  transfer  theory  to  a  wide  field  of  practical 
problems.  Before  questioning  the  meaning  of  the  hypotheses  based  on  the 
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standpoint  of  the  statistical  theory  of  turbulence,  the  foundations  of  the 
transfer  theory  shall  first  be  summarized. 

In  statistical  dynamics  of  gas,  Maxwell's  transfer  theory  applies  to 
the  molecular  chaos  motion  slightly  deviated  from  an  equilibrium  state 
(reference  44).  This  theory  explains  the  inner  structure  of  a  viscous 
1  low  as  follows.  For  brevity,  consider  a  laminar  viscous  flow  with 
constant  temperature  which  consists  of  only  one  kind  of  molecule  and  which 
lias  a  mean-velocity  profile  changing  only  in  the  y-direction  as  shown  in 
Figure  54.  According  to  the  physical  image  of  a  molecular  chaos  motion, 
many  molecules  of  a  fluid  are  carried  along  by  the  mean  flow  at  speed  U 
and  collide  with  each  other  in  their  agitating  motions.  The  viscous 
shearing  force  Zyy\  i-s  assumed  to  be  equivalent  to  the  amount  of  momentum 
of  tne  flow  that  is  transferred  across  the  flow  by  the  effect  of  molecular 
chaos  motion. 

When  a  molecule  at  y=h  moves  across  the  mean  flow  with  a  molecular 
velocity  Cm  and  with  momentum  mll(h),  it  loses  its  momentum  by  colliding 
with  another  molecule  at  y=h|.  The  increase  of  momentum  of  the  molecule 
at  y=h  is  written  as  mU(h)-mU(h  ),  with  m  as  the  mass  of  a  molecule. 
Complying  with  this  assumption,  1  Zm,  at  y=h^  is  expressed  as 


-  7W  -  fCm  {U«)~  j  f  -  A/m  , 


(30.1) 

when  the  time  mean  is  taken.  Here,  N  is  the  number  of  molecules  in  a 
unit  volume  at  y=h.  ,  and  f  is  the  density  of  fluid.  When  higher  terms 
are  neglected  in  tne  Taylor  expansion  of  lT(h)-U(h^),  (30.1)  becomes 


-Tm=fCrr,L 


dU 

dy,  j 


L  -  -A,  . 

(30.2) 


When  (30.2)  is  written  as 


(30. 3) 


with  C'  the  root-mean- square  value  of  C_  of  the  N  molecules,  jt '  can  be 
m  m  m 

taken  as  the  mean  free  path;  that  is,  the  mean  value  of  the  distance 

between  collisions  of  molecules.  Namely,  for  the  viscosity  coefficient 

in  the  Navier-Stokes  equations  (9.1),  the  following  relation 
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(30.4) 


/°  ~  fCrn^m  i 


can  be  obtained. 

As  mentioned  previously,  has  an  order  of  the  value  10  cm 

which  is  far  smaller  than  a  macroscopic  standard  length  in  the  field  of 
flow.  Namely,  in  a  macroscopic  field  of  flow  the  molecular  chaos  motion 
can  be  regarded  as  homogeneous  inside  an  extremely  thin  region  of  the 
thickness  of  about  10"^cm  from  a  body.  and  jt  ^  have  respectively 

constant  values  which  lead  to  a  constant  value  of  yU/  in  the  whole  field  o: 
flow  with  this  thin  region  neglected.  Therefore,  the  formula  (30.4)  of  tl 
transfer  theory  of  a  molecular  chaos  motion  cannot  give  a  more  useful 
contribution  to  the  fluid  mechanics  of  a  viscous  flow  in  which //,  is 
phenomenologically  assumed  to  be  constant  in  the  field  of  flow. 

In  turbulent  flow  in  which  a  vortex  motion  in  its  chaotic  state  is 

considered  to  consist  of  many  small  parts  of  fluid,  these  small  fluid  part 

are  supposed  to  possess  an  agitating  motion  like  that  of  molecular  chaos 
motion.  It  may  be  said  that  the  physical  picture  of  a  vortex  chaos  motior 

is  proposed  in  order  to  seek  the  cause  of  this  agitating  motion  of  the  fit 

parts.  Whatever  physical  interpretation  is  given  to  the  structure  of 
turbulent  flow/  existence  of  the  phenomena  of  an  agitating  motion  of  the 
fluid  parts  is  acknowledged.  Thus,  in  turbulent  shear  flow,  the  mean 
momentum  is  assumed  to  transfer  across  the  flow  in  the  same  manner  as  in 
molecular  chaos  motion.  In  this  case,  7  and  £  are  expressed  as 


7=£ 


da 


j 


(30.5) 


where  V  is  the  intensity  of  velocity  fluctuation  in  the  y-direction,  and  JL 
is  a  mean  free  path  of  the  mean  value  of  the  distance  in  this  direction 
of  many  fluid  parts. 


As  a  characteristic  of  vortex  chaos  motion,  the  scale  length  of  the 
agitating  motion  has  a  macroscopic  order.  The  values  of  V'  and  if  are  not 
constant  in  the  field  of  flow,  and  &  cannot  generally  be  regarded  as  a 
constant,  unlike  the  case  of  a  molecular  chaos  motion.  But  compared  with 
the  original  expression 


7  = 


-fua  } 


(30.6) 


(30.5)  has  a  feature  that  is  expressed  in  the  two  quantities  1/'  and  ^^whic 
have  respective  definite  physical  meaning  in  the  agitating  motion  of  the 
fluid  parts. 
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It  is  still  difficult  to  consider  the  two  quantities  at  the  same 
time,  and  the  following  attempt  expresses  them  as  one  quantity.  Since 
(30.5)  and  (30.6)  lead  to 


u v  ..  !  dU  I 

Vz  V  I  dy-l  3 


(30.5)  may  be  expressed  as 


(30.7) 


when  a  length 


is  introduced. 


UA£_  a'* 

V*  * 


(30.8) 


(30.9) 


The  quantity  £  given  by  (30.9)  has  a  somewhat  different  meaning  from 
^ '  of  the  mean  distance  of  fluid  parts.  However,  the  expression  (30.8) 
contains  only  the  scale  length  as  an  unknown  quantity,  and  here  the 
:haracter  of  can  be  considered  more  easily  than  in  (30.5).  The  above- 
nentioned  procedure  is  an  outline  of  the  transfer  theory  of  turbulence 
proposed  by  Prandtl  (reference  10),  where  (30.9)  is  known  as  the  formula  of 
momentum  transfer  and  jC  as  Prandtl' s  mixing  length. 


Strictly  speaking,  the  mixing  length  jt  depends  on  the  two  independent 
quantities.  As  proved  in  Section  25,  however,  the  correlation  coefficient 
in  (30.9)  has  a  tendency  to  be  constant  across  the  flow,  unlike  the 
.ntensity  \T  in  (30.5).  Thus,  the  mixing  length  j£  of  (30.9)  can  be 
•egarded  as  approximately  proportional  to  the  mean  free  path  jt'  . 


If  the  distribution  of  £  of  the  product  of  V*  and  £'  can  be  presumed 
n  some  way,  the  deduction  of  (30.9)  loses  its  meaning.  If  such  a  presump- 
ion  is  difficult,  (30.8)  has  an  important  meaning  with  jl  taken  to  be 
roportional  to  the  .  This  is  a  point  of  Prandtl 's  transfer  theory 

f  shear  turbulent  flow. 


1.  TRANSFER  OF  VORTICITY 


According  to  the  continuity  characteristic  of  a  fluid,  a  small  part 
ay  certainly  exist  in  which  the  fluid  has  almost  a  simultaneous  motion, 
t  is  not  unreasonable  to  compare  this  agitating  motion  to  the  molecular 
haos  motion.  On  the  other  hand,  owing  to  the  continuity  of  the  fluid,  it 
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is  also  certain  that  the  turbulent  agitating  motion  is  not  discontinuous, 
but  is  a  continuous  phenomenon  with  respect  to  the  time  and  location  in 
the  field  of  flow.  In  an  agitating  motion  of  fluid  parts,  when  one  part 
moves  out,  another  part  of  the  fluid  must  enter  into  this  position.  Namely, 
fluid  parts  move  about  causing  a  constant  interference  with  the  surrounding 
fluid.  It  is  difficult  to  suppose  that  the  original  momentum  is  exactly 
conserved  until  the  moving  part  of  fluid  changes  direction.  The  funda¬ 
mental  formula  (30.5)  of  the  momentum  transfer  theory  is  derived  with  the 
effect  of  this  interference  neglected. 

In  an  example  of  two-dimensional  shear  flow  shown  in  Figure  54,  if  a 
line  part  of  fluid  parallel  to  the  x-direction  makes  an  agitating  motion 
as  a  whole  in  the  y-direction  with  no  value  of  vorticity,  the  formula  of 
momentum  transfer  strictly  holds.  But  in  turbulent  flow  of  a  vortex  chaos 
motion,  such  a  situation  cannot  happen.  Thus,  in  the  physical  image  of  an 
agitating  motion  of  fluid  parts,  it  may  be  vorticity  rather  than  momentum 
that  is  transferred  as  it  is.  This  is  a  basic  conception  of  the  vorticity 
transfer  theory  proposed  by  Taylor  (reference  11). 


In  the  Navi er -Stokes  equations,  when  the  viscous  terms  are  neglected 
they  are  transformed  into 

Mj  *  suz+v  +  w*\  fx.  n  —\_\tn 

Jt  &X  (  f  J 

w  *  (*■*« - M*)  =  TiV  • 


(31.1) 


ith  the  vorticity  components  in  the  x- ,  y-  and  z-direction,  r  spectively, 
enoted  byftx,X2y,  and  Qz.  When  U,  J~L  ,  and  other  like  terms  are  written 
respectively  as  U+u ,  d.  ,  etc.,  and  with  the  mean  and  f  luctuational 

parts  divided  and  timexmeans  taken  in  (31.1), 


rrlU  .  77}  -IIP  <)  ( 11*+ V*+UT 2 

UJx'h  VJy"tW^F'  JTx'JZl  Z 


)+  VO)B  -  (MLOy  j 


+  -%(**&*)*  SB.-HS., 


(31.2) 


is  obtained.  When  a  two-dimensional  flow  is  considered  for  brevity. 
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(31.3) 


x  '  Oj 


ecu 

cCij, 


is  obtained  and  (31.2)  is  simplified  to 


dP_ 


-  f 


(31.4) 


with  the  variation  of  turbulent  intensity  in  the  x-direction  neglected. 
As  the  Reynolds  equations  in  this  case  are  simplified  to 


dP 

o(X 


d?  ’ 


the  relation 


(31.5) 


Tty  '  fvuJm 

(31.6) 

is  obtained.  According  to  the  supposition  of  transfer  of  vorticity  across 
the  flow,  the  expression 


"  Vu>£  -  iT-l ' 

oiy. 

is  arrived  at  in  the  same  manner  as  the  deduction 
are  the  same  as  in  (30.5).  When  Prandtl's  mixing 
introduced,  (31.7),  (31.6),  and  (31.3)  lead  to 


(31.7) 

of  (30.3)  where  lA  and  £ 
length  £  of  (30.9)  is 


(31.8) 


This  is  the  formula  of  the  vorticity  transfer  theory  proposed  by  Taylor 
(reference  11),  which  corresponds  to  (30.8)  of  the  momentum  transfer  theory. 


32.  REPRESENTATION  OF  TURBULENT  SCALE 

Expressions  of  the  transfer  theory  connect  turbulent  shearing  stress  with 
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the  mean  velocity,  using  an  unknown  quantity  of  the  mixing  length  .  The 
length  Jl  is  further  interpreted  to  be  approximately  proportional  to  jt  of 
the  mean  free  path  of  fluid  parts.  Thus,  in  the  transfer  theory,  an 
essential  problem  is  inquiry  into  general  characteristics  of  the  mean  free 
path  in  the  real  states  of  turbulent  flow.  First,  the  previously  proposed 
statistical  representations  (reference  9)  of  the  quantity  of  turbulent 
scale  whose  definition  “Tiolds  in  any  case  of  shear  or  shearless  turbulence 
will  be  reviewed. 


When  L  is  considered  to  be  the  distance  moved  by  a  fluid  particle 
across  the  flow  in  a  Lime  interval  0 t ,  it  is  written  as 

Lt  =  , 

°  (32.1) 

and  the  correlation  between  and  V"  becomes 


Ltv  *  \r(t-£j)cL-Ji  £ 

t  ° _ 

=  I  v-(t)v'(t~jki)d&£ 

o 

t 

o 

Rvv-  (i (t)  =  /vz . 


(32.2) 


(32.2)  is  one  of  the  Lagrange  correlations  as  denoted  by  expression  (19.3). 
Since  Ltv  is  written  as 


Ltr  = 

±  dg 

Z  a it 


j  dLt  _  /  dL% 

t  ctt  2  cLt  > 


(32.3) 


(32.4) 


is  obtained.  As  in  the  case  of  the  Euler_correlation,  when  k  is  made 
large,  Rvv(kt)  tends  rapidly  to  zero  and  attains  a  constant  value  of 
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(32.5) 


L *  -  %vzt  ^R-vv(^t) • 

o 


Therefore,  by  (32.2)  the  coefficient  of  turbulent  shearing  stress  (30.5) 
is  expressed  as 


oe 

£  '  fJ  %r  =  Jo*vLt  v  =  f’xr  [r^v  (4+)d-&+  . 

t-*o°  C  i  Z 

(32.6) 

As  mentioned  previously,  the  conception  of  the  transfer  theory  is  based 
on  the  Lagrangian  point  of  view  of  the  movement  of  a  fluid  part.  Thus, 
with  the  Lagrange  correlation  taken  into  account,  the  fundamental  quantity 
can  be  directly  represented. 

As  a  quantity  concerning  the  turbulent  scale,  the  Euler  correlation 
includes  the  expression  of  the  Reynolds  stress  as  a  special  case.  The 
scale  length  Lf  of  (18.7)  or  Af  of  (18.8)  is  defined  by  the  correlation 
whose  definitions  can  be  extended  into  general  cases  of  nonisotropic 
turbulence.  In  the  case  of  isotropic  turbulence,  the  Lagrange  and  Euler 
correlations  are  connected  by  Taylor's  hypothesis,  as  mentioned  in  Section 
19.  But,  in  shear  turbulent  flow,  where  the  transfer  theory  can  be  applied, 
Taylor's  hypothesis  does  not  hold,  and  it  becomes  difficult  to  connect  the 
mean  free  path/'  to  the  general  expression  of  the  Euler  correlation. 


The  interpretation  of  a  vortex  chaos  motion  introduced  to  clarify  the 
cause  of  the  turbulent  agitating  motion  belongs  to  a  Lagrangian  interpre¬ 
tation  of  a  physical  image.  The  basic  formulas  with  the  D*-domain  intro¬ 
duced  in  Chapter  Three  are  attempts  to  deduce  the  Eulerian  expressions  of 
the  Reynolds  stress  from  this  Lagrangian  view  of  the  phenomena.  According 
to  this  physical  picture,  the  mean  free  path  at  a  point  corresponds  to 
the  relative  mean  value  of  diameters  across  the  flow  of  many  vortices 
passing  near  this  point.  For  example,  when  R^  is  taken  to  be  a  relative 
length  in  the  y-direction  of  the  i-th  vortices  in  an  idealized  two- 
dimensional  chaos  motion  consisting  of  N  kinds  of  vortices,  an  expression 


A' 


cs> 


A / 

L 


?2 


(32.7) 


may  be  the  most 
given  by  (13.6) 


direct  representation  of  the  mean 
means  the  ratio  by  which  the  i-th 


f .  ee  path  ,  where  P* 
vortices  are  mixed.  * 
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33.  TRANSFER  HYPOTHESES  IN  THE  INITIAL  PERIOD 


In  this  section,  foundations  of  the  transfer  theory  shall  be  su^’eyed 
according  to  the  idealization  of  the  initial-period  law  mentioned  in  the 
last  chapter.  As  a  representative  example  of  the  decaying  shear  turbulence, 
a  two-dimensional  wake  in  a  uniform  flow  shall  be  considered.  In  the 
initial  period,  the  profile  of  the  mean  velocity  or  shearing  stress  can  be 
expressed  by  the  parameter  ^ / J4  Y £ .  This  representation  supports  the 

discussion  in  Section  30,  where  relative  variations  of  the  profiles  along 
the  x-direction  are  neglected. 


In  the  expression  (30.5)  of  the  coefficient  of  shearing  stress  <S  , 
of  (32.7)  is  represented  by  Ry  of  the  =1  vortices  in  the  initial 
period  and  is  proportional  by  (22.3)  to  ts 


m 


(33.1) 


Thus,  since 


(33.2) 


in  (23.1),  a  relation 


<5  “ 

(33.3) 

is  obtained  along  the  x-direction.  When  8  and  are  taken,  respectively, 
as  the  breadth  of  wake  and  the  defected  mean  velocity  as  shown  in  Figure 
33,  they  may  be  proved  to  be  proportional,  respectively,  to  t^  and  t~h. 

Then 


<f  $  U, 


(33.3') 


is  obtained.  Expression  (33.3)  or  (33.3')  is  the  same  as  the  assumption 
proposed  by  Prandtl  in  the  transfer  theory  (reference  45). 

As  for  the  profile  of  £  in  the  y-direction,  £'  in  (30.5)  is 
constant  in  this  direction  because  of  the  o<  =1  vortices.  Thus, 


<S  to  XT  (y) . 


(33.4) 


In  this  case  of  the  turbulent  wake,  expressions  of  velocity  fluctuation  are 
attributed  essentially  to  the  two-dimensional  description  as  described  in 
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Section  25,  and  by  (25.2),  (33.4)  becomes 


£  jj  P*(sJ  a; *)]/*%, 

D*  (33.5) 

with  the  coefficient  terms  in  (25.2)  neglected.  If  we  further  assume  that 
the  value  of  V  is  constant  in  a  fully-developed  turbulent  state  and  that 
V*  sin©  is  independent  in  the  D*-domain,  the  integration  ol  (33.5)  presents 
the  profile  of  the  intermittency  factor  T  of  (26.5),  and  the  rormula 


£  <*  r  Cy) 


(33.6) 


is  obtained. 

In  the  transfer  theory,  a  simple  expression  of  the  basic  assumption 
is  preferable  to  the  strict  representation  of  the  phenomena,  as  far  as 
deriving  useful  results  for  practical  problems  is  concerned.  Thus,  the 
expression  (33.5)  or  (33.6)  simplified  as 


£ 


C  C&yvdtiuyvt 

1  o 


(33.7) 


shall  be  assumed  as  shown  in  Figure  55.  The  expressions  (33.6)  and  (33.7) 
are  the  same  as  proposed  by  Townsend  (reference  40).  In  view  of  expressions 
(33.3)  and  (33.7),  £  is  considered  constant  in  the  whole  region  of  the 
turbulent  wake.  This  is  the  simplest  expression  of  the  assumption.  In  the 
real  state  of  a  vortex  chaos  motion,  £  of  (33.5)  must  be  taken  for  many 
kinds  of  vortices,  and  such  a  simple  deduction  as  the  above-mentioned  one 
becomes  difficult. 

The  mixing  length  is  represented  by  £  if  uv/V^  is  assumed  to 
be  constant.  With  this  assumption,  (33.1)  leads  to 


^  s  c&noZiinX' . 

s 


(33.8) 


Namely,  the  mixing  length  Ji  increases  in  the  x-direction  proportionally  to 
the  breadth  of  flow  and  is  constant  in  the  y-direction  in  the  wake.  Expres¬ 
sion  (33.8)  is  also  the  assumption  proposed  by  Prandtl  (reference  45).  As 
seen  in  Figure  41,  however,  it  is  a  problem  to  assume  a  constant  profile 
of  uv  IV  Z,  and  it  is  difficult  to  discriminate  between  (33.7)  and  (33.8) 
at  this  stage.  At  any  rate,  in  the  approximation  of  the  initial  period, 
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the  above  descriptions  may  hold  in  other  cases  of  decaying  shear  turbulence. 


34.  TURBULENT  WAKE 


Formulas  (33.7)  and  (33.8),  which  are  derived  from  the  ini t i a  1 -per i od 
s imi lar i ty- 1  aw, ar e  simple  expressions  of  the  fundamental  assumpt i  n  ri  the 
transfer  theory.  However ,  merits  of  the  two  should  he  discussed  !>> 
comparing  computed  and  experimental  results.  Analvtical  works  on  the  'u- 
velocity  profile  in  the  initial  period  shall  be  prt  -ented  in  this  section. 

In  the  case  of  a  two-dimensional  wake,  the  Reynolds  equation  is  jpp i ox i ma t ed 
by  (24.2),  and  the  time  t  in  (23.2)  is  taken  to  be  proportional  to  x. 
Therefore,  the  velocity  profile  is  expressed  as 


(34.1) 


In  the  formula  of  the  momentum  transfer  theory  which  contains  the 
mixing  length,  the  turbulent  shearing  stress  is  written  to  (3°. 9)  and 
(33.8)  as 


7  =  fStff'afx* 


a,  x 


(34.2) 


By  substituting  (34.1)  and  (34.2)  into  (24.2),  the  Reynolds  equation 
becomes 


fW+  Hh 0f"(p  -  o 


) 


7/  = 

(34.3) 

where  the  prime  of  f  denotes  differentiation  by  j .  The  boundary  condi¬ 
tions  are  given  by  * 

f-0,  f'-O  a£  j/=a?x~£S. 

(36.4) 

By  solving  (34.3)  with  (34.4),  the  expression 
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(34.5) 


m 


-  O-yh 


2 


£ 
8  > 


is  obtained  (reference  39) . 

According  to  vorticity  transfer  theory,  (31.8)  gives  the  expression 
of  shearing  stress.  However,  since  the  value  of  £  is  independent  of 
the  y-direction,  (31.8)  takes  essentially  the  same  form  as  (30.9)  of  the 
momentum  transfer.  Namely,  by  putting 


f 

sC  =  Jz  a,  , 


(34.6) 


the  same  expression  as  (34.3)  of  the  Reynolds  equation  and  the  solution  of 
(34.5)  is  developed. 

Using  the  shearing-stress  coefficient  £  ,  (24.2)  and  (33.7)  lead 
to  the  equation 

.// 


f<%) + Vzffa+zfht) = °j 

v.  ■  rfe)'*. 


where  the  boundary  conditions  are  taken  as 


(34.7) 


“/ 

=  0 

at 

=  0 

at 

=  O  > 


(34.8) 


Since  the  coefficient  £  is  constant  in  the  flow,  (34.7)  is  of  the  same 
form  as  the  equation  of  a  two-dimensional  viscous  wake,  and  the  solution 
with  §  -►  cP  (reference  46)  is 


_£  s  4 

m 


(34.9) 
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In  formula  (33.6),  an  ordinary  differential  equation  is  derived  when 
the  profile  of  is  given  by  (26.7)  of  the  initial -period  law.  The 

solution  may  be  proved  to  be 


£  . 

Ho)  ‘ 


(34. 10) 


with  constants  a  and  b  (reference  42). 


Figure  36  shows  a  comparison  of  the  above  evaluated  results  with 
experimental  works  in  turbulent  flow  behind  a  circular  cylinder,  where 
(34.5)  and  (34.10)  are  shown  by  two  curves  in  the  figure.  Although  (34.9) 
and  (34.10)  are  almost  the  same,  the  latter  seems  to  give  better  results 
near  the  boundary  (reference  42).  This  is  reasonable  because  the  assumption 
of  (34.10)  is  undoubtedly  a  more  accurate  description  of  the  flow,  when 
compared  with  (34.9).  At  any  rate,  discrepancies  of  the  evaluated  results 
are  small.  As  a  practical  method  of  evaluation,  the  essential  purpose  of 
the  transfer  theory,  the  simple  expression  of  (33.7)  seems  to  be  appropri¬ 
ate.  Namely,  mathematical  analysis  in  this  case  of  the  turbulent  wake  takes 
the  same  form  as  in  laminar  viscous  flow.  There  are  no  grounds  on  which 
to  state  that  the  numerical  value  of  £  is  independent  of  the  state  of  flow. 
By  compar ing_the  solution  (34.9)  with  experimental  results  in  Figure  56, 

£  =r  0.047  U^(0)  (reference  46)  is  obtained,  and  the  order  of  «//  becomes 


/o 


+  cm? 


) 


(34. 11) 

- 1  2 

a  value  far  larger  than  that  of  the  kinematic  viscosi  tyy“//f  10  cm  / sec 
of  the  air.  Signifying  the  difference  of  the  scale  of  the  molecular  and 
vortex  chaos  motions,  it  is  regarded  as  the  reason  to  neglect  molecular 
viscosity  in  the  study  of  shear  turbulent  flow,  as  done  in  Section  24. 


The  numerical  value  of  the  mixing  length  can  also  be  presumed  by 
comparing  evaluted  and  experimental  results  (references  40  and  48).  Owing 
to  measurements  of  the  two-dimensional  wake, 


y  =  0.3$ 

(34.12) 

is  arrived  at.  Thus,  although  the  coefficient  of  ratio  may  vary  case  by 
case,  the  mean  free  path  J'  has  the  same  order  of  magnitude  as  8  , 

because  j£ ,  seen  by  (30.9),  compares  with  '  .  This  fact  signifies  that 

the  scale  of  vortex  chaos  motion  which  causes  the  turbulent  agitating  motion 
compares  to  the  whole  breadth  of  the  shear  turbulent  flow,  as  mentioned 
before . 
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The  essential  point  of  the  above-mentioned  discussions  of  the  typical 
case  of  a  two-dimensional  wake  can  hold  in  other  cases  of  decaying  shear 
turbulence  (references  39  and  47,  39,  48  and  49.)  In  the  region  of  the 
initial  period,  only  outlines  of  the  analyses  shall  be  related.  In  the 
initial  period  of  an  axisymmetric  turbulent  wake,  the  velocity  profile  is 
written,  by  referring  to  (24.10),  as 


and  the  mixing  length  is  expressed  by  (33.8)  as 


4  ^  x 


Then  the  Reynolds  equation  (24.9)  is  integrated  into  (reference  50) 


m 


(/-yV 


a 

» 


(34.13) 


Based  upon  the  assumption  (33.7)  that  £  =  constant,  the  Reynolds  equilib¬ 
rium  may  also  be  integrated  into  a  definite  expression  of  the  velocity 
profile  (reference  38). 


In  many  other  cases  of  the  turbulent  wake,  the  above-mentioned  treat¬ 
ment  may  still  be  applied;  for  instance,  to  an  asymmetrical  two-dimensional 
wake  as  shown  in  Figures  6,  35,  36  and  37.  In  the  initial  period,  the  two 
kinds  of  vortex  chaos  motions  are  assumed  to  preserve  their  respective 
similarity  characteristics,  with  the  effects  of  the  descending  vortices 
neglected.  At  a  position  behind  the  body,  yf  and  may  have  different 
values  on  both  sides  of  the  wake.  Thus,  formula  (33.7)  or  (33.8)  holds  for 
numerical  values  as  shown  in  Figure  57,  and  the  relatively  similar  profiles 
of  (34.5)  or  (34.9)  are  derived  with  a  different  value  of 


35.  TURBULENT  JET 


When  a  turbulent  flow  blows  into  a  still  fluid  from  a  two-dimensional 
slit,  the  Reynolds  equations  are  given  by  (24.11).  Referring  to  (24.12)  of 
the  initial-period  similarity-law,  the  equation  takes  the  form  of  an  ordi¬ 
nary  differential  equation.  Namely,  with  the  assumption  £  ■  constant  of 
(33.7),  (24.11)  becomes 
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Cl  £ 


(35.1) 


fz+f'lfdy  +  f"-Oj 


x 


* 


where  U  is  the  velocity  in  the  slit  and  d  is  the  breadth  as  shown  in 
Figure  40.  When  (35.1)  is  solved  with  the  boundary  conditions, 


f'=o 

ajfc 

??  *  O 

f-*  ° 

a. £ 

^  00 

a  solution 


(35.2) 


(35. 3) 


is  derived  (reference  46). 

According  to  the  momentum  transfer  theory,  with  £ 
(33.8),  the  Reynolds  equation  (24.11)  becomes 


constant  from 


f*+  f'jfct?  +  (f'y  = 


(35.4) 


which  can  be  integrated  (reference  51).  Using  the  vorticity  transfer  theory 
ith  a  constant  mixing  length,  the  same  equation  as  that  of  the  two- 
imensional  wake  may  be  obtained.  The  solution  is  compared  with  experimental 
results  in  Figure  58.  With  the  assumption  &  *»  constant  from  (33.7)  in 
the  case  of  an  axisymmetric  jet,  the  equation  of  motion  is  written  as 


O 

r  .  5ft) 

'  Uo  X  ’  7  X  (35.5) 

by  (24.13)  and  (24.14)  and  the  solution 
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jL  =  d  +  V. !)-* 
/■<»  (  ' 


(35.6) 


is  derived  (reference  49).  When  relation  (33.8)  of  the  mixing  length  is 
considered  in  the  momentum-transfer  theory,  equation  (24.13)  becomes 


(35.7) 


and  can  be  integrated  (reference  51).  Figure  59  shows  a  comparison  of  the 
evaluated  and  observed  results. 


In  the  case  of  a  half-jet,  if  the  assumption  & 
(33.7)  is  used  in  (24.15)  and  (24.16),  the  equation 


constant  from 


f"+  fl  fa  =  o. 


uM 


/  //. 


Uc  )  / 

is  derived.  The  boundary  conditions  are  given  by 


5* 

x 


(35.8) 
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aZ 

7-*  0* 

f=° 

aZ 

y-y-ae 

But  (35.8)  is  not  easily  solved 

by  (35.9). 

if 

lUf 


OO 


(35.9) 


(35.10) 


is  taken,  (35.8)  is  integrated  into  the  expression  (reference  46): 


(35.11) 


Considering  the  relation  z/s  =  constant  of  (33.8),  equation  (24.15) 
becomes 
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(35.12) 


ff*7  +  f  "=  °j 

o 

which  is  easily  solved  (reference  51).  Figure  60  shows  the  experimental 
comparison. 

In  this  case  of  a  half-jet,  in  Section  28  an  attempt  was  made  to 
derive  a  profile  of  the  mean  velocity,  together  with  turbulent  intensities, 
directly  from  the  initial-period  similarity-law.  Compared  with  that 
attempt,  the  transfer  theory  can  give  a  preferable  result  of  the  mean 
velocity  profile,  depending  on  the  simple  assumption  and  analysis.  Thus, 
if  the  purpose  of  the  study  is  confined  to  the  evaluation  of  only  the  moan 
velocity  of  turbulent  shear  flow,  the  transfer  theory  shall  still  be 
important.  On  the  other  hand,  the  initial-period  law  based  on  the  P*-  and 
V*-function  mentioned  in  the  last  chapter  has  the  purpose  of  giving  a 
statistical  interpretation,  unif icatively ,  to  the  general  phenomena  of 
turbulent  flow.  Therefore,  as  far  as  the  mean  velocity  is  concerned,  the 
above  P*  -  V*  function  approach  shall  have  accomplished  this  role  if  the 
fundamental  assumptions  of  the  transfer  theory  of  a  practical  purpose  may 
be  derived  from  this  description  of  the  initial-period  law. 

As  a  matter  of  course,  the  basic  assumption  (33.7)  or  (33.8)  is 
adaptable  to  the  approximative  descri  Pt  ion  of  the  initial  period,  and  as 
mentioned  in  Section  29,  deviation  from  the  initial-period  law  in  the 
decaying  shear  turbulence  is  not  as  conspicuous  as  it  is  in  the  turbulent 
flow  behind  a  grid.  This  characteristic  makes  the  simple  formula  of  (33.7) 
or  (33.8)  especially  useful  in  the  analysis  of  the  transfer  theory.  How¬ 
ever,  in  order  to  evaluate  the  deviation  of  the  mean  velocity  profile 
from  that  of  the  initial  period,  there  must  be  a  search  for  the  effect  of 
the  descending  vortices  on  the  profile  of  <£  or  j£'  .  In  the  following 

chapter,  mathematical  descriptions  of  cascade  phenomena  shall  be  attempted 
in  the  general  cases  of  shear  or  shearless  decaying  turbulence. 
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CHAPTER  SEVEN.  NONSIMILARITY  IN  THE  DECAYING  TURBULENCE 


36.  TRANSITION  PROBABILITY  IN  THE  CASCADE  PROCESS 

Theoretical  foundations  of  the  discussions  in  the  previous  two  chap¬ 
ters  come  from  the  idealized  description  of  the  initial  period.  As  seen 
in  Section  21,  however,  the  similarity  assumption  does  not  yield  a  satis¬ 
factory  result  for  the  correlation  or  spectrum  function,  even  in  the  case 
of  isotropic  turbulence.  As  mentioned  in  Section  18,  the  triple  correla¬ 
tions  come  from  the  inertia  terms  of  the  Reynolds  equations,  and  the 
theoretical  result  (20.9)  mean-;  that  an  expression  of  the  ideal  state 
neglects  the  inertia  terms  in  the  Reynolds  equations.  In  the  previous 
studies  of  isotropic  turbulence,  interests  were  focused  on  the  inertia 
terms,  since  the  Karman-Howarth  equation  had  been  precisely  investigated. 
Namely,  studies  were  made  in  many  respects  of  the  physical  meaning  of  of 
(19.13)  of  the  transformed  function  of  a  triple  correlation,  and  mathemat¬ 
ical  treatments  were  made  on  the  propagation  formula  (19.12)  of  the  spectrum 
function.  Consequently,  some  local  characteristics  of  the  spectrum  function 
have  been  gradually  clarified  in  narrow  regions  of  the  wave  numbers.  In 
our  statistical  theo_ry,  the  work  in  the  next  stage  is  to  search  for  the 
fluctuational  terms  V*  and  others,  which  correspond  to  the  inertia  terms 
of  the  Reynolds  equations,  in  tue  real  expressions  of  vortex  chaos  motion. 

In  this  chapter,  depending  upon  the  physical  conception  of  a  vortex  chaos 
motion,  a  general  discussion  of  deviation  from  the  initial-period  law  from 
a  wider  viewpoint  of  the  decaying  turbulence  shall  be  attempted. 

According  to  the  ii  terpretation  of  a  vortex  chaos  motion,  the  fluctu¬ 
ational  terms  Vfcxand  others  have  an  essential  interrelation  with  the  pro¬ 
duction  of  small  vortices  by  the  cascade  process  mentioned  in  Section  6. 

As  mentioned  in  Section  5,  when  the  molecular  viscosity  around  vortex  cen¬ 
ters  in  a  regular  pattern  interfere  with  each  other,  the  vortices  tend  to 
become  irregular.  At  the  same  time,  small  descending  vortices  are  easily 
formed  by  the  interference  of  the  original  vortices.  In  the  decaying 
turbulence,  let  the  primary  vortices  of  «(  ■  1  be  called  vortices  of  the 
first  generation;  the  vortices  produced  by  the  interference  of  the  first- 
generation  vortices  be  those  of  the  second  generation;  those  produced  by 
the  first-  and  second-generation  vortices  be  of  the  third  generation,  and 
so  on.  Generally  speaking,  a  new  vortex  motion  is  produced  from  at  least 
two  kinds  of  vortices,  and  the  vortices  produced  in  the  process  of  the 
cascade  phenomena  should  be  signified  with  a  double  suffix  of  the  ascending 
vortices.  For  simplicity,  however,  a  positive  rational  number  m  shall  be 
used  to  express  the  number  of  generation  as  above.  Even  in  the  study  of 
continuous  phenomena  of  turbulent  flow,  if  many  kinds  of  vortices  are  taken 
into  account,  such  a  discontinuous  rational  number  must  be  introduced.  In 
order  to  proceed  with  a  mathematical  description  of  the  cascade  phenomena, 
a  function  of  transition  probability  will  be  further  introduced. 

In  the  initial-period  law,  the  time  t  is  counted  from  the  production 
instant  of  the  ■  1  vortices  just  behind  a  body.  In  the  study  of  cascade 
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phenomena,  the  origin  of  time  shall  be  shifted  to  the  time  when  the  o(  c  1 
vortices  form  an  irregular  state  and  the  cascade  phenomena  begins.  Namely, 
scales  of  the  m= 1  vortices  have  grown  up  already  to  some  extent  at  t=0, 
and  the  descending  vortices  of  m  g*  2  are  produced  constantly  with  t«0.  Of 
course,  the  ordinate  x  is  connected  definitely  to  t  by  the  relation  t*fU'>d.X 
of  (23.2).  * 

Now,  the  vortices  of  an  m-generation  produced  in  a  time  interval 
tQ^ tQ  +  dtQ  shall  be  denoted  with  a  suffix 


m(t0)  . 

(3b. 1) 

When  the  time  t  is  taken  so  that  t  ^  t  ,  a  functional  relation  between  t 
and  x  of  the  location  in  the  field  of  flow  is  determined.  A  fixed  A-point 
is  taken  at  a  position  of  x,  and  the  m(tG)-vortices  passing  nearby  are 
considered.  At  this  A-point,  the  probability-density  function  defined  by 

(11.3)  for  these  vortices  is  written  as 


(36.2) 


In  (36.2)  the  function  P*'  is  concerned  with  the  m-vortices  produced^in  a 
unit  time  interval  at  tQ,  where  r,  0,  <i>  are  the  coordinates  in  the 

domain  and  the  suffix  t  means  that  the  state  of  irregularity  of  these 

vortices  generally  changes  along  the  flow.  The  ratio  by  which  the  m(t  )- 

vortices  are  mixed  in  the  whole  kinds  of  vortices  passing  near  the  A-point 

is  expressed  as 


(36.3) 


as  defined  by  (13.6).  The  nondimens ional  probability-density  function  for 
these  vortices  is  given  by  (16.1)  as  follows: 


p*(r6  +-7n(t)t)  = 


(36.4) 


The  ratio  by  which 
mixed  in  the  whole  kinds 


the  vortices  of  m-generation  produced 
at  the  A-point  is  written  as 


in  0^/t  are 
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(36.5) 


t 


o 


For  all  the  kinds  of  vortices,  the  relation 

Z  p*(~  t ')  =  / 

'm--/  (36.6) 


holds  independently  of  t  as  formula  (13.7). 

According  to  the  physical  interpretation  of  the  cascade  phenomena,  a 
vortex  of  some  generation  is  produced  from  at  least  two  vortices  of  the 
ascending  generations.  However,  vortices  of  an  ascending  generation  bring 
about  vortices  of  some  descending  generation  by  the  disturbances  from  other 
vortices  of  the  same  or  different  generations  from  these  ascending  ones. 

Let  the  probability  with  which  m( tQ) -vortices  produce  some  vortices  of  n- 
generation  (n>m)  in  a  time  interval  t~t+dt  be  written  as 

p  *  (ynCt'o)  cC't . 

'36.7) 

Namely,  we  take  a  ratio  between  the  number  of  the  m(t0),  t-vortices  passing 
near  the  A-point  in  some  time  interval  and  that  of  the  n(t)-vortices  produced 
by  the  above  vortices  in  the  region  t^t+dt  along  the  flow  in  the  same  time 
interval.  The  limiting  value  of  the  ratio  is  also  taken  by  making  the  time 
interval  infinite.  The  function  p*dt  of  (36.7)  is  the  limiting  value  of 
this.  The  form  p*  has  the  dimension  of  the  inverse  of  time  and  corresponds 
to  a  kind  of  transition  probability  in  statistical  mathematics. 


37.  POISSON  PROCESS  FOR  THE  CASCADE  PHENOMENA 


In  the  statistical  theory  of  turbulence,  it  is  characteristic  to 
express  the  degree  of  irregularity  of  a  vortex  chaos  motion  in  the  P*- 
function.  The  function  P*  of  (36.4)  is  a  relative  probability-density 
function  in  the  D*-domain  for  the  m(tQ)  ,  t-vorticcs ,  in  which  the  previously 
discussed  statistical  features  of  the  shear  or  shearless  turbulence  can  be 
adapted.  In  the  study  of  cascade  phenomena,  the  function  P^  ’ (m(t0) ,t)dtQ 
denoting  the  mixture  of  different  kinds  of  vortices  must  be  taken  into 
account.  In  this  section  this  functional  form  shall  be  discussed  by 
surveying  the  transition  probability  p*  of  (36.7)  (reference  54). 

The  function  p*  of  (36.7)  has  the  independent  variables  m,  tQ,  n,  t. 

In  the  real  state  of  cascade  phenomena  it  may  have  a  complicated  functional 
form,  and  it  is  difficult  to  imagine  the  functional  expression  even  by  means 
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of  experimental  observations.  However,  since  t  originates  when  cascade 
phenomena  begin,  p*  cannot  be  assumed  to  vanish  for  all  the  m-  and  n- 
vortices  at  t  =  0.  p*  must  have  a  nonzero  value,  at  least  for  the  m=l 
vortices.  Thus,  when  the  function  p*  is  expanded  into  the  Taylor  series 
for  the  independent  variables,  at  least  the  first  term  must  remain  as  a 
nonzero  constant. 

As  the  first  approximative  expression  for  the  p*-function,  a  constant 
value  of  p*  that  is  independent  of  m(tQ)  and  n(t)  will  be  assumed  by  taking 
only  the  first  term  of  the  series.  This  assumption  means  that  vortices  of 
m  generation  are  produced  only  from  those  of  the  previous  m-1  generation 
at  a  constant  rate  that  is  independent  of  the  generation  and  time.  Namely, 
the  expression 

JP  yr>  (t)')  ~  JP  ( C&yiaZa/n£^ 3 

(37.1) 

will  be  made  to  be  the  basic  assumption  of  the  study  of  the  cascade  process. 
If  p*  in  (37.1)  is  made  zero,  the  foregoing  descriptions  shall  be  reduced 
to  the  formula  of  the  initial-period  law.  When  a  constant  of  p*  is  not 
zero,  it  is  possible  to  evaluate  the  effect  of  cascade  phenomena  in  the 
simplest  way  of  a  statistical  analysis.  It  is  easily  supposed  that  as  a 
generation  m  increases,  such  an  idealization  of  the  situations  becomes 
more  inaccurate  for  the  real  states  of  the  cascade  phenomena.  The  assump¬ 
tion  (37.1)  allows  a  survey  of  the  deviation  process  from  the  initial-period 
law  caused  by  the  cascade  phenomena  of  young  generation  vortices. 

When  a  time  interval  0~»t  is  divided  into  N  equal  small  intervals,  the 
ratio  by  which  vortices  of  some  generation  produce  the  next  ones  in  each 
interval  is  given  by 


Namely,  it  is  supposed  that  in  the  first  time  interval  of  N=l,  only  the  m= 

1  vortices  exist,  and  in  the  following  intervals  of  NS2  many  kinds  of 
vortices  of  m»2  are  produced  from  those  of  their  respective  previous 
generations.  In  this  case,  the  probability  distribution  of  each  generation 
is  proved  in  statistical  mathematics  to  be  expressed  in  the  binomial 
distribution 

.  .  *  f  sjn-/  +\N-rr>+/ 

a// Q-r*g) 

(m  -/)/  ( A /-  >rt  ■/■/)  ! 

Because  of  the  relation  ^m(l-p* jq-)N  =  exp(-p*t),  the  limiting  value  at 
of  the  binomial  distribution  may  be  proved  to  become  the  so-called  Poisson 
distribution. 
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Thus,  with  thg  assumption  (37.1)  of  the  transition  probability,  the 
functional  forms  P* '  or  P*  of  (36.3)  or  (36.5)  of  the  mixture  of  vortices 
can  be  stated  as  the  following  Poisson  distributions: 


or 


m-2  _¥■* 

*  L 


(37.2) 


f*7"-'  -t* 

fYmjt)  =  („-*j  >  (m  =  /,2,  ...)j 


(37.3) 


(37.2)  and  (37.3)  are  obviously  connected  by  the  integration  formula  of 
(36.5). 


An  important  feature  of  (37.2)  or  (37.3)  is  that  the  variable  t  or  t 
in  (36.3)  or  (36.5)  is  replaced  by  t*  or  t*.  According  to  the  discussion^ 
of  the  initial -period  law  in  Section  20,  the  variable  along  the  flow  should 
be  taken  by  t,  not  by  the  ordina_te  x  itself,  because  by  the  latter  variable 
the  effect  of  the  mean  velocity  Uq  appears  explicitly.  For  the  same  reason, 
when  the  cascade  process  is  taken  into  account,  t  should  be  replaced  by  t*" 
p*t  of  a  nondimensiona 1  time.  Otherwise,  there  will  be  many  kinds  of 
relations  depending  on  different  values  of  p*,  namely,  on  different  inten¬ 
sities  of  the  cascade  process.  At  any  rate,  the  combination  of  a  parametric 
constant  p*  of  (37.1)  and  of  the  time  t  into  a  new  independent  variable  t* 
will  make  the  subsequent  statistical  analysis  somewhat  easier.  Figure  61 
shows  the  distribution  of  (37.3). 


38.  N0NSTATI0NAL  EXPRESSION  FOR  THE  CORRELATION  TENSOR 


In  the  real  state  of  flow,  m(t  )-vortices  produced  at  a  time  t  are 
simultaneously  carried  along  and  affected  by  other  kinds  of  vortices,  and 
these  effects  make  it  difficult  to  preserve  a  similarity  characteristic  for 
any  large  distance  along  the  flow.  Even  with  a  simplified  treatment  of  the 
Poisson  process,  the  mixing  situation  of  different  kinds  of  vortices  does 
not  represent  a  similarity  characteristic  versus  the  variable  t*  as  shown 
in  Figure  61.  Namely,  the  functional  form  of  P*'  of  the  m(tQ)-vortices  at 
a  time  t  varies  generally  with  t-tQ  as  denoted  by  (36.2).  Also  as  in_the 
case  of  expression  (22.2),  the  function  of  the  mean  turning  velocity  V*  for 
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the  m(t0)-vortices  at  t  may  be  generally  written  as 


(38.1) 


with  a  decaying  term  Gm(to> (t-tQ) 

In  the  derivation  of  the  Poisson  distribution  in  the  last  section, 
there  was  no  need  to  relate  the  functional  form  of  to  the 

domain.  It  has  been  explained  that  the  similarity  preservation 
in  the  initial  period  comes  from  the  two  similarities  of  the  P*-  and  V*- 
functions.  Corresponding  to  the  idealization  of  the  Poisson  process  of 
the  mixture  of  different  kinds  of  vortices,  the  two  functions  of 
and  "wfO.t  shall  be  simplified  by  taking  only  their  respective  first 
terms  of  the  Taylor  expansions  versus  t0-t.  Namely,  in  the  study  of  the 
cascade  process,  the  two  fundamental  similarities  shall  also  be  assumed 
for  every  group  of  m(te  > -vort  ices  E^/en  if  the  whole  field  of  flow  shows 
a  shear  turbulent  state,  t he  P* -  and  V*- function  for  every  kind  of  m(t  )- 
vortices  are  assumed  tc  preserve  their  respective  similar  functional  ° 
forms  along  particular  p^sirn  ns  lx,  y  ,  z  '  m  the  field  of  flow.  As  for 
the  nonsimil ar ity  character ist ic  of  the  cascade  phenomena ,  only  Poisson 
distribution  characteristics  shall  be  considered  Let  the  above-mentioned 
similarity  for  all  m( t  l  -vort i c es  be  called  local  similarity. 


At  the  position  corresponding  to  a  time  t  which  has  elapsed  since 
the  beginning  of  the  cascade  phenomena  ,  the  ideal  expression  of  u-intensity 
is  given  by  (13. 9)  as  follows: 


ti'co.t  K(t.\ t t ) dt°l 


0  DmCtolt 


(38.2) 


When  the  Poisson  distribution  (37.2)  or  (37  31  is  substituted  into  (38.2), 
it  takes  the  form  of 


/A  -t 


u, « 


& 


u/Z 

w 


‘ffl 


(mkz) 
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(38.3) 


V^a  C4*  jcl &*t*j 


with  the  nondimens ional  time  introduced. 

In  the  initial-period  law,  the  expression  of  V*  for  the  m^l  vortices 
is  based  on  the  solution  (14.6)  for  the  two-dimensional  viscous  vortex 
motion.  Furthermore,  it  has  been  observed  that  when  the  primary  vortices 
of  m=l  are  elected  as  those  of  o(  =  1,  favorable  agreement  between  theo¬ 
retical  and  experimental  results  is  obtained.  In  the  study  of  cascade 
phenomena,  it  is  assumed  that  the  production  condition  is  the  same, 
independent  of  the  production  instant  t  as  for  the  vortices  of  an  identi¬ 
cal  kind  of  m-generation .  The  relation  between  a  generation  of  vortices 
m  and  their  kind  o(  is  written  as 


(m)J  °(  (/)  —  /  • 

(38.4) 

In  order  to  make  the  expression  (38.3)  more  definite,  elongation  or 
contraction  of  vortex  filaments  is  neglected,  as  discussed  for  the  initial- 
period  similarity-law  of  a  two-dimensional  turbulent  wake.  In  this  case 
the  decaying  term  in  (38.1)  is  written  as 

_l_  o((7n) 

(38.5) 


from  the  solution  (14.6).  In  (14.6)  t  is  the  elapsed  time  since  the 
beginning  of  a  vortex  motion,  and  in  (38.5)  the  term  due  to  the  period 
before  the  beginning  of  cascade  phenomena  is  contained  in  the  constant 
term  The  P*-  and  V^-functions  of  local  similarity  for  m(tQ)- 

vortices  can  be  expressed  as 


~-e(  Cm) 

C v,t  ’ £<*>  eJ  *)(t-  tj 

~  ZGttOrd'f*  %<(■»)  )  (38.6) 

from  formula  (22.3)  for  the  case  of  the  initial-period  similarity-law. 
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When  (38.6)  is  substituted  in  (38^3),  the  intensity  of  the 
component  is  written  as  follows,  with  U  the  mean  velocity: 


lu)  -  t* 
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When  the  Euler  correlation  function  of  the  u-f luctuation  at  two 
points  of  (x,  y,  z)  and  (x+kx,  y,  z)  is  denoted  by  f(k  ; t*) ,  the  correla¬ 
tion  functions  for  many  groups  of  m(tQ) -vort ices  preserve  their  respec¬ 
tive  similar  forms  by  the  assumption  of  local  similarity.  Thus,  when 
their  respective  nondimens ional  ordir  res  are  denoted  by  )>  corre¬ 

sponding  to  the  distance  kx,  their  ci  elation  function  is  expressed  as 


( SmCt, *)) 


(38.8) 


independently  of  t*-t*.  By  substituting  (38.8)  into  the  Poisson  distri¬ 
bution  as  in  the  case  of  (38.7),  the  following  formula  is  obtained: 


t 

f,(s>)  -t*  y  (  A„(tZ),t* 

t*  ^  l  (t *- 


(38.9) 


Here,  Ay^ given  in  (38.7).  Of  course,  (38.9)  can  be  reduced 
to  (38.7)  with  kx=0.  Expressions  for  other  components  can  be  obtained 
in  the  same  manner. 


Along  a  direction  perpendicular  to  the  mean  flow,  the  function 

in  (38.6)  varies  generally  as  in  the  initial-period  law  in  shear 
turbulence.  Only  different  parametric  values  of  p*  can  be  attributed  to 
the  Poisson  process  of  the  cascade  phenomena.  Thus,  either  (38.9)  or 
(38.7)  is  regarded  as  an  extended  formula  from  that  of  the  initial-period 
law  to  the  cascade  phenomena  of  the  decaying  turbulence. 


39.  PRODUCTION  CONDITION  OF  A  VORTEX  MOTION 


1 


At  present  it  is  not  clear  which  sort  of  vortices  of  o(  may  be  pro¬ 
duced  under  what  kinds  of  conditions  in  the  real  state  of  flow.  The 
assumption  of  o(  *1  for  the  primary  vortices  in  the  initial  period  has  no 
theoretical  ground,  but  this  assumption  is  made  to  give  the  decaying  law 
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CL  of  turbulent  intensity,  the  momentum  conservation  of  the  mean- 

velocity  profile,  and  other  results  preferable  to  the  real  state  of  the 
decaying  turbulent  flow. 

According  to  the  discussions  in  Section  14,  the  solution  of  a  vortex 
motion  can  take  any  values  of  6C^\  under  the  boundary  condition  of  zero 
value  of  turning  velocity  at  the  center  and  infinity,  and  there  is  no 
reliable  ground  to  decide  the  function  ©(  (m)  of  (38.4).  It  is  sure, 
however,  that  production  conditions  of  m^ 2  vortices  are  not  the  same  as 
in  the  case  of  m=l  vortices,  because  the  m**l  vortices  are  produced  with 
the  energy  of  the  nonviscous  main  flow  supplied  by  means  of  the  boundary 
layer  around  a  body,  while  m  2  vortices  are  produced  with  the  energy  of 
the  viscous  vortex  motion  of  the  preceding  generation.  Therefore, 
although  m  is  a  positive  rational  number,  ©<  (m)  may  be  taken  to  be 
proportional  to  m,  not  to  be  a  constant  term,  as  the  first  approximative 
expression.  Thus,  as  the  simplest  assumption  of  the  functional  form  of 
©<  (m)  having  the  condition  o^(l)*=l, 

c/  -  7YI  (39.1) 


shall  be  taken. 


—  2  -1 

If  p*  is  made  zero  in  (38.7),  it  becomes  the  form  (Ct/U)  *(A^/p*)t 
of  the  initial-period  law.  In  the  case  of  the  isotropic  turbulence,  the 
solution  (14.6)  for  two-dimensional  viscous  vortex  motion  of  o(  «1  can  be 
taken  as  the  function  in  A^  of  (38.7)  together  with  the  condition  P*'« 
1,  and  (38.7)  is  reduced  to  *■ 
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(39.2) 


of  the  same  form  of  (20.10)  of  where  the  time  t  is  taken  from  the 

production  instant  of  the  =1  vortices.  In  the  initial-period  law, 

the  coefficient  A./p*  can  be  regarded  as  a  constant,  since  s  is  inde¬ 
pendent  of  t  for  t>0. 


At  t=0  in  (39.2),  the  radius  r  also  becomes  zero_and  the  coefficient 
A^/p*  becomes  indefinite.  If  A^/p*  is  definite,  (tA»/U)^  diverges.  The 
solution  (14.6)  of  the  equation  (14.1)  with  a  boundary  condition  (14.5) 
represents  only  the  diffusion  of  vorticity  concentrated  at  first  at  one 
point  in  a  fluid.  (14.1)  is  an  equation  of  diffusion,  and  the  solution 
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(14.6)  does  not  concern  a  problem  of  the  production  of  a  vortex  motion. 
Namely,  the  decaying  formula  (38.2)  in  the  initial  oeriod  has  a  singu- 
larity  character  a'c  t*0.  But,  the  period  in  which  >:heo(“l  vortices 
come  into  a  chaotic  state  can  be  excluded  from  the  discussions.  This 
holds  in  other  cases  of  the  decaying  turbulence,  and  there  is  no  need  to 
question  the  singularity  character  in  relation  to  the  initial  period  law. 

In  the  cascade  phenomena,  new  vortices  are  produced  incessantly  along 
the  flow,  and  the  consideration  o£  the  production  cannot  be  avoided  from 
the  analysis.  In  the  real  state  of  flow  behind  a  circular  cylinder,  a 
vortex  motion  is  first  formed  by  taking  some  energy  from  the  main  flow  and 
then  is  carried  along  the  flow  separated  from  the  body.  Probably  a  vor¬ 
tex  motion  may  begin  to  obey  the  growing  condition  (14.1)  of  vorticity 
diffusion  after  it  has  attained  a  finite  region  of  vorticity  in  some 
period  of  the  production.  In  the  production  period,  there  is  no  equation 
governing  the  states  of  flow.  Speaking  of  the  growing  condition  of  a 
vortex  motion,  the  constant  term  Am^*^^in  (38.7)  derived  from  the 
equation  (14.1)  seems  to  vanish  at  t*«t* ,  decreasing  its  value  in  the 
production  period  as  shown  in  Figure  62,  and  prevents  the  divergency  of 
the  value  of  lAt  /U.  It  is  more  important  to  consider  the  magnitude  of 
an  initial  constant  contained  in  Am  than  to  discuss  a  relative  func¬ 

tional  form  of  Ajjj  near  t*“t*.  In  the  case  of  m»l,  can  be  related  to 
the  circulation  /*  at  t“0.  °  In  the  case  of  m^2,  the  constant  C*  may 
be  proportional,  at  least  approximately,  to  the  energy  of  the  preceding 
vortex  motions. 

It  is  not  of  much  value,  however,  to  continue  the  present  indistinct 
presumption  of  the  difficult  problem  of  the  production  of  a  vortex  motion. 
In  this  section,  for  the  purpose  of  giving  an  example  of  estimation  of 
the  nonstationary  formulas  (38.9)  or  (38.7),  a  following  provisional 
assumption  will  be  made.  Namely,  A  is  assumed  constant  for  simplicity, 
and  to  prevent  the  divergency  at  t*»t*  of  the  term  (t*-t*)l"2m  in  (38.9), 
it  is  replaced  by  (l+t*-t*)^”^m.  Further,  to  determine  constant  values 
of  Cm,  turbulent  intensities  tX^,  •••  due  to  t*ie  vortices  of  m»l,  2, 

. . .  are  made  2 


($)*•  Atr**-** 

(frf  =  f(c(£)*/*'  **](/+?-  tV 

(&y  =  ({c(#)z/(t*e'*)}(H  t:rst  **  * 

© 

(39.3) 

where  A  means  a  rate  of  energy  supplied  from  the  main  flow,  and  C  corre¬ 
sponds  to  that  of  m£2  vortices  supplied  from  the  preceding  generations. 
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On  the  other  hand,  the  =1  vortices  are  proved  to  conserve  their 

energy  in  their  expanding  regions,  and  their  decaying  indicates  the 
linear  relation  Ut  ~2  ^t.  Thus,  in  an  imaginary  case  of  the  cascade 
process  consisting  of  the  same  kind  of  <p\  =1  vortices,  the  decaying 
shall  indicate  ul  “2<^t.  By  this  estimation,  the  value  of  C  is  found 
to  be  1.5,  and  such  a  relation  of  the  coefficients  in  (38.9), 

Arr,(tZ\f_ 

a  (i+t*-  j 


(39.4) 

is  obtained.  Of  course,  this  is  a  temporary  expression  until  exact 
conditions  of  the  production  of  vortex  motion  in  the  real  state  of  flow 
are  clarified. 


40.  DECAYING  LAW 


In  the  decaying  formula  (38.7)  of  the  turbulent  intensity  due  to  the 
cascade  process,  (ul/U)2  is  expressed  in  a  function  of  t*  with  a  constant 
term  A  multiplied,  if  the  presumptions  _{39.1)  and  (39.4)  are  introduced. 
Calculated  result  of  the  relation  (  U,/U)"2  A^t*  is  shown  in  Figure  63. 

As  in  the  case  of  the  initial-period  law,  this  decaying  curve  is  adaptable 
to  the  general  decaying  turbulence  of  the  wake  flow  behind  a  grid  or  a 
cylindrical  body,  for  instance. 

In  Figure  63  the  result  of  an  imaginary  case  of  o<_ (m)*l  is  also 
given,  which  indicates  a  nearly  linear  relation  in  about  t*«0^1.7.  It 
is,  of  course,  due  to  the  rough  presumption  (39.4)  of  the  production 
condition  that  the  curve  does  not  completely  coincide  with  a  straight 
line.  On  the  other  hand,  if  another  imaginary  case  of  oC  (m=2 )«oo  with 
o<.  (1)=1  is  taken,  all  energy  of  m^2  vortices  are  instantly  dissipated 
into  heat,  and  (38.7)  indicates  the  decaying  characteristic 
of  only  the  m=l  vortices.  Decaying  curve  of  the  case  oC(mi)=  w*  ought  to 
lie  between  those  mentioned  above.  Although  it  is  not  easy  to  survey 
analytical  features  of  the  expression  (38.7),  the  decaying  seems  to 
become  increasingly  rapid  with  an  increasing  nondimensional  time  t*,  as 
shown  in  the  figure.  Probably  this  feature  should  be  attributed  to  the 
Poisson  process  in  (38.7),  rather  than  the  presumption  in  (39.4);  and 
for  the  decaying  process  of  the  cascade  phenomena,  it  may  be  inappropriate 
to  assume  the  simple  power  expression  ti.  ”2  tn>  which  is  characteristic 
of  the  similarity  laws. 

It  is  widely  observed  in  turbulent  wake  behind  a  grid  that  the  tur¬ 
bulent  intensity  U-  2  decreases,  at  first  proportionally  to  x  or  t,  and 
then  more  rapidly  downstream.  In  order  to  check  the  above-mentioned 
decaying  law,  experimental  data  were  chosen  in  which  departures  from  the 
linear-decay  law  are  clearly  observed.  Since  it  is  difficult  to  evaluate 
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experimentally  the  values  of  an  initial  constant  A  and  a  transition  prob¬ 
ability  p*,  it  is  necessary  to  compare  them  with  the  theoretical  curve_ 
by  multiplying  adjustable  constants  to  both  sides  of  the  relation  (IA^/U)" 
<V>  t  of  the  experimental  data.  The  theoretical  curve  is  adaptable  also 
to  the  case  of  a  shear  turbulent  flow  of  two-dimensional  wake  in  a  uniform 
flow.  The  experimental  data  behind  a  circular  cylinder  in  Figure  53  are 
shown  in  Figure  63. 

Even  in  the  region  of  the  linear-decay  law  of  the  isotropic  turbu¬ 
lence,  the  intensity  decreases  along  the  flow  increasingly  proportionate 
to  X  »>  and  it  becomes  extremely  difficult  to  carry  on  a  measurement 
unless  far  downstream.  Nevertheless,  according  to  Figure  63,  experimental 
data  attain  at  most  about  1.6  of  the  nondimensional  time  t*.  Situations 
of  the  mixing  of  vortices  in  this  region  of  the  Poisson  process  can  be 
seen  in  Figure  61.  Thus,  it  can  be  assumed  that  even  with  precise  experi¬ 
mental  observations,  only  the  beginning  part  of  the  cascade  process  can 
be  attained.  This  may  be  the  basis  by  which  a  simple  idealization  of  the 
Poisson  process,  although  with  a  rough  presumption  (39.1)  or  (39.4),  can 
cover  the  previously  proposed  experimental  data  with  fair  accuracy. 

41.  DOUBLE  CORRELATIONS  IN  THE  ISOTROPIC  TURBULENCE 

Correlation  function  of  the  u-f luctuations  at  two  points  with  a 
distance  kx  along  the  flow  is  expressed  in  (38.9).  It  is  first  necessary 
to  know  the  functional  forms  of  •fatCrn)  °f  the  local  similarity.  In  the 
case  of  isotropic  turbulence,  the  functional  forms  of  f  o(Cm)  are  given  by 
the  Karman-Howarth ' s  solution  (20.14).  Namely,  when  the  relation  o(  (m)  = 
m  is  taken  and  't  is  replaced  with  t*  and  t*=t]J,  in  the  case  of  m“l  and 
m*2,  respectively,  then  the  correlation  function  fm  of  m-generation  is 
given  by 


where  M{(2m-^)  ,  ^(  £  m/(4m-2))}  represents  the  hypergeometric  function 
Mk,m(z)  *n  (20.14).  Substituting  the  solution  (41.1)  into  the  Poisson 
process  (38.9),  the  expression  f  can  be  obtained  as  a  function  of  £  and 
t*. 

In  the  formula  (38.9),  f(  §  ,  t*)  always  has  the  characters  of 
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f (0,t*)«l,  f(l^,t*)^.  1,  and  f  (  g  ,0)“f  ^  (£)  .  For  the  locally  similar 
fm-function,  Figure  29  of  the  solution  indicates  the  relation 
fm(  /  (2m-l)t*7(t*-t*)  g)  <  f  Ag  ),  and  in  (38.9),  f(  £  ,t*)  <  f^g) 
is  obtained.  Since  df  /d^tends  to  the  order  ofa  0*  at  £,*-*0,  3f(0,  t*)/ 
^  *0  is  easily  proved.  As  ^  2fm(0)/«)i;  2“-l  in  (41.1),  the  rela¬ 

tions  (39.1),  (39.4)  and  (38.9)  lead  to  the  expression. 


t*  ** 

z±lfi  i  ~  /jj  frzzlli  tlLLzJEZl 
t*  l  Jfz  £  t*'0+t*')*7m'/ 


(41.2) 


Since  the  term  (l-t*'/t*)m  /(1+t*')  m”  in  (41.2)  becomes  1  at  t*'"0,  the 

integration  by  dt*'  diverges  with  the  order  of  log  0.  Namely,  the  function 
1:(  g  ,  t *)  has  the  following  features: 


f(S,o)  -  f,(B\ 


f<h  t*)  <f,(S)  <  /, 

~c 

ijs  ’ 

Jjr*  (4i.3) 

In  the  case  of  similarity  laws,  the  correlation  function  of  (20.14) 
can  be  expanded  into  a  power  series  at  the  origin,  and  the  microscale  X 
defined  by  (18.8)  is  proved  to  have  some  nonzero  value.  The  meaning  of 
this  may  be  comprehended  by  the  physical  background  of  the  similarity 
law  of  t^e  chaotic  motion  of  one  kind  of  vortex  having  finite  extents. 
When  the  cascade  phenomena  are  considered. 


(41.4) 


is  arrived  at  by  (41.3).  This  is  understood  by  the  physical  interpretation 
of  the  cascade  process  by  which  m  £  2  vortices  are  produced  along  the 
flow  from  zero  extent  as  denoted  in  (39.4).  If  the  real  states  of 
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mechanism  are  clarified  in  the  production  of  a  vortex  motion  and,  instead 
of  (39.4),  precise  formulations  are  made  of  the  growing  period  of  vortices 
after  the  production  period,  the  result  0  will  be  obtained  instead 

of  (41.4).  f 

m 

The  functional  form  of  f  can  be  calculated  by  (38.9),  (39.1),  (39.4) 
and  (41.1).  The  evaluated  curves  of  f  versus  §  are  shown  in  Figure  64, 
according  to  several  parametric  values  of  t* .  The  correlation  of  g  defined 
by  (18.2)  is  evaluated  in  the  same  manner  as  the  local  similar  solutions 
g^  of  Karm&n-Howar  th ,  as  shown  in  Figure  65.  Since  the  relation  of  (18.5) 
to  the  locally  similar  f  and  g  is  known,  f  and  g  of  the  cascade  process 
may  also  be  proved  to  be  connected  with  the  same  formula  (18.5)  of  the 
continuity  condition. 

It  is  now  difficult  to  survey  the  character  of  3f/3  t*  by  mathe¬ 
matical  analysis.  In  Figure  64  or  65,  however,  a  rapid  convergence  near 
t*«0  is  seen  in  f^  or  g^  of  the  initial  period  to  the  characteristic  furm 
of  the  cascade  process,with  a  sharp  peak  at  the  origin.  This  tendency 
was  anticipated  by  the  characteristic  &  2f(0,t*)  /3£2=-o o  of  (41.3). 

In  the  decaying  law  of  the  cascade  process.  Figure  63  suggests  a  gradual 
departure  from  the  linear-decay  law  of  the  initial  period.  The  correla¬ 
tion  function  f  or  g  of  the  cascade  process  has  a  contrasting  character¬ 
istic  in  this  point.  Locally  similar  f  or  g  cannot  be  evaluated  now 
in  general  cases  of  decaying  turbulence1?  HowWver,  if  an  extended  Karman- 
Howarth's  solution  is  obtained  in  other  cases  than  in  isotropic  turbu¬ 
lence,  the  above-mentioned  characteristic  of  the  rapid  convergence  to 
the  form  of  the  cascade  process  may  be  proved. 

In  uniform  turbulent  flows  behind  a  grid,  measurements  are  made  of 
the  g-correlation  for  the  sake  of  experimental  convenience,  for  the  most 
port.  For  experimental  comparison,  three  curves  of  g  at  t*®0 . 4 ,  1.0,  and 
1.6  in  Figure  65  are  ’-awn  versus  ky/L  in  Figure  66,  where  Lg  is  the 
integral  scale  similar  to  that  definedSby  (18.7).  Since  it  is  difficult, 
on  the  other  hand,  to  evaluate  an  exact  value  of  Lg  by  experimental 
measurements,  experimental  data  are  plotted  in  Figure  66  with  a  suitable 
constant  multiplied  to  the  abscissa  value.  In  this  figure,  observed 
results  of  the  characteristic  sharp  peaks  of  the  correlation  functions 
are  almost  covered  by  the  theoretical  curves  of  the  cascade  process. 
However,  because  of  a  rapid  convergence  to  the  cascade  form  shown  in 
Figure  65,  variations  in  relative  forms  of  the  theoretical  curves  are 
small,  and  it  is  difficult  to  check  the  time-dependent  characteristics 
of  the  g  curves  by  experimental  results  in  Figure  66.  In  some  cases  of 
the  data,  the  decayings  of  (  UL  /  U  )2  are  shown  in  Figure  63  at  the  same 
time.  Referring  to  Figures  63  and  66,  we  know  that  the  decaying  of 
intensity  and  the  form  of  correlation  of  the  isotropic  turbulent  flow  are 
generally  supported  by  the  theoretical  curves  in  the  region  t*“(W1.6  of 
the  Poisson  process. 

In  uniform  turbulent  flows  behind  a  grid,  the  g  correlation  is 
observed  to  take  usually  a  negative  value  at  a  large  distance  from  the 
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origin;  however,  ail  the  curves  in  Figure  65  indicate  positive  value.  As 
a  nutter  of  course,  in  the  real  vortex  chaos  motion,  effects  of  a  single 
vortex  motion  are  retained  in  a  finite  region  from  the  center.  In 
reference  to  the  initial-period  similarity-law,  this  discrepancy  at  a 
large  distance  is  caused  by  the  approximative  description  of  the  ideal 
state  as  mentioned  in  Section  21,  in  which  the  value  of  uu *  or  vv'  is 
expressed  with  a  connection  of  a  single  kind  of  the  o(  =1  vortices  up 
to  an  infinite  distance  from  the  center.  Figure  66  proves  that  even  by 
the  Poisson  process  which  evaluates  the  production  of  new  small  vortices, 
the  discrepancy  at  a  large  distance  has  not  been  improved. 


42  TRIPLE  CORRELATION  IN  THE  ISOTROPIC  TURBULENCE 

In  the  case  of  isotropic  turbulence,  it  is  the  Karman-Howar th 1 s 
propagation  formula  (18.9)  that  interrelates  the  correlation  functions 
at  two  points.  As  mentioned  previously,  this  is  a  mathematical  transfor¬ 
mation  from  the  Reynolds  equations  containing  three  independent  variables 
of  f,  h,  and  | X  According  to  the  similarity  laws,  the  triple  correla¬ 

tion  h  is  proved  to  vanish.  It  is  also  known  that  the  triple  correlation 
h  is  derived  from  the  inertia  terms  in  the  Navier-Stokes  equations.  Thus, 
in  the  case  of  cascade  process  in  which  Vb  and  f,  respectively,  have 
nonsimilarity  characteristics  as>  mentioned  in  the  previous  sections,  h 
may  be  proved  also  to  have  a  finite  nonzero  value. 

When  I X  and  f,  evaluated  by  the  Poisson  process,  are  substituted 
into  the  propagation  formula  (18.9),  it  can  be  regarded  as  a  differential 
equation  for  h(£,  t*).  Namely,  with  the  continuity  equation  utilized, 
(18.9)  is  transformed  into 


Jt*  +  4St*  H  ~  fz\u) j J 


_  >/f*7 


zr 


(42.1) 


Since  f,  g,  and  M./U  are  given  as  functions  of  £  and  t* ,  (42.1)  can 
be  regarded  as  an  ordinary  linear  differential  equation  of  the  first 
order  for  h'  with  a  parametric  value  of  t*.  The  solution,  under  the 
boundary  condition  h*0  at  £  “0,  is  easily  derived  as 
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By  (42.2),  the  proportional  relation 


A  CO  Jf* 


(42.3) 


is  seen.  An  important  result  is  that  the  Poisson  process  in  the  physical 
picture  of  cascade  phenomena  has  given  a  quantitative  interpretation  to 
the  character  of  nonlinear  terms  in  the  Navier-Stokes  equations. 

Seen  from  the  curve  of  (CX//U)-^  in  Figure  63,  the  value  of  A  in 
the  decaying  formula  (18.10)  seems  to  have  no  singularity  characteristic. 
Probably  the  singularity  of  f''(0)  may  have  been  cancelled  by  that  of  h' 
(0)  in  the  expression  of  A  ^  in  (18.10).  Anyhow,  it  must  not  be  over¬ 
looked  that  the  definition  of  A  by  (18.8)  holds  only  when  the  correla¬ 
tion  functions  have  no  singularity  at  kr=0. 

Introducing  the  calculated  results  of  f,  g,  and  (  lA/U)"^  into 
(42.2),  the  functional  form  of  h  can  be  obtained.  Near  the  origin 
reliable  results  of  computation  cannot  be  expected  because  of  the  above- 
mentioned  singularity  characteristic  of  h.  General  characteristics  of  the 
evaluated  results  of  A/  can  be  seen  in  Figure  67,  although  the  derivation 
may  have  insufficient  accuracy  because  of  the  numerical  differentiation 
of  f  or  g  in  (42.2).  The  nonzero  value  of  the  curve  of  h  at  t*=0  means 
that  even  at  the  beginning  time  of  t*=0,  the  vortex  chaos  motion  is  not 
identical  with  the  state  of  the  initial  period,  although  the  cascade 
process  has  begun  at  this  instant.  Then,  the  curve  of  h  increases 
gradually  with  t*>0,  whose  tendency  is  similar  to  the  decaying  curve 
which  gradually  deviates  from  the  linear-decay  law,  unlike  the  case  of 
the  double  correlations. 


Generally,  it  is  not  easy  to  make  a  measurement  of  the  triple  corre¬ 
lation  by  means  of  a  hot-wire  anemometer,  and  there  are  not  many  experi¬ 
mental  data,  even  in  the  simple  flow  of  isotropic  turbulence.  Further, 
it  is  difficult  to  check  the  variation  of  h  versus  t*  by  determining  the 
value  of  t*  experimentally.  Due  to  an  example  of  measurement  shown  irr 
Figure  68,  it  is  ascertained  that  the  functional  form  of  h  increases 
gradually  along  the  flow.  Fortunately,  the  previous  measurements  were 
made  on  both  h  and  f  at  the  same  time.  In  the  same  manner  as  in  Figure 
66,  experimental  results  of  f  are  compared  with  the  calculated  curves  at 
t*«0.4,  1.0  and  1.6,  and  using  the  same  abscissa,  comparisons  of  h  are 
made.  Figure  69  shows  the  results.  For  the  double  correlation  f,  there 
is  good  agreement,  as  in  the  case  of  g.  For  the  triple  correlation  h. 
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some  shift  is  found  in  the  theoretical  and  experimental  results,  although 
their  relative  forms  are  almost  the  same.  As  seen  by  (42.2),  h  corre¬ 
sponds  to  the  differentiated  expression  of  f  or  g,  and  small  disagree¬ 
ments  in  f  may  have  been  magnified  in  the  triple  correlation  h.  At  any 
rate,  their  disagreements  are  caused  by  analysis  of  the  simplest  ideali¬ 
zation  of  the  Poisson  process  of  the  cascade  phenomena,  with  an  indefinite 
initial  condition  of  a  vortex  motion. 


43.  LOCALLY  ISOTROPIC  TURBULENCE 


In  the  case  of  isotropic  turbulence,  there  is  an  interrelation 
formula,  (19.5)  or  (19.9),  between  the  correlation  and  the  spectrum  func¬ 
tions,  depending  upon  Taylor's  hypothesis.  By  this  transformation, 
nonstationary  characteristics  of  f  or  h  derived  by  the  Poisson  process 
shall  be  presented  in  the  one-  or  three-dimensional  spectrum  function. 

If  a  complete  analysis  can  be  obtained  of  either  the  correlation  or  the 
spectrum  function,  discussion  of  the  other  function  is  unnecessary.  As 
mentioned  in  the  computed  results  of  f  or  h  in  the  previous  sections, 
accuracy  is  not  sufficient,  especially  in  the  region  far  from  the  origin 
§  =0.  When  these  nonsimilar  correlation  functions  are  transformed  into 
the  spectrum  functions  by  means  of  (19.5)  or  (19.9),  this  local  inaccuracy 
gives  unfavorable  effects  to  the  spectrum  function  in  the  whole  region  of 
the  wave  number.  Thus,  for  the  spectrum  function  at  present,  study  of 
another  aspect  based  on  somewhat  phenomenological  analyses  may  be  neces¬ 
sary. 

From  the  physical  picture  of  the  cascade  phenomena  in  the  decaying 
turbulence,  large-scale  vortices,  beginning  from  the  primary  vortices  of 
c(  =1,  incessantly  produce  the  following  small-scale  vortices  along  the 
flow.  Viewed  from  the  standpoint  of  spectrum  analysis,  it  can  be  assumed 
that  the  region  of  low-frequency  wave  numbers  produces  high-frequency 
regions.  As  seen  from  the  initial-period  similarity-law  of  isotropic 
turbulence,  an  irregular  vortex  chaos  motion  produces  a  continuous  spec¬ 
trum  function  from  high  to  low  wave  numbers,  even  if  they  consist  of  one 
kind  of  vortex.  However,  as  seen  by  (19.4),  the  spectrum  function  of  a 
chaotic  motion  of  large-scale  vortices  occupies  chiefly  a  low-frequency 
region  rather  than  the  small-scale  vortices.  Therefore,  the  physical 
picture  of  the  cascade  phenomena  of  a  vortex  chaos  motion  leads  to,  at 
least  qualitatively,  the  interpretation  of  the  cascade  process  in  wave 
numbers  of  spectrum.  On  the  other  hand,  it  is  not  difficult  to  separate 
experimentally  velocity  fluctuations  into  the  components  of  frequency, 
and  it  becomes  easy  to  check  theoretical  results  of  the  spectrum  analyses 
by  direct  measurements. 

Now,  let  us  consider  the  difference  of  the  shear  and  shearless  tur¬ 
bulence  in  the  decaying  turbulence.  When  the  scales  of  vortices  are  far 
smaller  than  the  breadth  of  turbulent  flow,  according  to  the  interpreta¬ 
tion  of  a  vortex  chaos  motion,  mutual  disturbances  of  vortices  lose  a 
directional  effect,  and  their  chaotic  motion  attains  a  completely 
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irregular  state.  On  the  other  hand,  when  the  scales  of  vortices  are 
compared  with  the  breadth  of  flow,  directional  effects  remain  in  their 
disturbances,  and  the  chaotic  motion  does  not  attain  a  completely  irreg¬ 
ular  state.  The  scale  and  energy  of  vortices  produced  on  the  cascade 
phenomena  are  far  smaller  and  weaker  than  the  previous  vortices.  Also 
these  small  vortices  are  easily  disturbed  by  other  vortices,  and  they 
come  easily  into  the  completely  irregular  state.  Even  if  the  large- 
scale  vortices  o(  =1  of  the  initial  period  are  in  an  incompletely  irreg¬ 
ular  state,  newly  produced  vortices  easily  tend  to  have  the  condition 
of  complete  irregularity.  In  a  small  area  near  the  production  place  of 
small  vortices,  effects  of  the  mean  pressure  gradient  or  of  mean  velocity 
prc file  of  the  field  of  flow  are  small.  However,  small  vortices  are 
produced  everywhere  along  the  flow.  Thus,  small  vortices  produced  by 
the  cascade  process  have  a  tendency  to  attain  the  state  of  isotropic 
turbulence,  regardless  of  their  position  in  the  field  of  flow. 

From  spectrum  analysis,  the  high-frequency  region  of  the  velocity 
fluctuation  tends  to  be  in  the  isotropic  state  even  if  the  lower-frequency 
region  is  in  a  shear-turbulence  state,  as  shown  by  experimental  evidence 
in  Figure  70.  Of  course,  this  fact  holds  when  the  primary  vortices  have 
the  condition  of  the  isotropic  turbulence.  Thus,  it  is  significant  to 
generally  assume  the  isotropy  to  the  high-frequency  fluctuations, 
regardless  of  the  states  of  the  low  frequencies  which  have  almost  all  the 
f luctua tional  energy.  This  assumption  is  the  conception  of  the  locally 
isotropic  turbulence  proposed  by  Kolmogoroff  (reference  16). 

44.  KOLMOGOROFF' S  THEORY 


According  to  the  conception  of  the  locally  isotropic  turbulence, 
Kolmogoroff  proposed  the  following  basic  assumptions  and  proceeded  with 
mathematical  formulations  (references  16,  62,  and  63).  Namely,  velocity 
fluctuations,  which  have  far  smaller  scale  length  than  the  integration 
scale  of  (18.8)  or  which  have  far  shorter  frequency  than  the  time 
interval  L f/cL,  are  all  fulfilled  with  the  conditions  of  is  cropic  turbu¬ 
lence  and  of  a  statistical  equilibrium.  A  large-scale  region  of  the 
components  of  velocity  fluctuation  having  a  comparative  value  of  or 
L f/U/  need  not  be  assumed. 

Only  the  part  of  velocity  fluctuations  of  the  local  isotropy  shall 
be  considered.  At  first,  the  following  tensor  expression  B  of  the  corre¬ 
lations  of  the  differences  of  velocity-fluctuation  components  is  taken 
at  two  points  of  A  and  A*  with  a  short  distance  kr: 
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When  Bjj  and  are  taken  as  the  correlations  of  differences  of  velocity- 

fluctuation  components,  parallel  and  perpendicular  to  the  AA ' -direc t ion , 
respectively,  the  relation 
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can  be  obtained  in  the  same  manner  as  the  formula  (10.4),  and  the  contin¬ 
uity  equation  leads  to 


+ 


/  /  cCBedeJ 


(44  •  3) 


as  in  (18.5).  When  f,  g,  h,  and  others  are  taken  as  the  double  and  triple 
correlations  as  shown  in  Figure  25,  the  following  formulas  owing  to  the 
local  isotropy  can  be  easily  obtained: 


&dd  O-f), 

Bjjj  m  ~/2u3A, 


* 


(44.4) 


The  Karman-Howarth ' s  propagation  formula  (18.9),  which  holds  in  the  locally 
isotropic  turbulence,  can  be  transformed  into 


y,  dBjd) 

Y  cCtr  Jj 


(44.5) 


with  substitution  of  (44.4).  Due  to  the  basic  assumption  of  stationary 
state,  Bjd  or  Bj^d  becomes  a  function  of  only  kf  and  (44.5)  takes  the 
expression  of  an  ordinary  differential  equation  with  an  independent 
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variable  k  .  With  the  boundary  condition  of  ■  0  at  k^-0,  (44.5)  can 

be  integra  led  into 


J-  o  _  ^  ^§dd  +  -L  du?  p 

(,  -  y  r  +  s  oLt  * 


(44 . 6) 


The  above-mentioned  equations  reflect  the  kinematical  characteristics  of 
the  locally  isotropic  turbulence. 


From  the  previously  mentioned  supposition  of  the  cascade  phenomena 
of  a  vortex  chaos  motion  with  the  relation  a(  (m)=m  of  (39.1),  one  may 
arrive  at  an  interpretation  that  the  fluctuating  energies  are  incessantly 
transferred  from  low-frequency  region  to  high-frequency  region,  with  some 
of  them  being  dissipated  into  heat.  Now,  when  the  transferred  fluctuating 
energy  from  the  lower-frequency  region  is  denoted  by  £  per  unit  mass  of 
fluid  and  in  a  unit  time  interval,  then  £  is  taken  in  the  phenomenological 
study  as  a  principal  quantity  characterizing  the  cascade  process  of  the 
wave  numbers,  just  as  was  the  transition  probability  p*  in  the  physical 
picture  of  the  cascade  process  of  a  vortex  chaos  motion.  On  the  other 
hand,  the  kinematic  viscosity  Y  represents  the  dissipation  of  energy  by 
molecular  viscosity,  which  in  the  previous  physical  picture  corresponds  to 
the  suffix  (*m)  of  the  kind  of  vortex  motion.  Thus,  in  general,  situa¬ 
tions  of  the  cascade  process  may  be  decided  by  the  two  basic  quantities  of 
£  and  Y"  ,  which  is  the  first  hypothesis  of  the  theory  of  locally 
isotropic  turbulence  proposed  by  Kolmogoroff.  Namely,  this  hypothesis 
is  transformed  from  the  previously  mentioned  interpretation  of  the  cascade 
phenomena  of  vortex  chaos  motion  into  the  simplest  quantitative  expression 
in  the  cascade  process  of  the  wave  number. 

When  and  v^  are  taken,  respectively,  as  a  representative  length 

and  velocity  expressed  in  the  two  quantities  of  £  and  Y  ,  they  are 
expressed  as: 

V  ^  V  + 

^  } 

„  JL 

V£  =  (y£)+  . 

(44. 7) 


Since  or  B^^  is  a  function  of  kf  only,  the  expressions 

Cy£)%i(zt)  , 

*  (yC^AtJd  (?&  )  J 


(44.8) 
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are  obtained  by  easy  dimensional  analyses.  In  (44.8),y^j^or  /&c(e/c( 

a  definite  nondimens ional  function  of  a  nondimensional  length  k  /I  . 

r  k. 

oC  ®  m  of  (39.1)  is  proposed  as  a  basic  assumption  to  derive  quanti¬ 
tative  results  from  the  interpretation  of  the  cascade  phenomena  of  vortex 
Chaos  motion.  Due  to  this  assumption,  dissipation  of  energy  by  molecular 
viscosity  becomes  more  intensive  as  the  generation  m  of  the  vortex  motion 
increases,  while  the  largest-scale  vortices  of  m*=l  have  no  effect  of 
dissipation.  Namely,  in  comparatively  large  vortices  of  young  generations 
the  effects  of  viscosity  are  small.  Thus,  from  the  standpoint  of  the  cas¬ 
cade  process  of  the  wave  numbers,  statistical  characters  at  A-  and  A'- 
points  depend  chiefly  upon  rather  than  Y  when  the  distance  k  is 
larger  than  1^.  In  an  approximative  meaning,  the  statistical  characters 
in  these  circumstances  may  be  assumed  to  be  decided  by  &  only,  reflecting 
Kolmogorof f '  s  second  hypothesis  of  the  locally  isotropic  turbulence. 

According  to  Kolmogorof  f '  s  second  hypothesis,  or  in  (44.8) 

must  not  contain  the  term  Y  .  If  n  is  made  2/3  in  the  expression  of  B^® 

( Y'^)^(kr/l^)n,  the  exponent  of  (  Y &  )  vanishes  in  (44.7).  Thus,  with  a 
constant  coefficient  or  the  following  expressions  are  obtained: 

eM^cdJ(e^ , 


(44.9) 

C  J 

From  (44.9)  and  (44.4),  the  expression  f-i-su*<er)*  is  derived. 
Figure  71  indicates  that  in  the  solution  of  f  in  Figure  64,  the  region 
approximated  by  (44.9)  is  increased  as  small  vortices  are  produced  by  the 
cascade  phenomena. 


45.  SPECTRUM  FUNCTION  IN  THE  ISOTROPIC  TURBULENCE 

Characters  of  the  locally  isotropic  turbulence  discussed  in  the  last 
section  in  the  form  of  spectrum  functions  shall  be  expressed  according  to 
the  analyses  of  Heisenberg  (references  64  and  65).  The  propagation 
formula  (19.12')  is  expressed  as 

i  f 

-  =  77*;  +Z  y)  E&cUk , 

*  * 

T(4)  -  )wt 

m 

(45.1) 
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if  every  term  is  integrated  by  k.  As  mentioned  in  Section  19,  the  terms 
E  and  W  are  derived  from  the  viscous  and  inertia  terms,  respectively,  in 
the  Navier-Stokes  equations.  Thus,  by  the  supposition  of  the  cascade 
process  of  wave  numbers,  the  first  term  of  (45.1)  is  regarded  as  the 
energy  which  is  transferred  from  the  region  of  frequencies  lower  than  k 
to  that  of  the  higher  frequencies,  and  the  second  term  is  regarded  as  the 
energy  being  dissipated  into  heat  by  the  effect  of  viscosity  in  the  region 
of  frequencies  higher  than  k. 

In  order  to  derive  quantitative  results  from  the  interpretation  of 
the  cascade  process  of  wave  numbers,  the  energy  transfer  from  lower  to 
higher  frequencies  implied  in  the  first  term  shall  be  compared  to  a 
dissipation  phenomenon  by  a  virtual  viscosity.  When  the  energy  transfer 
is  denoted  by 

4 

TOk)  =  Z  yHOi)  f  E(A)&zd£, 

°  (45.2) 


as  in  the  second  term  of  (45.1),  Y  ^(k)  *-s  similar  to  one  kind  of  kinematic 
viscosity  varying  with  k.  Then  the  problem  becomes  one  of  determining  the 
functional  form  of  V^(k).  Since  Y  ^(k)  concerns  the  whole  region  of 
frequencies^higher  than  k,  it  is  appropriate  to  assume  the  integration 
formula  g  f'(k')  dk'  to  ^^(k).  When  f*  is  assumed  to  be  a  function 
of  E(k)  and  k,  such  an  expression  can  be  derived  by  dimensional  analyses. 
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with  a  numerical  constant  c,  because 
respectively  of  cm^  sec“l,  cm^  sec"l 


^  f'>  E, 

cm  sec"'1, 


and  k  have  their  dimensions 
and  cm~l. 


When  the  region  of  large  values  of  k  is  taken,  the  left-side  term  of 
(45.1)  expressing  a  decrease  of  total  energy  can  be  interpreted  as  the 
rate  of  transferring  energy  £  .  Thus,  irrespective  of  k,  (45.1)  must  be 
a  constant,  and  the  expression 

a  a)  =  (§ $»)*£* 

(45.4) 

is  derived  from  (45.1),  (45.2),  and  (45.3).  When  the  viscous  term  is 
neglected  in  a  region  of  smaller  values  of  k,  the  form 


E(4) 


(45.5) 
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is  obtained.  These  formulas  of  (45.4)  and  (45.5)  are  expected  to  hold  in 
the  region  of  wave  numbers  of  higher  frequencies. 

In  the  region  of  low  frequencies,  other  considerations  are  necessary. 
Owing  to  the  interpretation  of  the  cascade  phenomena  of  vortex  chaos  motion, 
the  vortices  of  <?4  =1  are  predominant  in  the  region  of  low  frequencies.  In 
the  cascade  process  of  wave  numbers,  one  must  give  considerable  thought  to 
the  energy  of  velocity  fluctuations,  rather  than  to  the  energy  transfer  £ 
or  the  dissipation  X  .  Heisenberg  proposed  some  evaluations  according  to 
such  an  interpretation.  Taking  D„  as  a  momentum  presented  by  a  standard 
length  and  velocity ,  he  combined  Djj,  t,  and  k  into  4  nondimensional  quan--, 
tity  k  J  Djjt .  Then,  the  nondimensional  expressions  of  the  two  terms  t^D™”  ** 
E(k)  and  t2Djj^T(k)  in  (45.  i)  must  be  functions  of  only  k  J  D^t ,  and  (45.1) 
takes  the  form  of  an  ordinary  differential  equation  with  a  parameter  D  /  V  . 
The  first  term  of  the  expansion  of  the  solution  becomes 

E  (-ft)  ^  Dh  *, . 

(45.6) 

Namely,  in  a  region  of  low  frequencies  of  isotropic  turbulence,  the  charac¬ 
ter  of  (45.6)  is  related  to  the  spectrum  function. 

The  above-mentioned  results  (45.4),  (45.5),  and  (45.6)  concern  local 
characteristics  of  the  spectrum  function  of  the  isotropic  or  the  locally 
isotropic  turbulence.  The  regions  where  these  formulas  are  adapted  are 
called  the  viscous  (C)  ,  inertial  (B) ,  and  the  lowest-frequency  subranges 
(A),  respectively,  according  to  the  meanings  of  their  derivations.  Figure 
72  shows  a  conceptional  diagram  of  the  regions.  Figure  73  shows  observed 
results  of  the  one-dimensional  spectrum  F^(k^),  in  which  the  formulas  of 
(45.4)  and  (45.5)  are  used;  and  local  states  of  the  real  spectrum  function 
are  seen  to  be  represented  by  these  formulas.  However,  due  to  the  pheno¬ 
menological  studies  of  the  cascade  process  of  wave-numbers,  determination 
of  the  spectrum  function  cannot  be  derived  in  the  whole  region  of  the  wave 
numbers.  To  derive  a  correct  spectrum  or  correlation  function  in  the 
isotropic  or  the  locally  isotropic  turbulence,  more  precise  mathematical 
formulations  must  be  given  to  the  physical  considerations  of  the  cascade 
phenomena  of  vortex  chaos  motion. 

An  introduction  of  the  Poisson  process  in  this  chapter  is  made  in 
order  to  survey  the  cascade  phenomena,  particularly  near  the  region  of 
breakdown  of  the  initial-period  law.  Expressions  (45.4)  and  (45.5)  of  the 
results  of  phenomenological  studies  of  the  locally  isotropic  turbulence 
can  also  be  adapted  in  this  region.  The  beginning  of  the  cascade  process 
from  the  initial  period  is  regarded  to  be  particularly  important,  because 
in  the  real  state  of  decaying  turbulent  flows,  turbulent  energy  decreases 
rapidly  far  downstream,  and  it  becomes  difficult  to  make  an  experimental 
measurement  there.  From  only  an  ideal  viewpoint,  however,  discussions  are 
possible  on  the  ultimate  stage  of  the  decaying  turbulence  far  downstream. 
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In  the  vortex  chaos  motion  of  large  values  of  the  generation  m«  , 
the  effect  of  viscosity  becomes  intensive,  and  the  inertia  force  is  neglec¬ 
ted  in  the  ultimate  stage  of  the  cascade  process.  When  the  inertia  term  in 
the  propagation  formulas  (18.9)  or  (19.12')  is  neglected,  definite  analyses 
become  possible.  Namely,  (19.12')  without  W  is  integrated  into 

E(t,t)  =  EM,  t')  f-ZY&Ct-t')}  J 

(45.7) 


which  is  further  simplified  into 

Efc;  t)  =  Jjf  1')}  j 

o o 

J  =  Ualf*4rcdrj 

(45.8) 


taking  only  the  first  term  of  the  expansion  of  E(k,  t'). 
intensity  tt  Edk  becomes 


The  total 


(45.9) 


If  the  fourth  moment  of  the  correlation  J  is  assumed  to  be  independent  of 
t,  (45.9)  expresses  a  simple  formula  of  the  decay  of  turbulent  intensity, 
the  analyses  proposed  by  Batchelor  in  the  final  period  of  decay  (reference 
55). 
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CHAPTER  EIGHT.  SIMILARITY  CONCEPTION  IN  THE  NONDECAYING  TURBULENCE 


46.  CHARACTER  OF  NONLOCAL  EXPRESSION 


The  following  interpretations  are  related  in  Sections  7  and  8  for  the 
structure  of  the  nondecaying  turbulent  flow  along  a  wall.  In  the  immediate 
vicinity  of  a  wall,  the  effect  of  molecular  viscosity  is  conspicuous,  and 
a  thin  layer  of  the  viscous  sublayer  exists  with  the  critical  Reynolds 
number  of  the  lower  limit  of  stability.  Outside  the  sublayer,  the  stabil¬ 
ity  condition  is  broken  and  strong  vortices  are  incessantly  produced  along 
the  wall.  These  primary  vortices  may  bring  about  descending,  small,  weak 
vortices  by  the  cascade  process,  and  it  becomes  necessary  to  imagine  an 
extraordinarily  complicated  chaotic  motion  of  all  these  vortices,  unlike 
the  case  of  decaying  turbulence. 

To  give  mathematical  expressions  to  turbulent  intensity  and  scale 
based  upon  this  physical  picture,  the  descending  vortices  are  first  neg¬ 
lected  because  of  their  small  effects  as  compared  to  the  strong  primary 
vortices  that  are  produced  continuously  along  the  wall  above  the  viscous 
sublayer.  Namely,  in  the  analysis  of  nondecaying  turbulence,  the  expres¬ 
sion  of  the  ideal  state  shall  be  taken.  Thus,  the  problem  is  the  extension 
of  the  initial-p  -iod  law  of  the  decaying  turbulence  into  the  case  of  non¬ 
decaying  turbulence. 

When  an  A-point  is  fixed  in  a  nondecaying  turbulent  flow,  many  kinds 
of  strong  vortices  produced  everywhere  upstream  run  away  near  the  A-point, 
even  if  only  the  primary  vortices  are  taken  into  account.  Thus,  for  the 
intensity  of  turbulence,  an  ideal-state  expression  of  (13.9), 


(46.1) 


is  deduced  by  taking  the  function  of  P*  of  (13.6).  Suffix  1  denotes  the 
position  of  production,  and  the  operation  ^  is  made  upstream  from  the 
A-point.  -t,s| 


It  is  too  difficult  to  derive  the  functional  forms  of  P*  and  V*  in  the 
D*-domain  by  making  strict  analyses  of  the  hydrodynamic a 1  eqaationsIof 
motion.  As  mentioned  in  Section  8,  however,  at  least  some  strong  vortices 
may  be  in  an  incompletely  irregular  state  with  large  scales  comparative 
with  the  breadth  of  the  flow.  In  (46.1),  it  is  difficult  to  assume  that 
vanishes ,  even  if  there  are  many  small  vortices  in  the  completely 
irregular  state.  Namely,  in  the  case  of  a  nondecaying  turbulence,  descrip¬ 
tion  of  the  ideal  states  of  the  primary  vortices  can  be  compared  to  that 
of  the  cascade  process  of  decaying  turbulence. 


When  the  x-axis  is  taken  parallel  to  the  flow  on  the  wall  of  zx-plane 
and  the  thickness  of  viscous  sublayer  is  neglected,  suffix  1  is  designated 
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by  the  x-ordinate.  If  the  coordinates  of  the  A-poir.t  are  x,  y,  z  and  the 
nondimens ional  ordinate  of  x  is  ^  ,  then  the  position  of  production 

discriminated  by  i  should  be  expressed  in  a  differential  value  If 

the  position  of  the  beginning  of  turbulence  is  denoted  by 
obtained,  and  ^  in  (46.1)  shall  be  replaced  by  the  integration 

/*cLg‘- 


It  is  difficult  to  derive  the  different  kinds  of  vortex  motions 
produceu  from  the  wall  by  the  effect  of  a  viscous  sublayer,  from  the 
primary  vortices  of  =1  in  the  case  of  the  decaying  turbulence,  because 

the  decaying  turbulence  is  the  case  where  the  vortices  produced  by  the 
separation  of  boundary  layer  are  carried  apart  from  the  body,  aid  the 
nondecaying  turbulence  is  the  case  where  these  vortices  are  still  carried 
along_the  wall  of  a  body.  In  the  expression  of  the  ideal  state  of  (46.1), 
each  V*-function  is  written  with  a  decaying  term  separated  as  in  (22.2) 
of  the  initial-period  law  of  the  decaying  turbulence.  Thus,  (46.1)  becomes 


u*=  ){f/f  p’/r  fO F*(t,  at t) *}d$ ' 

£  of 

GKtf')  «  JSCJVt]?, 


(46.2) 


where  tjf'  is  a  time  interval  in  which  the  vortices  produced  at  a  location 
of  g*  come  to  the  A-point. 

Expression  (46.2)  is  an  extended  expression  of  the  initial-period  law. 
However,  selection  of  the  initial  constant  C  according  to  a  position  g*  is 
a  difficult  problem,  even  if  the  kind  of  vortex  is  designated  by  o(  *1. 
Unlike  the  cascade  phenomena  in  the  decaying  turbulence,  it  may  be  inappro¬ 
priate  to  assume  that  the  vortices  at  are  produced  by  taking  a 

part  of  the  energy  of  the  preceding  ones  at  4^  They  must  be 

produced  independently  along  the  flow  and  have  their  values  of  C  of  the 
same  order.  It  is  also  difficult  to  elect  only  one  kind  of  conspicuous 
vortex  in  (46.2)  as  the  primary  vortices  in  the  cascade  process.  The 
effect  of  the  integration  sL*t'  is  generally  caused  by  many  kinds  of 
vortices  produced  in  a  fairly  wide  region  upstream,  and  the  effect  of  vor¬ 
tices  produced  far  upstream  may  be  decreased  with  the  decaying  term  G(t jf/)- 

In  the  decaying  turbulence,  statistical  character  at  an  A-point  in  the 
field  is  dependent  on  the  initial  condition  of  the  primary  vortices  and 
on  the  position  of  the  A-point.  In  the  nondecaying  turbulence,  even  if  an 
approximative  description  of  the  ideal  state  is  taken,  turbulent  intensity 
at  an  A-point  is  not  decided  alone  by  the  local  value  x,  y,  z  of  this 
point,  but  is  also  dependent  upon  the  integral  effect  upstream.  This 
nonlocal  description  is  a  principally  important  character  of  the  nondecaying 
turbulence  and  means  also  that  along  the  wall,  turbulent  flow  comes  to 
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forget  its  history.  This  characteristic  should  be  extended  to  the  mean- 
velocity  profile  through  the  Reynolds  equations.  Because  of  this  nonlocal 
character,  previous  empirJ'al  attempts  were  not  necessarily  successful  in 
characterizing  the  mean-velocity  profile  of  turbulent  boundary  layer  in 
an  arbitrary  pressure  gradient  by  means  of  a  local  value  at  the  section 
alone . 

In  the  expression  (46.2),  every  decaying  term  G^(t  g')  is  proportional 
principally  to  {  g  -  g'  )“1  and  is  excluded  from  the  integration  /// 
dQ*^/  as  in  the  case  of  the  initial-period  law.  These  terms  are  further 
integrated  by  &C  g'  into  a  function  depending  upon  the  initial  values 
of  g0  and  g  9  of  the  A-point.  Of  course,  the  distribution  of  turbulent 
intensity  along  the  x-direction  is  not  decided  without  an  exact  evaluation 
of  (46.2).  However,  if  g  is  taken  far  apart  from  Jf®  ,  vortices  pro¬ 
duced  near  go  have  little  effect  at  g  owing  to  their  rapidly  decaying 
feature  of  the  terms  G^.  Therefore,  although  Jf  is  taken  more  remotely 
from  the  integrated  value  of  f* cCg'  does  not  decrease  rapidly,  but 
preserves  nearly  a  constant  value.  *  Experimental  data  shown  in  Figures 
6  and  15  may  speak  of  the  above-mentioned  interpretation. 


47.  SIMILARITY  CHARACTER  OF  THE  CORRELATION  TENSOR 


In  the  formula  (46.2),  functional  forms  of  P*^'  and  F  in  the  D^/- 
domain  depend  generally  on  the  situations  of  flow  upstream  near  the  location 
of  the  A-point.  As  the  upstream  effects,  one  can  take  thickness  of  the 
laminar  boundary  layer  from  the  stagnation  point,  location  of  the  transition 
to  turbulent  flow,  pressure  distribution  by  the  free-stream,  roughness  or 
curvature  of  the  wall  and  others. 

From  the  standpoint  of  the  study  of  a  fully-developed  turbulence,  it 
is  sufficient  to  treat  only  the  region  far  downstream  from  the  transition. 

In  the  formulas  of  turbulent  intensity  such  as  (46.2),  effects  far  upstream 
are  decreased  rapidly  by  the  decaying  term  G,  and  the  integration  cCg'  is 
replaced  approximately  by  c£  g  '  For  the  turbulent  scale,  a  vortex 
motion,  generally,  extends  proportionally  to  t-,  namely,  to  (  g  -  g'  )^. 
Owing  to  the  rapidly  decaying  intensity,  however,  the  scale  of  vortices 
produced  far  upstream  may  lose  their  meaning  in  the  chaotic  motion  of  strong 
vortices  of  the  nondecaying  turbulent  flow. 

In  the  two-dimensional  turbulent  wake  in  a  uniform  flow  of  the  decaying 
turbulence,  the  process  by  which  the  initial-period  law  is  reduced  into  the 
formula  of  similarity  preservation  was  interpreted.  In  the  nondecaying 
turbulence,  the  character  of  similarity  preservation  along  the  flow  shall 
be  considered  by  taking  a  simple  case  of  the  turbulent  boundary  layer  along 
a  flat  plate.  In  this  case,  the  pressure  distribution  of  the  free-stream 
has  no  effect  on  the  vortex  chaos  motion  in  the  boundary  layer,  unlike  the 
case  of  a  turbulent  wake  in  a  uniform  flow.  A  vertical  section  to  the  flow 
is  taken  at  a  fixed  point  x  on  the  plate.  In  turbulent  boundary  layer, 
production  of  strong  primary  vortices  is  limited  to  the  surface  of  the 
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plate,  and  the  complicated  vortex  chaos  motion  passing  through  this  section 
is  confined  in  a  finite  region  near  the  plate.  Referring  to  this  region, 
a  scale  length  of  the  boundary- layer  thickness  is  determined,  usually 
denoted  by 


S(x) 

(47.1) 


as  a  function  of  x. 

When  the  effects  far  upstream  are  neglected  in  (46.2),  turbulent 
intensity  at  an  A-point  of  the  co-ordinates  x,  y  is  approximated  by  the 
expression , 

/ 

«^=_/4^rrv/; 


(47.2) 

In  (47.2),  it  is  difficult  to  determine  the  functional  form  of  KTF2  in 
the  domain.  As  shown  in  Figure  74,  however,  the  function  I  tends  to 
zero  upstream  owing  to  the  decaying  term  ,  and  the  integration  of  (47.2) 
shall  be  taken  as  an  idealized  expression,  neglecting  the  effects  far 
upstream. 


Even  at  a  given  section  of  x,  functional  form  of  I(  ^’/  )  depends  upon 
the  value  of  y.  But,  in  a  flat-plate  boundary  layer  flow,  pressure  gradi¬ 
ents  of  the  free-stream  and  others  have  no  effect  on  the  function  I (  ) 

in  (47.2)  upstream  from  the  x-section.  Thus,  states  of  vortex  chaos 
motions  are  determined  only  by  the  interaction  of  vortices  outside  the 
sublayer  upstream.  Further,  in  a  fully  developed  turbulent  boundary  layer 
along  a  flat  plate,  the  production  condition  of  the  primary  vortices  outside 
the  sublayer  cannot  be  assumed  to  vary  along  the  flow.  Therefore,  even  if 
another  section  is  taken  at  x^,  it  is  difficult  to  find  a  different  charac¬ 
ter  in  the  two  chaotic  motions  of  vortices  produced  before  the  two  points. 

For  the  scale  of  turbulence,  vortices  produced  far  upstream  with  vanishing 
intensities  have  little  effect  on  the  boundary- layer  thickness  §  .  Thus, 

in  a  fully  turbulent  state,  S  may  also  be  dependent  chiefly  on  the  vortices 
produced  in  a  finite  region  upstream  from  x. 

In  the  %  ^-section,  such  an  A^-point  is  taken  that  has  the  relation 
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(47.3) 


where  S|  is  the  thickness  of  the  layer  at  -point.  Then,  at  the  two 

points,  functional  forms  of  I  become  identical  through  the  above-mentioned 
discussions.  Thus,  by  (47.2),  the  following  expressions  can  be  obtained 
for  the  components  of  turbulent  intensity: 


fJL(Xj^)  -  U* (*,,%,)  -  CU1  (?)  v*  J 

vMOc,,y,)  -  Cy*(j)v* , 
vrzte,p)  -  w*(x„y,)  -  , 

vwte?)  -  rw<ktjy,)  =  Cjfttyvf, 
unite#)  *  unite,#,)  =  (j)  *£* 

wr(x.y)  -  uv-te,#,)  -  C&tyvC , 


(47.4) 

2  2 

In  the  above  expressions ,  V*  derived  from  F  is  a  representative  fluctu¬ 
ating  velocity  decided  by  the  velocity  of  the  free-stream. 

The  intensity  formula  (47.4)  corresponds  to  the  initial -period 
similarity-law  in  a  uniform  decaying  shear  turbulence  in  which  the  primary 
vortices  preserve  the  similarity  with  the  decaying  term.  There  is  no  need 
to  assume  local  similarity  along  the  flow  for  the  vortices  produced  at  a 

point  in  (47.4).  Even  in  the  simple  case  of  a  flat-plate  boundary 

layer,  it  is  difficult  to  assume  a  similarity  character  of  disturbance  by 
which  vortices  produced  at  g'  are  affected  by  the  surrounding  vortices  along 

the  flow,  and  probably  the  functional  form  of  vl.  in  the  domain  varies 

along  the  flow.  It  is  characteristic  that  the  similarity  preservation  in 

(47.4)  has  been  obtained  only  by  the  distribution  of  I  along  the  flow. 

This  similarity  is  in  contrast  to  that  of  the  cascade  process  of  the 
decaying  turbulence,  in  which  local  similarities  of  all  kinds  of  vortices 
are  combined  into  a  nonsimilarity  character  through  the  Poisson  process. 
Figure  75  is  an  example  of  measurements  of  the  profiles  of  u-intensity  along 
a  flat  plate  far  downstream  from  the  transition. 
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48.  TURBULENT  FLOW  OF  A  SIMILARITY  PRESERVATION 


In  addition  to  the  flat-plate  boundary  layer  flow,  the  case  will  be 
considered  in  which  the  expression  (46.2)  is  reduced  to  a  similarity  for¬ 
mula,  using  a  fully-developed  pipe  flow  with  a  constant  cross  section. 

As  is  well  known,  the  flow  has  no  undisturbed  free-stream,  and  has  a 
constant  pressure  gradient  along  the  flow,  retaining  an  energy  balance 
with  the  surface  friction.  The  situations  of  flow  upstream  from  two 
sections  of  x  and  x-^  are  assumed  to  be  the  same  as  in  the  case  of  a  flat- 
plate  boundary  layer  when  the  effects  near  the  inlet  of  pipe  are  neglected. 
Namely,  it  is  difficult  to  imagine  a  different  character  along  the  flow  in 
the  vortices  produced  outside  the  sublayer,  which  probably  leads  to  the 
conclusion  of  nondecaying  similarity  as  expressed  in  (47.4). 

It  is  too  difficult  to  see  the  interrelation  between  the  initial 
constant  C  of  the  primary  vortices  produced  by  the  effect  of  viscous  sub¬ 
layer  and  the  condition  of  the  mean  states  of  flow.  However,  because  of 
the  nature  of  viscous  vortex  motions,  the  constant  value  may  depend  prin¬ 
cipally  on  the  Reynolds  number  of  the  mean  flow.  Figure  76  shows  a 
similarity  character  of  two  cases  of  pipe  flow  having  the  same  value  of 
the  Reynolds  numbers. 

As  mentioned  in  the  last  section,  similarity  preservation  in  the  case 
of  a  flat  plate  comes  from  an  invariance  of  situations  of  vortex  chaos 
motions  before  two  arbitrary  points  along  the  flow.  In  the  general  case  of 
a  fully  developed  turbulent  boundary  layer  along  a  smooth  wall,  the 
pressure  gradient  of  the  free-stream  has  an  important  effect  on  the  vortex 
chaos  motion  in  the  layer.  Thus,  if  the  pressure  gradient  gives  relatively 
the  same  effects  upstream  before  two  points  of  x  and  x^,  vortex  chaos 
motions  passing  through  these  sections  take  on  characteristics  of  the 
situation.  Therefore,  the  turbulent  intensities  have  relatively  the  same 
profile,  with  local  values  of  the  intensity  ’ 

It  is  difficult  to  ascertain  the  exact  mathematical  expression  by 
which  pressure  force  of  the  free-stream  affects  the  vortex  chaos  motion  in 
the  layer.  It  is  certain,  however,  that  the  effect  is  caused  by  the 
pressure  force  dif^/dix  itself  ,  and  as  the  first  approximation  it  may  be 
natural  to  specify  the  value  of  dPQ/dx.  According  to  this  supposition,  a 
turbulent  boundary  layer  with  a  constant  dP  /dx  like  the  uniform  pipe  flow 
was  made,  and  similarity  character  in  the  profiles  of  u-intensity  along 
the  flow  (reference  68)  was  checked.  Figures  77,  78,  and  79  show  the 
results.  Although  they  cannot  be  taken  as  strict  evidence  of  the  similarity 
in  this  case  of  flow,  these  results  may  prove  that  the  profiles  of  turbulent 
intensity  are  determined  by  the  integral  effects  upstream,  at  least  for 
the  nonlocal  character  of  the  flow. 


49.  PROPORTIONAL  CHARACTER  IN  TURBULENT  INTENSITY 


Discussions  in  the  previous  sections  concern  the  distribution  of 
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turbulent  intensity  along  the  flow.  Now,  under  the  idealization  of  an 
extended  formula  (46.2)  of  the  ini t ial -period  law,  characters  of  turbulence 
across  the  flow  will  be  surveyed.  In  Section  25,  it  is  interpreted  through 
the  initial-period  law  that  every  value  of  the  components  of  turbulent 
intensity  has  a  tendency  to  become  equal  to  each  other  independently  of 
their  position.  The  discussion  shall  be  applied  to  the  case  of  a  non¬ 
decaying  turbulence. 


A  fully-developed  turbulent  boundary  layer  along  a  flat-plate  will 
simplify  the  explanation.  When  the  vortices  produced  at  /  -point 

upstream  are  taken  into  account  in  the  vortex  chaos  motion  passing  near  a 
fixed  A-point  in  the  flow,  discussions  referring  to  the  two-dimensional 
turbulent  wake  in  Section  25  may  be  applied.  Namely,  in  the  orientation  of 
filaments  of  the  primary  vortices  produced  from  the  wall,  an  intensive 
tendency  can  be  assumed,  to  keep  always  parallel  to  the  zx-plane  of  the 
wall  because  of  the  existence  of  wall.  Owing  to  the  random  character  of  a 
vortex  chaos  motion,  it  is  difficult  to  point  out  in  the  zx-plane  a  special 
orientation  of  the  distribution  of  vortex  filaments,  and  the  discussions 
still  hold  for  a  group  of  vortices  produced  at  a  point  of  g*  in  a  two- 
dimensional  wake.  When  the  coordinates  of  the  A-point  are  denoted  by  g  , 

-Tp  ,  the  function  I  ;jf  (  ' )  in  (47.2)  due  to  the  -vertices  is  written 

as 


Zrr  s0(6> 


Jy(t')  =  [{4Cf,  V  {  jp*g,  (s,  6;  y)  Seated*  jetty 

0  o  _  yr 

Zir  * 

/ j  Gfctrh 


(49.1) 

in  reference  to  (25.1)  and  (25.2).  For  brevity  of  description  suffix 
is  omitted  in  the  function  I. 

When  the  reduction  from  (25.2)  to  (25.6)  is  applied  to  the  - 
vortices,  the  same  result  as  (25.8)  is  obtained  for  these  vortices.  Namely, 
(25.3),  (25.4),  and  (25.5)  lead  to  the  expression 

Iyfe')  *  ci/g  dzy  FZf'  (y)  St£i(y)  j 

zir 

-  4  Cg*  vy  /  s<tC$)d6J 
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Zrr 


Pzffy)*  ;?)<*#, 


&  g,(o)  9  &)g' . 


(49.2) 

If  u, j*  is  made  to  indicate  the  part  of  value  LL  due  to  the  - 
vortices,  the  same  expression  as  (25.6), 


^// /\fU^  ^  ^*5'  ^  =  ^ZS'  ^’,S/ 


(49.3) 


is  obtained.  Therefore,  when  u'j  and  ljf  are  taken  as  the  upper  and  lower 
limits,  respectively,  of  £?_,  (  JJ?)  in  =0  ^  1,  the  following  relation 

is  also  proved  by  (25.7):  5 


/ >  Uj'  £  =  -///  >  O. 

2 

Thus,  £j^>(»£)  becomes  a  constant  value  in  1  0. 


(49.4) 


In  a  fully-developed  boundary  layer  flow,  u-intensity  at  the  A-polnt 
is  written  as  «. 


--  j  Iy  ($')<£?', 


(49.5) 


by  (47.2).  Expression  (49.2)  can  be  transformed  further  into 

u*<?)  --  £?(>?) , 

fuz(y)  -  ais,F'  (?)  G*(tr)}  dg  \ 


-  CP 
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£/  fy)  r  (fa/f  a*j>  £f'  fy)G  ftf*)]* dj' / f(a /S'  fyGfts')} <*$'• 

(49.6) 

Thus,  the  same  formulas  as  in  (25.6)  can  be  obtained  for  the  components  of 
turbulent  intensity, 

Ui/juZ-tV'*+W*  *•  az^(^)j 

v  jju? +¥*•+*#*  =  / -  £f(y)j 

UJr  /juF+  V*  Z-bW  2  •  (/-  O'#)  , 

cor/ (u?+  v*+urz)  -  a3  £*6?)^ 


(49.7) 

where  a^,  a2»  and  a^  are  constants  determined  by  the  integrations  of 
jf  oC§  7  containing  a^,,  a2g'  an<*  a3£'  * 


-  o* 


As  in  the  case  of  a  decaying  turbulence,  the  relation  (49.4)  for  the 
-vortices  is  proved  by  the  integration  of  a  function  which  is  multi¬ 
plied  by  cos^0=l  ~-'0.  Expression  (49.7)  is  derived  further  by  the  integra¬ 
tion  of  multiplied  by  £?*/  of  the  relation  (49.4).  Therefore,  for 

the  same  reason,  the  relation 


t  >  Uf'>  u'£  £,%)£  !■'  >4f>  o 

(49.8) 

is  obtained  with  u'  and  1',  respectively,  the  upper  and  lower  limits  of 
(^).  Namely,  with  repetitions  oj  an  integration  containing  trigonometric 
functions,  the  values  of  Sy*  »  and  ^gradually  approach  a  constant 

value  of  0  1 .  It  is  significant  that  in  the  nondecaying  turbulence, 

the  value  of  is  supposed  to  have  a  character  more  independent  of 
than  in  the  case  of  a  decaying  turbulence. 

The  above-mentioned  concerns  the  simple  case  of  a  flat-plate  boundary 
layer  flow.  The  essential  point  of  discussions,  however,  is  the  repetition 
of  integrations  for  the  vortex  chaos  motion,  which  holds,  obviously,  in 
other  cases  of  nondecaying  turbulence.  In  the  case  of  a  pipe  flow,  for 
instance,  such  a  formula  as  (25.8)  will  be  obtained  in  the  same  manner. 
Figure  80  shows  examples  of  the  measurements  of  the  proportionality  charac¬ 
ter.  By  comparison  with  Figure  41,  the  conspicuous  convergence  in  the 
case  of  a  nondecaying  turbulence  can  be  seen. 
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50.  FREE-BOUNDARY  PHENOMENA 


To  derive  quantitative  results  from  the  extended  formula  (47.2)  or 
(49.1)  of  the  initial-period  law,  functional  forms  of  every  P  jj/  and  F^j/ 
must  be  known,  and  the  integration  is  evaluated  as  a  function  of 

.  In  this  section,  some  elementary  characters  of  the  P*-function  will 
be  discussed.  When 


f  P^cCf'  =  / 

CO  * 


(50.1) 

is  written  like  (13.6),  P*  as  a  function  of  means  the  probability  with 
which  the  Jj  '-vortices  are  mixed  in  all  the  vortices  passing  through  the 
A-point  at  (  Jf  »  )  • 

The  vortex  chaos  motion  is  considered  to  be  passing  through  a  section 
at  £  .  Near  if  “1,  the  value  of  ^  may  be  large  far  upstream  from  the 
£  -section,  and  near  **0  it  may  be  large  just  before  the  section. 

This  is  concluded  from  the  existence  of  a  viscous  sublayer  which  adheres 
to  the  wall.  Large-scale  vortices  produced  far  upstream  may  be  carried 
near  the  boundary  of  the  layer,  and  small-scale  vortices  produced  just 
upstream  may  be  conspicuous  near  the  wall.  At  two  points  of  A  and  A' 
taken  near  “1  and  0,  respectively,  in  the  £ -section,  their  P*-functions 
may  present  such  forms  as  shown  in  Figure  81. 

For  every  function  in  the  D*/-domain,  a  functional  form  must  be  given 
a  priori.  As  in  the  case  of  the  decaying  turbulence,  it  may  be  appropriate 
to  take  the  first  approximative  expression  as  the  Gaussian  distribution, 
as  (26.6).  In  Section  26,  the  intermittency  factor  t*  of  (26.1)  is  proved 
by  the  Gaussian  expression  of  the  P*-function  to  distribute  with  the 
Gaussian  integral  form  as  (26.7).  This  character  can  be  applied  to  every 
intermittency  factor  T  of  the  ^'-vortices.  Therefore,  if  observations 
are  made  on  the  distribution  of  ^  near  the  boundary  of  a  turbulent 
boundary  layer,  the  Gaussian- integral  form  caused  by  representative  large- 
scale  vortices  must  be  detected.  Examples  of  the  measurements  shown  in 
Figure  82  may  prove  the  above-mentioned  suppositions. 
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CHAPTER  NINE.  TRANSFER  THEORY  OF  THE  NONDECAYING  TURBULENCE 


51.  DISTRIBUTION  OF  THE  MIXING  LENGTH 


The  significance  of  the  transfer  theory  viewed  from  the  statistical 
iheory  of  turbulence  is  related  in  Chapter  Six.  In  the  case  of  the  non¬ 
decaying  turbulence,  it  becomes  difficult  to  derive  quantitative  results, 
even  of  the  velocity  fluctuations,  from  the  formula  of  the  extended  initial- 
period  law.  Thus,  in  this  case  of  flow,  the  transfer  theory  is  taken  to  be 
especially  important,  and  the  scope  of  application  must  be  extended  by 
making  the  foundations  clear,  depending  upon  the  discussions  of  vortex 
chaos  motion. 

Vortex  chaos  motion  in  the  nondecaying  turbulence  presents  the  shear- 
turbulence  state  of  an  incompletely  irregular  character,  and  the  background 
of  the  momentum- transfer  theory  mentioned  in  Section  30  still  holds. 

Namely,  when  the  mean-velocity  profile  in  a  section  is  distorted  across  the 
flow,  the  formula  (30.5)  of  the  turbulent  shearing  force  and  the  coefficient 
are  written  as 


r  dU_ 

^  ccy  > 


l  ) 


and  when  Prandtl's  mixing  length  of  (30.9), 

uv-  *** 

J*  ~  yZ  j 


is  introduced,  the  formula  (30.8) 


(51.1) 


(51.2) 


(51.3) 


is  obtained. 

Determination  of  £  or  X  across  a  nondecaying  turbulent  flow  must 
be  made  depending  upon  the  basic  physical  interpretation  that  the  primary 
vortices  are  produced  continuously  along  the  wall.  Namely,  the  value  of 
&  or  £>  at  an  A-point  must  be  estimated  for  every  group  of  vortices 
produced  upstream.  In  the  case  of  nondecaying  turbulence,  however,  two 
quantities  of  tA  and  Jt.'  of  £  must  be  estimated  for  every  -vortex, 

together  with  the  mixing  ratio  P*^  /  ,  whose  evaluations  are  difficult. 

On  the  other  hand,  the  correlation  coefficient  uv/V^  in  (51.2)  which  is 
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expressed  in  /  (l-6^(^))  by  (49.7),  has  a  more  intensive 

tendency  to  be  independent  of  than  in  the  case  of  a  decaying  turbulence. 
Therefore,  Prandtl's  mixing  length  *6  in  (51.2)  is  considered  to  represent 
the  mean  free  path  of  fluid  parts  more  accurately,  and  it  is  sufficient  to 
consider  only  the  length  j£'  .  In  the  case  of  decaying  turbulence, 
discussions  based  on  the  coefficient  &  can  be  made  because  of  the  simple 
physical  picture  of  the  initial-period  law,  and  the  evaluated  results  are 
somewhat  better  than  those  depending  upon  X  .  Thus,  in  the  case  of  the 
nondecaying  turbulence,  the  analysis  due  to  Prandtl's  mixing  length  seems 
to  play  the  essential  role  of  the  transfer  theory. 

In  nondecaying  turbulence,  many  vortices  produced  everywhere  along 
the  wall  are  carried  with  their  growing  regions  around  the  filaments  being 
kept  almost  parallel  to  the  wall.  The  mean  free  path  X  '  of  fluid  parts 
at  an  A-point  depends  on  the  vertical  length  of  the  region  of  every  vortex 
passing  near  this  point.  When  Ry  is  taken  as  the  mean  value  of  the  vertical 
lengths  of  vortices  passing  thr£ugh  the  A-point,  the  value  of  £ '  or  £  is 
regarded  to  be  proportional  to  Ry,  and  the  point  of  discussions  is  reduced 
to  the  distribution  of  R^  across'the  nondecaying  turbulent  flow. 

Along  the  wall  surface,  the  scales  of_vortices  at  their  production 
instants  are  all  regarded  to  be  zero,  and  Ry  =  0  holds  there.  Namely,  the 
condition 


£  -  O  at 


(51.4) 


holds  in  all  the  cases  of  nondecaying  turbulence.  If  the  thickness  of  a 
nondecaying  turbulence  is  denoted  by  §  and  the  mean  velocity  is  two- 
dimensional  for  simplicity,  then  many  small  vortices  must  exist  near  the 
wall  and  many  large  ones  must  exist  near  the  boundary.  Taking  into  account 
the  wall  condition  (51.4),  the  general  expression  of  jC  is  given  by 


s 


+  +csy3+ 

7 "  f- 


J 


(51.5) 


Near  the  wall,  (51.5)  may  be  approximated  by 


»  CtV  -nga/o  o . 

$  '  '  (51.6) 

which  is  the  assumption  proposed  by  Prandtl  (reference  10)  in  the  case  of  a 
nondecaying  turbulent  flow.  Near  the  free  boundary  of  the  turbulent  flow, 
large-scale  vortices  produced  far  upstream  are  predominant.  If  these  large 
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vortices  are  represented  by  a  representative  single  kind  of  vortex  es 
mentioned  on  the  intermittency  factor  f  in  Section  50,  the  value  of  R 
for  this  flow  is  taken  to  be  constant  as  (33.8)  in  the  initial -period  lat*. 
Namely,  such  an  approximative  expression, 


*  C&TLti-ficM %>£ 


(51.7) 


is  arrived  at  which  is  the  same  as  the  assumption  of  the  wake  flow  near  the 
free  boundary  of  turbulent  boundary  layer  proposed  by  Coles  (reference  70). 


It  is  too  difficutl  to  evaluate  the  coefficients  c^,  c  ,  ...  of  the 

series  (51.5),  and  a  general  expression  of  4/s  in  jp  =  1  shall  be 

attempted.  Let  an  A-point  have  the  coordinates  (  S  *  7  )  in  a  nonde¬ 

caying  turbulent  flow  as  shown  in  Figure  83,  and  let  the  production  position 
be  g j  of  the  representative  vortices  whose  vertical  scale  is  equal 
to  the  mean  value  of  those  of  the  vortices  passing  near  the  A-point. 
According  to  the  physical  interpretations  of  the  vortex  chaos  motion, 
assume  that  §  -  is  proportional  to  ^  .  On  the  other  hand,  scale 

length  of  a  vortex  motion  increases  proportionally  to  the  square  root  of 
the  time  interval  since  the  production  instant.  And  if  the  time  interval 
since  the  production  instant  at  ^  is  taken  to  be  approximately  propor¬ 
tional  to  the  distance  £  -  Jf/  by  ji  uniform  mean- velocity  profile, 
regardless  of  the  position  of  ^  ,  Ry  is  proportional  to  g  -  J? j  , 
namely  to  .  Therefore,  the  general  character, 


s 


(51.8) 


is  obtained.  Near  %  *0  the  assumption  of  a  uniform  mean-velocity  may  be 

doubtful,  and  near  y  *1  the  proportional  assumption  between  lp  and  jf  - // 
may  lose  meaning.  Thus,  the  formula  (51.8)  should  be  considered  as  the 
first  approximative  expression  of  near  the  center  of  —  O  1. 

It  is  difficult  to  evaluate  experimentally  the  value  of  according 
to  the  definition  of  (51.2).  However,  when  the  turbulent  shearing  stress 
is  measured  directly  or  indirectly  with  the  mean-velocity  profile, 
the  value  of  ^  can  be  obtained  by  the  formula  (51.3).  Figures  84  and  85 
show  examples  of  measurements  of  ^  in  nondecaying  turbulent  flows. 


52.  EQUATION  OF  MOTION  FOR  THE  FLOW  OF  SIMILARITIES  PRESERVATION 

The  Reynolds  equations  play  a  fundamental  role  in  discussions  of  the 
mean  velocity  depending  upon  the  transfer  hypotheses.  In  turbulent  shear 
flow,  the  effect  of  molecular  viscosity  can  be  neglected  compared  with 
that  of  the  turbulent  viscosity.  A  turbulent  boundary  layer  is  taken 
where  the  x-  and  y-axes  are  considered  parallel  and  perpendicular,  respec- 
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tively,  to  the  flow,__with  the  variation  of  mean  velocity  to  the  z-direction 
neglected.  When  U,  V  and  P  are  taken,  respectively,  as  the  x- ,  y-compo- 
nents  of  the  mean  velocity  in  the  layer  and  the  free-stream  pressure  out¬ 
side,  the  Reynolds  equations  take  the  following  form  of  Prandtl's  equation: 


(7  *U  ,  77  dU  -/  dft 

UJZ+  ”  Tdt 


(-  uvQ 


> 


jU 


=  o. 


(52.  1) 


The  similarity  character  of  the  Reynolds  stress  of  the  nondecaying 
turbulence  is  discussed  in  Sections  47  and  48.  In  this  section  the 
similarity  character  in  the  mean-velocity  distributions  will  be  surveyed. 
When  UQ,  1 S  ,  and  L  are  the  free-stream  velocity  outside  the  layer, 
a  representative  turbulent  intensity  in  a  section  of  the  layer,  the  boundary 
layer  thickness  and  a  standard  length  to  the  x-direction,  respectively,  then 
the  mean  velocity  and  the  shearing  stress  are  generally  expressed  in  the 
series 


-uv-fcy) 

v0*(x) 


=  }  (f)  +  — 


(52.2) 


The  similarity  flow  discussed  in  the  last  chapter  corresponds  to  the  case 
where  g( ,  g^,  ...  are  made  zero  in  (52.2).  In  this  case,  if  fj,  f ^ ,  ... 

are  also  assumed  to  vanish,  the  Reynolds  equation  (52.1)  becomes 


(52.3) 


with  the  Bernoulli  equat  ion  PQ  +  h  f  U 
g,  and  Uc,  £  denote  differentiations 
Since  f  and  g  are  functions  of  only 


2 

0  =  constant  utilized. 

,  respectively,  by  ^ 

,  A  and  c'  of  the 


Primes  on  f. 
and  § 
expressions , 
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(52.4) 


(v. /(/.)*  / 

f/L 


shall  be  constant  so  that  (52.3)  may  hold  irrespectively  of  the  ordinate  x. 

When  the  shearing  stress  at  77  =0  is  denoted  by  ? L“-/*uv(0) ,  \  is 
written  as  W 

*-{z4rK'3M}> 

which  represents  the  ratio  of  the  two  forces  of  the  pressure  and  the 
shearing  stress  in  a  section  of  the  layer.  Therefore,  A  can  be  taken  as 
a  parameter  of  the  pressure  gradient  outside  the  layer.  In  the  theory  of 
laminar  boundary  layer,  the  pressure-gradient  parameter. 


-43  r 

dx_  <* 

’ 

is  given  by  Pohlhausen.  A  in  (52.4)  may  be  corresponded  to  Pohlhausen's 
parameter  in  the  case  of  a  turbulent  boundary  layer.  On  the  other  hand, 
V0>  UD,  §',  and  L  in  (52.4)  are  related  directly  to  the  x-Reynolds 
number  of  the  flow  or  the  surface  roughness.  Thus,  c'  may  be  taken  as  a 
Reynolds-number  parameter. 

In  the  case  of  a  decaying  turbulence,  the  initial-period  similarity- 
law  derives  the  similarities  of  both  the  Reynolds  stress  and  the  mean 
velocity  as  mentioned  in  Section  24.  As  mentioned  in  Section  47  for  the 
case  of  a  nondecaying  turbulence,  the  Reynolds  stress  preserves  similar 
if  effects  of  dP^/dx  to  the  vortex  chaos  motions  are  uniform 
along  the  wall.  However,  by  assuming  only  the  Reynolds  stress  similarity, 
the  independencies  of  A  and  c'  in  (52.4)  of  the  x-ordinate  cannot  be 
proved.  Namely,  similarities  of  both  the  Reynolds  stress  and  the  mean 
velocity  do  not  generally  hold  together.  The  inconsistency  always  brings 
about  complicated  situations,  unlike  the  case  of  a  decaying  turbulence. 

From  the  standpoint  of  the  transfer  theory,  however,  the  analyses  in  an 
idealized  case  of  the  two  kinds  of  similarities  should  be  established  first, 
before  proceeding  to  discussions  of  general  characters  of  nonsimilar 
velocity  profiles.  Expression  (52.3),  together  with  the  condition  (52.4), 
can  be  taken  as  the  Reynolds  equation  for  the  turbulent  boundary  layer  of 
the  similarities  preservation. 
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53.  SINGULARITY  CHARACTER  NEAR  THE  WALL 


In  this  section,  characteristics  of  flow  in  the  vicinity  of  wall  shall 
be  surveyed.  When  the  expression  (51.6)  of  near  the  wall  is  substi¬ 

tuted  into  the  formula  (51.3)  of  momentum  transfer,  the  Reynolds  equation 
(52.3)  for  the  boundary  layer  of  the  similarities  preservation  becomes 


(53.1) 


When  the  nondimens ional  stream  function  F  is  given  by 


P  *  lfd7> 


(53.1)  is  further  transformed  into 


zyCf'+yF'")  +  - 


A.  ill 

c  fi" 


•  o . 


(53.2) 


(53.3) 


At  the  limit  of  y-+0,  F  tends  to  zero  in  (53.2).  If  one  neglects, 
near  y  *0,  the  second  and  third  terms  in  (53.3)  by  assuming  (F,2-l)/F'' 
. ■  ■  ■>  0  at  Tp  — ►  0,  F  is  integrated  into 


F*  7 -A  7, 


(53.4) 


with  the  condition  F,-l  at  ^  "1.  If  F  of  the  function  (53.4)  is 
taken,  the  second  and  third  terms  in  (53.3)  are  proved  conversely  to  vanish 
at  ^  *0.  Namely,  the  expression  (53.4)  is  seen  to  be  the  essential 

character  of  flow  near  the  wall. 


When  the  quantity 

(53.5) 

ia  introduced  as  a  frictional  velocity,  (53.4)  gives  the  following  formula 
of  the  velocity  profile: 
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(53.6) 


where  is  the  same  as  in  (51.6).  Expression  (53.6)  is  the  logarithmic 
formula  of  the  velocity-defect  law  proposed  by  K^rtn^n  (reference  12).  It 
is  significant  that  the  logarithmic  expression  holds  independently  of  the 
parameters  X.  and  c  of  the  pressure  gradient  and  the  x-Reynolds  number. 
Expression  (53.6)  is  further  transformed  into 


(53.7) 


with  a  constant  A,  that  is  known  as  the  wall  law  proposed  by  Prandtl 
(reference  20) . 


Thus,  the  logarithmic  law  (53.6)  or  (53.7)  has  been  taken  to  be  the 
fundamental  character  of  all  kinds  of  the  nondecaying  turbulence  near  the 
wall.  Attention  shall  be  given  to  the  singularity  of  the  solution  at  y 
=0.  By  the  character  of  logarithmic  function,  the  mean  velocity  decreases 
rapidly  as  If  approaches  zero.  But,  it  is  not  natural  that  the  velocity 
diverges  to  the  negative  infinity  at  the  wall.  It  must  be  connected  to  a 
finite  value  of  the  mean  velocity  at  the  boundary  of  the  viscous  sublayer. 
The  logarithmic  formula  In  ^  comes  from  the  formula  (51.6)  of  *6  .  If 

(51.8)  is  used  instead  of  (51.6),  the  above  analyses  lead  to  the  formula 


ux  ~  cx 


(Jv-o. 


(53.8) 


Although  the  velocity  of  (53.8)  does  not  diverge  at  if  “0,  has 

still  a  singularity  there.  As  seen  in  the  analyses  of  the  logarithmic  law, 
the  singularity  is  caused  by  the  fact  that  the  highest  order  term  F ' ' '  in 
the  ordinary  differential  equation  (53.3)  is  multiplied  by  zero  at  “0. 
This  is  the  same  for  the  case  of  (53.4).  Namely,  it  is  the  wall  condition 
(51.4)  that  derives  the  singularity.  In  a  word,  the  idealized  formula 
(51.4)  of  the  physical  interpretation  of  the  production  of  new  small 
vortices  along  the  wall  brings  about  the  singularity  character  to  the 
mean-velocity  profile  at  the  wall. 


In  the  general  case  of  a  laminar  flow  along  a  wall,  the  velocity 
increases  linearly  from  zero  at  the  wall  and  tends  to  a  constant  value  of 
the  free-stream.  In  the  case  of  turbulent  flow,  however,  the  mean  velocity 
is  always  observed  to  increase  rapidly  and  to  tend  gradually  to  the  constant 
value.  The  above-mentioned  singularity  at  ^  “0  may  be  supported  by  these 

well-known  experimental  facts.  Figure  86  shows  experimental  data  in  various 
cases  of  nondecaying  turbulent  flows,  which  may  clarify  the  singularity 
character  near  the  wall. 
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54.  CHANNEL  OR  PIPE  FLOW 


A  channel  flow  between  parallel  walls  is  taken.  §  and  L  are  taken 
as  the  radius  and  a  standard  length,  respectively,  to  the  x-direction,  and 
suffix  o  is  made  to  denote  the  value  at  the  center  line,  as  shown  in  Figure 
87.  In  a  channel  flow,  $  is  generally  smaller  than  L,  and  the  Reynolds 
equations  are  simplified  into  Prandtl's  equation  (52.1)  with  a  constant 
pressure  to  the  y-direction. 

In  a  fully  developed  channel  flow  where  effects  of  the  inlet  region 
are  neglected,  no  free  stream  exists  and  the  similarity  condition  of  the 
flow  can  be  adapted.  The  continuity  condition  proves  Uc  to  be  constant 
to  the  x-direction.  Thus,  since  8  is  constant,  the  inertia  terms  in  (52.1) 
become  zero,  and  the  equation  for  the  similarities  flow,  as  in  (52.3)  in 
the  case  of  a  turbulent  boundary  layer,  is  reduced  to 


L  (54.1) 

As  both  sides  are  functions  respectively  of  £  and  ^  only,  they  must 
take  a  constant  value.  By  integrating  with  a  condition  7  *0  at  “1, 
we  get  the  expression 


1 ‘  7w0-7). 

(54.2) 


Figure  88  shows  observed  results  of  the  shearing  stress  of  channel  flow, 
where  the  relation  (54.2)  is  supported  except  in  the  vicinity  of  the 
viscous  sublayer. 

When  the  assumptions  (51.3)  and  (51.6)  of  the  transfer  theory  are 
substituted  into  (54.2),  it  becomes 


df_  -  L(Vz\  0-  r)x 
d?  ~  7  • 


(54.3) 


In  order  to  find  the  fundamental  expression  of  f,  expression  (54.3)  is 
integrated  by  taking  only  the  first  term  of  the  series, 

0-7)*  ‘  '-37-77*-7Z?J----} 


to  get  the  same  formula  of  (53.6), 
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(54.4) 


U^Uo  /  /) 

Ux  ~  <7 

In  the  case  of  turbulent  flow  in  a  circular  pipe  with  a  constant 
radius  S  >  the  inertia  terms  vanish  in  the  Reynolds  equation  and  the 
logarithmic  formula  (54.4)  is  obtained  as  the  fundamental  expression  of 
the  velocity  profit.  Figure  89  shows  observed  results  in  the  case  of  a 
circular  pipe,  in  which  the  linear  relation  of  u/u7  ^  log  (  UT  ^/vo  can 
be  found  more  clearly  than  in  the  case  of  a  boundary  layer  flow  without  a 
pressure  gradient  shown  in  Figure  86. 

55.  TURBULENT  BOUNDARY  LAYER  ALONG  A  FLAT  PLATE 

In  the  case  of  a  boundary  layer  flow,  ;  ccuracy  of  the  logarithmic  law 
is  inadequate  as  seen  in  Figure  86.  Namely,  the  inertia  force  of  flow  and 
the  pressure  gradient  of  free  stream  remote  from  the  wall  cannot  be 
neglected.  In  this  section,  the  effect  of  inertia  force  shall  be  surveyed 
by  taking  a  simple  case  of  the  turbulent  boundary  layer  along  a  flat  plate 
As  an  idealized  formulation,  two  similarities  of  the  shearing  stress  and 
the  mean  velocity  in  (52.2)  are  assumed.  As  the  transfer  hypotheses,  the 
approximative  expression  (51.8)  of  £  near  the  center  in  a  section  shall 
be  introduced  to  the  momentum- t rans fer  formula  (51.3).  Then,  the  Reynolds 
equation  (52.3)  becomes 


F  +C  p“-zc  0-5) F‘“= 


(55.1) 


with  the  nondimensional  stream  function  (53.2)  used,  where  the  Reynolds- 
number  parameter  c  is  the  same  as  in  (53.1)  and  the  prime  on  F  denotes  the 
differentiation  by  5  •  As  the  boundary  conditions  f«l  and  otf/«< 1  -0  at 
=1  and  p  =0  at  <^7  =0  are  taken,  namely, 


F 


a? 


F  *  o> 


at? 


(55.2) 


is  obtained. 


When  F  is  expressed  in  the  series, 
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(55.3) 


F*Z 


**o 


with  constant  coefficient  a.  and  substituted  into  the  equation  (55.1),  such 
a  recurring  formula, 


*  {z c (2+3) (c+2) ( i+/)}  a;+{u*+ 1 )(zi+6)  !} t 


(55.4) 


is  derived.  At  large  values  of  i,  the  first  term  which  contains  the 
parameter  c  can  be  neglected  in  .4).  Thus,  when  F1  and  F1'  of  (55.3) 
are  expressed  respectively  in  and  JZ-  J.  £  with  constant 


coefficients  aj  and  a^^  , 
limit  of  i  ->o«: 


the  following  conditions  are  obtained  at  the 


&Z+* 

2+3 

2+0.5  J 

2  +  3, 

*2+3 

2+0.5  > 

—  2+1  /  . 

*2+t 

2  +0.5  J  ^  ' 

of  a  power 

series,  it  is  proved  that 

_  ~  •£  -  M  -k. 

(55.5) 


o 

in 


are  convergent  in  1  ^  ^  0  and  that  ,J£  S is  convergent 

l  >$£  o  but  divergent  at  5  “1,  because  the  difference  between  the 

denominator  and  the  numerator  is  larger  than  unity  except  in  the  last 
expression  in  (55.5).  Namely,  the  mean  velocity  f  takes  a  finite  value  of 
the  viscous  sublayer  at  if  =0 ,  but  df/d  always  diverges,  and  the 

singularity  character  at  the  wall  mentioned  in  Section  53  is  mathematically 
proved  for  the  case  of  a  flat-plate  boundary  layer. 

By  the  boundary  conditions  (55.2)  and  the  recurring  formula  (55.4), 
the  coefficient  of  the  series  (55.3)  can  be  calculated  according  to  a 
parametric  value  of_  c.  Figure  90  shows  the  calculated  results.  In  the 
representation  of  U/UD  ,  the  value  of  U(0)/Uo  at  the  boundary  of  the 

viscous  sublayer  depends  explicitly  upon  the  parameter  c.  This  is  supported 
by  the  experimental  fact  that  even  in  the  case  of  a  flat-plate  boundary 
layer,  the  value  U/U  near  the  wall  varies  with  the  Reynolds  number  of  the 
flow,  and  the  form  parameter  of  the  ratio  of  the  momentum-  and  displacement- 
thickness  is  not  constant.  However,  when  the  velocity  profiles  are 
expressed  in  the  relative  form  (U-Uo)/(Uo-U(0))  the  parameter  c 

affects  only  implicitly.  The  effect  of  c  in  four  evaluated  cases  can  be 
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covered  within  a  single  curve  as  shown  in  Figure  90. 

At  the  limit  of  ^ ^  0,  the  value  of  Uq-U(0)  is  seen  by  (53.6)  or 
(53.8)  to  be  proportional  to  U  independently  of  c.  Thus,  if 

0 


is  written  in  this  case,  f  can  be  considered  to  vary  only  wit' 
independently  of  the  Reynolds  number  or  of  the  roughness  of  wa1  .  .  In 
Sections  53  and  54,  the  universal  character  of  (53.6)  or  (53.8)  is  inter¬ 
preted  near  the  wall  of  a  boundary  layer  or  in  a  pipe  flow.  The  function 

f  can  be  taken  as  an  extended  formula  of  the  velocity-defect  law  which 
o 

holds  in  the  whole  section  of  a  turbulent  boundary  layer  along  a  flat 
plate. 

Figure  91  shows  a  comparison  of  the  calculated  results  of  f  with 
experimental  data.  Although  the  values  on  the  two  axes  must  be  taken 
suitably  in  the  theoretical  curve,  the  functional  form  of  fQis  preferable 
in  the  whole  section  of  the  layer,  at  least  when  compared  with  the  loga¬ 
rithmic  expression  of  (53.6).  As  mentioned  in  Section  51,  the  expression 
(51.8)  of  £  can  be  represented  by  the  two  formulas  of  (51.6)  near  the 
wall  and  (51.7)  near  the  free-stream.  In  order  to  improve  the  logarithmic 
law,  the  velocity  profiles  can  be  represented  by  two  kinds  of  the  inner  and 
outer  solutions  of  them  as  has  been  widely  attempted  (references  72  and  76). 
As  a  simple  expression,  however,  the  above  analysis  based  upon  (51.8)  may 
be  preferable. 


-Uo 

U-1 


•f. 


(55.5) 


56.  SOLUTIONS  OF  SIMILARITIES  FLOW  OF  TURBULENT  BOUNDAL.  LAYER 

The  analysis  of  the  similarities  flow  along  a  flat  plate  mentioned 
in  the  last  section  shall  be  extended  into  general  cases  of  a  pressure 
gradient.  When  the  transfer  hypotheses  (51.3)  and  (51.8)  are  introduced, 
the  Reynolds  equation  (52.3)  becomes 


(X+OF+cfi"- 


(56.1) 

which  is  the  extended  formula  of  (55.1)  of  no  pressure  gradient.  The 
boundary  conditions  are  given  by  (55.2).  By  solving  (56.1),  the  effects 
of  the  two  parameters  of  the  pressure  gradient  A  of  (52.4)  and  of  the 
Reynolds  number  c  of  (53.1)  shall  be  surveyed. 
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On  account  of  the  nonlinear  term  ^  (F'^  -  1 ) /F '  '  ,  it  is  very  difficult 
to  solve  mathematically  the  differential  equation  (56.1).  A  digital 
computer  was  necessary  to  get  numerical  solutions.  Namely,  expression 
(56.1)  was  first  integrated  step  by  step  with  a  suitably  selected  value  of 
F(0).  The  conditions  F*(0)«1,  F''(0)=0  in  (55.2)  and  an  appropriate  initial 
value  of  F (0)  was  searched  for,  which  ensured  that  F(1)=0.  The  integration 
was  made  by  16,000  steps  in  ^  =0^1,  and  the  computed  error  was  less 

than  0.0001  in  the  stream  function  F.  Figure  92  shows  an  example  of  the 
solution.  As  shown  in  Figures  93  and  94,  the  Reynolds -number  parameter  has 
little  effect  on  the  relative  profile  of  (U-U  „ )  /  (UQ-U  (0)  )***  for  each 
value  of  A  ,  as  in  the  case  of  A  *0,  altho  it  appears  explicitly  in 
the  conventional  plot  of  U/UQ/>-*'  ^  .  As  int  preted  in  the  case  of  A  =0, 

UQ  -  U(0)  is  proportional  to  U-jr  independently  of  A  and  c  near  the  wall. 
Thus,  when 


OjzUo  _  r 

~uT~  "  tx 

(56.2) 

is  written,  velocity  profile  fp^  is  seen  to  hold  in  the  whole  section  inde¬ 
pendently  of  the  parameter  c  for  eacji  value  of_A  .  Figure  95  shows 
relative  forms  of  f^  expressed  in  (U-UQ)  /  (U0-U  (0) )  ****  3^,  where  the  curves 
are  obtained  from  the  computed  results  for  several  values  of  c,  with  U  (0) / 
U0  in  about  0.3^0. 7  in  each  case  of  A  .  Namely,  in  the  expression  fj^y  of 
a  generalized  velocity-defect  law,  the  effect  of  the  pressure  gradient  can 
be  surveyed  without  being  affected  by  the  Reynolds  number. 


57.  TURBULENT  BOUNDARY  LAYER  WITH  A  SEPARATION 

By  computing  the  equation  of  motion  (56.1)  of  the  similarities  flow, 
it  has  .  een  found  that  as  the  value  of  -A  increases,  variations  due  to 
ttie  parametric  value  of  c  become  large  even  in  the  relative  profile  of 
(U-Uo)/(Uo-U(0))^  7  .  At  a  value  of  -  A  greater  than  0.25,  the  relative 
profiles  cannot  be  covered  with  a  single  curve.  Further,  for  some  values 
of  A  and  c,  an  important  feature  of  alternation  of  the  sign  of  ^  U/  ^  y 
at  y«*0  from  positive  to  negative  large  values  were  found.  Probably  this 
means  the  reverse  of  a  sign  of  the  infinity  in  the  mathematical  solution, 
and  it  can  naturally  be  assumed  that  the  reversing  point  of 


jo  _ 

° 


at 


(57.1) 


is  the  point  of  separation  of  turbulent  boundary  layer,  because  d  U(O)/ ^y= 
-  co  implies  the  existence  of  a  back  flow  near  the  wall.  Figure  96  shows 
computed  examples  of  velocity  profiles  near  the  reversal  point.  As  in 
the  theory  of  a  laminar  boundary  layer,  the  separation  condition  (57.1) 
cannot  be  characterized  strictly  by  the  principal  parameter  A  .  However, 
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when  the  displacement-  and  momentum-thickness  of  ^he  boundary  layer  are 
evaluated  on  the  relative  profiles  of  (U-UQ)/(U  -U(0))  ^  »  ,  their  varia¬ 
tions  versus  A  are  as  shown  in  Figure  97.  By°Figures  96  and  97,  it  is 
assumed  that  a  turbulent  boundary  layer  with  U(0)/U  •  0.5  /■»  •’  0.7,  which 
implies  standard  values  of  the  Reynolds  number,  separates  froi.  the  wall  at 
the  critical  value  near 


X  b-o.3. 


(57.2) 


As  experimental  examinations  for  the  computed  results  of  the  equation 
(56.1),  in  Figures  98  and  99,  observed  results  of  the  mean  velocity  in  the 
cases  of  similar  flows  in  Figures  77  and  78  are  plotted.  Although  the 
Reynolds  stress  has  somewhat  similar  profiles  as  shown  in  Figures  77  and 
78,  the  value  of  A  is  not  strictly  constant,  as  shown  in  Figure  98  and  99. 
The  corresponding  computed  curves  in  Figure  95  are  also  drawn  in  the  experi¬ 
mental  data. 


By  the  solution  in  Figure  95  and  the  above-mentioned  comparisons,  the 
variation  in  the  relative  velocity  profile  due  to  X  is  not  large.  This 
character  anticipates  that  the  velocity  profile  of  the  turbulent  boundary 
layer  with  an  arbitrary  pressure  distribution  may  be  assimilated  with  the 
computed  profile  derived  from  the  similarities  condition,  provided  that  the 
local  value  of  A  of  the  former  coincides  with  the  pre-fixed  A -value  of 
the  latter.  From  this  point  of  view,  velocity  profiles  near  A“  “0.15 
were  selected  from  some  published  experimental  results.  Since  observed 
data  are  given  in  terms  of  the  displacement  thickness  instead  of  $j> 
in  cases»  th®  value  of  A  is  evaluated  experimentally  by  assuming 

O  /  O  =  £*/$*•  Figure  100  shows  the  comparison  of  experimental  and 

theoretical  results. 

The  point  at  which  a  real  boundary-layer  flow  separates  instantaneously 
is  difficult  to  determine  even  by  experimental  works.  Statistically  for 
time,  however,  the  layer  usually  separates  behind  an  inflexion  point  of  the 
pressure  curve  drawn  along  the  wall  from  the  point  of  minimum  pressure 
towards  the  turbulent  wake.  When  the  experimental  value  of  A  is  plotted 
along  the  wall,  it  generally  decreases  gradually  from  zero  at  the  minimum- 
pressure-point  until  it  attains  the  minimum  just  behind  the  inflexion 
point.  It  can  be  found  that  these  experimentally  evaluated  minimum  values 
of  A  are  near  the  critical  value  of  (57.2).  Figure  101  shows  some 
experimental  data  of  velocity  profiles  near  the  minimum  values  of  A  » 
together  with  the  values  of  A  .  For  comparison  with  the  theoretical 
results  of  the  critical  condition  (57.1),  a  computed  curve  of  velocity 
profile  was  inserted  at  A  --0.30  and  c«0.35.  Although  exact  value 
A  is  difficult  to  determine  both  theoretically  and  experimentally, 
the  discrepancy  between  the  theoretical  and  experimental  results  does  not 
seem  to  be  large. 
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Figure  1.  Observation  of  the  Turbulent  Flow  of  Water  Behind  a  Two- 

Dimensional  Lattice  Moving  With  a  Constant  Velocity  (refer¬ 
ence  1).  Diameter  of  rods  of  the  lattice  is  1.5  cm.;  the 
speed  is  6.65  cm/sec;  and  the  time  interval  of  each 
figure  is  1.35  sec. 
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A.  Taken  by  a  Moving  Camera  With  the  Speed  of 
Flow  Near  the  Wall. 


B.  Taken  by  a  Moving  Camera  With  the  Speed  of 
Flow  Near  the  Center. 


Figure  2.  Observation  of  the  Turbulent  Flow  of  Water  in  an 
Open  Channel  (reference  2). 
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Figure  3.  Simultaneous  Records  of  Velocity  Fluctuations  at  Two  Points  in  a  Wind  Tunnel  Stream. 

Oscillograms  show  the  u-component  parallel  to  the  flow.  The  timing  mark  is  0.01  sec 
and  the  mean  speed  is  14.3  m/sec. 
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Figure  7 


14.1  14.3  (.m/S)  KS 

U 


Probability  Distribution  of  u-Fluctuation  Around  a  Mean 
Velocity  in  a  Wind  Tunnel  Stream.  O  is  the  observed 
result  and  the  curve  is  the  Gaussian  distribution  function. 
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Figure  8.  Photograph  Showing  the  Probability  Distribu¬ 
tion  of  the  u-  and  v-Fluctua tion  in  a  Wind 
Tunnel  Stream  (reference  18).  The  photo  was 
taken  on  the  surface  of  an  oscilloscope  with 
an  exposure  of  20  sec.  The  coordinate  axes 
on  the  picture  are  the  same  as  in  Figure  5. 
The  state  of  flow  is  the  same  as  in  Figure  7 


\ 0.008  sec.\  002  sec.  I  o./  sec.  I  os  sec.  I  so  sec.  I 

exposc/jee  t/ms 

Figure  9.  Photographs  Showing  the  Formation  of  the  Probability  Distri¬ 


bution  of  the  u-  and  v-Fluctuation  in  the  Turbulent  Wake 
Behind  a  Two-Dimensional  Lattice  (reference  18).  The  pic¬ 
tures  have  the  same  meaning  as  Figure  8. 
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Figure  11.  Development  of  Natural  Laminar  Oscillation  in  the  Laminar 
Boundary  Layer  Along  a  Flat  Plate  in  a  Low-Turbulence  Wind 
Tunnel  (reference  6).  The  distance  from  the  wall  is  0.57  mm. 
and  the  timing  mark  is  1/30  sec. 
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Figure  12.  Observation  of  Natural  Transition  of  Laminar  Boundary 
Layer  of  Water  Along  a  Flat  Plate  (reference  20). 
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Figure  13.  Measurement  of  the  Mean  and  the  Fluctuational  Velocity  at  the  Transition  Region  i 
the  Laminar  Boundary  Layer  Along  a  Flat  Plate  in  a  Wind  Tunnel  Stream  (reference 
19).  O  is  the  observed  result  of  the  mean  velocity  and  *  is  the  intensity 
of  the  u-f luctua tion.  Numbers  on  the  figures  are  the  corresponding  locations 
of  the  observations.  The  timing  mark  is  0.01  sec. 
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Figure  14.  Distributions  of  Mean  Velocity  (O)  and  the  Intensity 
of  the  u-Fluctuation  (#)  in  the  Immediate  Vicinity 
of  a  Flat  Plate  in  a  Turbulent  Boundary  Layer  (refe¬ 
rence  22).  The  velocity  outside  the  boundary  layer 
is  5.30  m/sec.  Oscillograms  show  the  u-f luctuations 
where  marks  A,  B,  ...  indicate  the  corresponding 
positions  in  the  diagram.  The  timing  mark  is  0.01 
sec. 
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Figure  15.  Distributions  of  the  Intensities  of  the  u-,  v- 
and  w-Fluctuation  in  Turbulant  Boundary  Layer 
Along  a  Curved  Wall  (reference  24).  Undisturbed 
velocity  U8  is  160  ft/sec  at  the  position  x  ■ 
17.5  ft.,  and  the  separation  occurs  near  x  ■ 

25.7  ft. 
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Figure  16.  Observed  Result  of  the  Probability  Distribution 
of  the  u-Fluctua tion  Around  the  Mean  Velocity 
in  a  Turbulent  Boundary  Layer  Along  a  Flat  Plate. 


Figure  17.  Photograph  Showing  the  Probability  Distribution  of  the  u- 
and  v-Fluctuation  in  a  Turbulent  Boundary  Layer  (reference 
18).  The  state  of  flow  is  the  same  as  in  Figure  16.  The 
coordinate  axes  on  the  picture  have  the  same  meaning  as 
Figure  5. 
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Figure  20.  D*-Domain  in  the  x*y*z*-Space.  The  full  lines  12,  23,  34, 

. . .  correspond  to  the  loci  of  the  Intersections  shown  in 
Figure  18.  The  dotted  lines  l'l,  22',  ...  are  the  exces¬ 
sive  parts  Included  in  ^  t  of  (11.3),  where  the  points  1', 
2',  ...  are  all  on  the  boundary  of  D*-domain. 


The  V*-  and  V*' -Vectors,  Respective¬ 
ly,  at  the  A-  and  A* -Points  Which 
Are  due  to  the  Nearest  Vortex  Motion 
to  the  A-Point. 
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Figure  22.  Functional  Forms  of  Turning  Velocity  (s)  in  (14.6). 
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essentially  important . 
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Figure  26.  Definition  of  Microscale. 


Figure  29.  Functionel  Forme  of  Che  Similarity  Correlation  fo((£)  In 
(20.14). 
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Figure  30.  Decay  of  u-Intensity  in  a  Uniform  Turbulent  Wake  Behind  a 
Grid  (reference  32).  Various  grids  of  mesh  length  M  of 
0.635  cm.  (X),  1.27  cm.  (t)^  2.54  cm.  (-4"),  and  5.08  cm.(O) 
are  used  in  a  mean  velocity  UQ  of  12.86  m/sec. 
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Figure  31.  Distributions  of  an  Integral  Scale  in  a  Uniform  Turbulent 
Wake  Behind  a  Grid  (references  33  and  34).  L  is  defined 
from  the  correlation  g  in  the  same  manner  as  (20.15). 


Figure  32. 


Figure  33. 


Distribution  of  the  Microscale  X  in  a  Uniform  Turbulent 
Wake  Behind  a  Grid.  In  one  series  of  experiments  (reference 
35),  three  kinds  of  grids  of  mesh  length  M  -  1.27  cm.  (#), 
2.5  cm.  (*♦“),  and  5.08  cm.  (©)  are  used  with  different  mean 
velocity  UQ  *  12.86  m/sec  (A-line)  and  6.43  m/sec  (B-line). 
In  the  other  series  (reference  36),  a  grid  of  M  =  1.6£  cm. 
is  used  with  mean  velocity  U  *  11.30  m/sec  (A)  (C-line)  and 
6.30  m/sec  (a)  (D-line). 


Orientation  of  Vortex  Filament  Behind  a  Circular  Cylinder. 
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Figure  34.  Distributions  of  ur,  V-  and  W -Intensities  Across  the 

Turbulent  Wake  Behind  a  Circular  Cylinder  (reference  38). 
Measurements  are  made  with  the  Reynolds  number  of  UQd/v/  ■ 
1360  at  different  positions  of  x/d  ■  500  (#),  650  (+-), 
800  (O),  and  950  (X  ),  where  d  is  the  diameter  of  the 
cylinder. 
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Figure  35.  Distribution  of  u-Intensity  Across  a  Turbulent  Wake  Behind 
an  Airfoil  (reference  18).  The  state  of  flow  is  the  same 
as  in  Figure  6.  Measurements  are  made  at  x/c  *  0.37  (O), 
1.38  (•),  2.32  (©),  3.23  (9),  4.41  (©),  and  5.13  (©). 

is  defined  by  the  half-width  in  the  LL  -  distribution, 
and  the  center  line  ■  0  is  taken  parallel  to  the  mean 

flow  from  the  trailing  edge. 


Figure  36.  Distribution  of  the  g-Correlation  in  the  Turbu¬ 
lent  Wake  Shown  in  Figure  35  (reference  18) .  #, 
9  and  ©  are  in  the  same  positions  as  in 
Figure  35,  and  the  broken  line  shows  the  u- 
distribution. 
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Figure  37.  Distribution  of  Turbulent  Intensity  and  Scale 
Along  the  Turbulent  Wake  Shown  in  Figure  35 
(reference  18) .  C  and  9  are  observed  values 
of  u-intensity  at  ^  ■  0  and  0.4.  b  is  that 

of  the  half-width  in  the  u-dlstribution. 


Figure  38. 


Representation  of  Velocity  Profile 
Behind  a  Circular  Cylinder. 


Figure  39.  Distributions  of  Total  Pressure  Behind  A  Circular  Cylinder. 

The  diameter,  d,  is  1  cm. ;  the_resistance  coefficient  C  is 
1.32;  and  the  Reynolds  number  U0d/))  is  2.38  x  10^.  The 
distance  from  the  cylinder  is  denoted  by  e. 
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Figure  41.  Distribution  of  U.  /w  Across  the  Turbulent  Wake  Shown  In 
Figure  34  (reference  38) .  •  ,  +  ,  O  ,  end  X  are  the 
evaluated  values  from  the  data  In  Figure  34  at  the  locations 
of  x/d  -  500,  650,  800,  bud  950,  respectively. 
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Figure  42.  Measurement  of  the  Mean  and  the  Fluctuatlonal  Velocity 
In  the  Turbulent  Make  Behind  a  Circular  Cylinder.  A, 

B,  C,  D  on  the  mean-velocity  curve  Indicate  the  respec¬ 
tive  positions  of  the  oscillogram.  The  diame  ter  is  1.5 
cm.,  the  distance  Is  48.7  cm.,  and  the  undisturbed 
velocity  Uo  !•  3.54  m/sec. 


(A)  (B)  (C) 

Figure  43.  Illustration  of  the  F*-  and  F-functlons  at  a  Point  In  the 
Initial  Period. 
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Figure  44.  Distribution  of  the  Intermittency  Factor  If  Across  the 

Turbulent  Wake  Behind  a  Circular  Cylinder.  Measurements 
are  made  at  positions  of  x/d  «  500  (A)»  650  (  O) ,  800 
(□),  and  950  (V)  in  one  series  (reference  42)_^  and  in 
another  series  with  various  mean  velocities  of  U  « 

3.07  (O),  7.26  (#),  10.85  (O),  14.92  (€>),  anS  19.96 
(©)  m/sec.  at  a  position  of  x/d  »  33.7  behind  a  cylinder 
of  the  diameter  d  *  1.5  cm.  (reference  37).  The  curve 
shows  the  Gaussian-integral  formula  (26.7)  with  Y  and  H, 
the  position  of  the  center  and  the  dispersion  of  the 
formula,  respectively. 


Figure  45.  Distribution  of  the  Intermittency  Factor  T  Across  a 
Turbulent  Round  Jet  (reference  41) .  Measurements  are 
made  at  x/(2r  )  -  20  (A),  37  (•),  37  (O),  46  (□), 
64.5  (V)»  and  76  (O).  The  curve  shows  the  Gaussian 
integral  formula  (26.7)  with  R  the  position  of  the 
center  and  rQ  the  radius  of  the  nozzle. 


185 


3 

4* 

i 

f 

I 

Y 


Figure  46.  Distribution  of  the  Nondimens ional  Dispersion  <T~  Along 
the  Flow.  O  is  the  evaluated  value  from  the  data  in 
the  turbulent  wake  behind  a  circular  cylinder  referred 
to  in  Figure  44  (reference  42),  and  #  is  from  the  data 
of  the  turbulent  round  jet  in  Figure  45  (reference  39) . 
d^  and  d 2  are  diameters  of  the  cylinder  and  nozzle, 
respectively. 


0  4  *  U.  12  ,e  20  (T&*) 


Figure  47.  Variation  of  the  Nondimens  ional  Dispersion  <T~  Versus 
the  Mean  Velocity  UQ  in  the  Turbulent  Hake  Behind  a 
Circular  Cylinder  (reference  37).  Data  are  taken  from  the 
same  experiment  as  in  the  second  series  of  the  experiment 
in  Figure  44. 
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Figure  48.  Diagonal  Sketch  of  a  Nonuniform  Shearless  Turbulence. 


Figure  49.  Variation  of  v/u.  Versus  the  Contraction  Ratio  X  of  (27.1) 
(reference  37).  Different  marks  imply  experimental  set¬ 
ups  with  different  contraction  ratios.  The  straight  line 
is  deduced  from  (27.3). 
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Figure  50.  Calculated  Curves  of  Relative  Profiles  of  Cu  (Y|)  (solid 
line),  Cv  (chain  line),  and  C^(Yp  (broken  line)  of 
(25.2)  Across  an  Idealized  Symmetrical  Shear  Turbulence. 


Figure  51.  Distribution  of  Mean  Velocity  (small  marks)  and  u-Int£nsity 
Across  a  Half- Jet  as  Shown  in  Figure  40  (d).  U  and 
are  mean  velocities  at  upper  and  lower  parts  ofuthe  free 
stream.  O,  •  and  O  are  observed  values  at  x  ■  25.0, 
40.9,  and  56.7  cm.  from  the  step  along  the  x-axis,  and  the 
undisturbed  velocity  U0  is  18.7  m/sec.  The  two  curves 
are  calculated  curves  in  Figure  50  and  from  equation 
(24.16). 
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are  observed  values  nt  the 
sections  where  Ut  (y))/U0(o) 
0.95,  0.50,  and  0.10. 


y 

Figure  55.  Profiles  of  an  Intermittency  Factor  T  and 
Velocity  v  Across  a  Decaying  Turbulence. 
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Figure  56.  Distribution  of  Mean  Velocity  Across  the  Turbulent  Wake 
Behind  a  Circular  Cylinder.  The  full  and  broken  lines 
show  the  solutions  respectively  of  (34.13)  and  (34.9). 

O,  <D ,  ®  ,  and#  are  observed  values,  respectively,  at 
x/d  »  80,  100,  166.5,  and  208  (reference  39).  is  the 
width  of  the  wake. 


Figure  57.  Diagonal  Sketch  of  the  Profiles  of  Different  Values 
of  £  Across  the  Wake  Behind  an  Asymmetric  Airfoil. 
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Figure  58.  Distribution  of  Mean  Velocity  Across  a  Turbulent  Jet  from 

a  Two-Dimensional  Slit.  The  full  and  broken  lines  show  the 
respective  solutions  of  (35.4)  and  (35.3).  O,  0,  0,  ©  end 
•  are  observed  values  at  x  »  20,  35,  50,  60,  and  75  cm. 
from  the  slit  (reference  52). 


Figure  59.  Distribution  of  Mean  Velocity  Across  a  Turbulent  Jet  From 
a  Round  Nossle.  The  full  and  brc-.en  lines  show  the  respec¬ 
tive  solutions  of  (35.7)  and  (35.6).  #,  O,  and  Oitc  observe< 
values  at  x  ■  20  ,  26,  and  45  cm.  from  the  nossle  (reference 
47). 
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Figure  63.  Decay  of  u-Intensity  Along  Uniform  Decaying  Turbulence 
(reference  54).  The  thick  line  is  the  evaluated  curve 
from  (38.7).  ■+■ ,  Y  are  the  observed  values  behind  a 
circular  cylinder  referred  to  in  Figure  53  as  O  and  © 
respectively.  Others  are  the  observed  values  along  the 
turbulent  wake  behind  a  grid  with  the  following  conditions 
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U  ,  M, and  d  are  the  undisturbed  velocity,  mesh  length 
and  rod  diameter  of  the  grid  or  cylinder,  respectively. 
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Figure  66.  Distribution  of  the  g-Correlation  in  Isotropic  Turbu¬ 
lence  (reference  54).  The  dotted,  full  and  chain 
lines  indicate  the  curves  of  t*  *  0.4,  1.0,  1.6, 
respectively,  in  Figure  65.  The  following  symbols 
correspond  to  the  observed  values  in  the  turbulent 
wake  behind  a  grid  as  proposed  by  different  authors 
under  the  following  conditions: 
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Figure  67.  Variation  of  the  Triple  Correlation  h  in 
Isotropic  Turbulence. 


Figure  68.  Growing  of  the  h-Correlation  Observed  Along  the  Turbulent 
Wake  Behind  a  Grid  (reference  60).  X,  #,  O  >  +  ,  and  6 
are  observed  values,  respectively,  at  x/M  ■  20,  30,  60,  91 
and  120,  where  *  5300. 
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Figure  69.  Distribution  of  the  f-  and  h-Correlations  in  Isotropic 

Turbulence  Plotted  Versus  the  Same  Abscissa  k/L^  (reference 
54).  The  dotted,  full,  and  chain  lines  indicate  the 
respective  curves  of  t*  *  0.4,  1.0,  and  1.6  in  Figures  64 
and  67.  The  following  symbols  correspond  to  the  observed 
values  of  f  and  h  at  the  same  time  in  the  turbulent  wake 
behind  a  grid  under  the  following  conditions: 
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Figure  70.  Observed  Results  of  the  One-Dimensional  Spectrum  F^  of  u-Fluctuation  and 
the  Shear-Correlation  Spectrum  nRuV  =  (uv)n/( Un  Vn) •  Measurements  are 
made  in  the  region  of  maximum  shear  at  x/d  =  20  in  a  turbulent  round  jet 
from  an  orifice  of  the  diameter  d  =  1".  Existence  of  the  local  isotropy 
can  be  seen  by  a  rapid  decreasing  of  nRuV  with  kj_. 
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Figure  74.  Distribution  of  Function  I  for  Two  Points  in  Turbulent 
Boundary  Layer  Along  a  Flat  Plate. 


Figure  75.  Distribution  of  u-Intensity  Across  Turbulent  Boundary 
Layer  Along  a  Flat  Plate  (reference  18) .  Transition 
is  accomplished  by  spreading  a  wire  on  the  plate  across 
the  flow  of  a  mean  velocity  UQ  *  10.13  m/s.  Measure¬ 
ments  were  made  at  x  =  49.3  cm.  (O)*  76.5  cm.  (#), 
102.5  cm.  O),  121.2  cm.  (©),  and  141.5  cm.  (O) 
from  the  wire. 
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Figure  76.  Distributions  of  Turbulent  Shearing  Stress  Across  a  Circular  Pipe  (refer 
ence  67).  Diameter  of  the  pipe  a  is  4  in.  (O)  ana  10  in.  (a),  and 
the  Reynolds  number  of  (U  a)/jf  is  the  same  value  of  25,000  where  U  is 
the  mean  velocity  at  the  center  of  r'/a  s  1.  ° 
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Figure  77.  Distributions  of  u-Intensity  (below)  Across  a  Turbulent 

Boundary  Layer  With  a  Negative  Constant  Pressure  Gradient 
(above)  Along  the  Flow  (reference  68).  Several  marks 
indicate  the  position  of  measurements,  and  suffix  s  means 
the  value  of  the  free-stream  at  the  origin  of  the  x-axis. 
Us  =  9.6  m/sec. 
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Figure  78.  Distribution  of  u-Intensity  (below)  Across  a  Turbulent 

Boundary  Layer  With  a  Positive  Constant  Pressure  Gradient 
(above)  Along  the  Flow  (reference  68).  Several  marks 
indicate  the  position  of  measurements,  and  suffix  s  means 
.the  value  of  the  free-stream  at  the  origin  of  the  x-axis. 
U8  «  21.8  m/sec. 
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Figure  79.  Deviation  From  the  Similar  Profiles  of  u-Intensity  in  the 
Case  of  Turbulent  Boundary  Layer  in  Figure  78.  Dotted 
line  shows  the  mean  curve  of  the  profile  (below)  in  Figure 
78;  and  O  ,  □  correspond  to  the  position  in  the  pressure 
curve  (above). 
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Figure  80.  Distributions  of  U./  •/ IX2  +  V  W  ^ ,  V/  y^r  v2+  w2, 

U.V/  (  U.2+  V  2+  W2)  and  (X/vV  Across  Nondecaying  Turbulent 
Flows.  Full  and  broken  lines  are  evaluated  from  experi¬ 
mental  results  respectively  in  turbulent  boundary  layer 
along  a  flat  plate  (reference  69)  and  in  turbulent  flow 
in  a  circular  pipe  of  the  radius  CL  (reference  67). 
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Figure  81.  Distribution  of  the  Function  P*  at  the  Two  Points  A  and  A 

Near  >7=1  and  0,  Respectively,  in  Turbulent  Boundary  Layer. 
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Figure  82.  Distribution  of  the  Intermittency  Factor  f  Across  Turbulent 
Boundary  Layer  Along  a  Flat  Plate  (reference  41).  Measure¬ 
ments  are  made  at  positions  of  x  =  0  in.  (0)>  24.75  in.  (A)> 
64  in.  (□),  86.25  in.  (V)  and  102  in.  (#).  The  curve  shows 
the  Gaussian-integral  formula  with  Y  and  H  respectively  of  the 
position  of  the  center  and  the  dispersion  of  the  formula. 
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Figure  83.  Distribution  of  P*£,  and  the  Location  of  ,  for  an  A-point. 


Figure  84.  Distribution  of  the  Mixing  Length  in  a  Pipe  Flow  (refer¬ 
ence  71).  Measurements  are  made  with  various  Reynolds 
numbers  Ua/y  of  105  x  103  (O),  396  x  103  (#),  1110 
x  103  (©),  1959  x  103  (O),  and  3240  x  103  (©).  a  is 
the  radius  of  the  pipe.  Thick  and  thin  lines  represent, 
respectively,  the  formulas  (51.8)  and  (51.6). 
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Figure  85.  Distribution  of  the  Mixing  Length  in  Turbulent  Boundary  Layer 
Along  a  Flat  Plate  (reference  72).  Measurements  are  made  with 
two  kinds  of  the  Reynolds  number.  The  curve  represents  the 
formula  (51.8),  where  the  origin  is  taken  at  =0.04  which 
is  considered  to  be  boundary  of  the  viscous  sublayer. 
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Figure  88. 


Distributions  of  Turbulent  Shearing  Stress  Across  a  Cir¬ 
cular  Pipe  (reference  76).  Measurements  are  made  of  the 
Reynolds  number  of  12,300  (O),  30,800  (3),  and  61,600  (#) 
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data  (reference  77)  measured  by  Freeman  (O),  Klevanoff-Diehl  (□),  Schultz-Grunow 
(^) «  Hama  (V)>  Clauser  of  rough  wall  (<3)  and  Moor  of  very  rough  wall  (  ^).  Q g 
is  the  position  of  wall,  and  the  thin  line  indicates  the  logarithmic  law  drawn  from 
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Figure  96.  Computed  Velocity  Profiles  Near 
the  Critical  Point  of  dU(0)/£y 


imej  m  figure  7j  with  experimental  Data  of  the  Mean  Velocity  of  the  Similarity 
Boundary  Layer  Shown  in  Figure  77.  Observed  values  are  shown  in  the  lower  figure 
Oe  and  0  on  the  abscissa  have  the  same  meanings  as  in  Figure  91. 


Figure  99.  Comparison  of  the  Computed  Profiles  of  A  ■  -0.10  (full  line) 
and  A  =  -0.05  (broken  line)  in  Figure  95  With  Experimental 
Data  of  the  Mean  Velocity  of  the  Similarity  Boundary  Layer 
Shown  in  Figure  78  (reference  68).  Observed  values  of  A 
are  shown  in  the  lower  figure.  Og  and  0  on  the  abscissa 
have  the  same  meaning  as  in  Figure  91. 


Figure  100.  Comparison  of  the  Computed  Relative  Profiles  of  A  *  -0.15 
(full  line)  and  A  =  -0.20  (broken  line)  in  Figure  95  With 
Observed  Mean  Velocity  of  the  Turbulent  Boundary  Layer 
With  Positive  Pressure  Gradients.  Measurements  are  made 
by  Wieghardt-Tillman  (O)  with  experimental  value  of 
A  *  -0.16  (reference  73)  and  by  Sandborn-Slogar  ( #) 
with  A  ■  -0.17  (reference  78). 


Figure  101.  Comparison  of  a  Computed  Profile  of  A  *  -0.30  and  c  - 

0.35  Near  the  Critical  Condition  ^  U/  dy  ■  0  (cf.  Figure 
96)  With  Observed  Mean  Velocity  Near  the  Point  of  Turbu¬ 
lent  Separation.  Measurements  are  made  by  Wieghardt- 
Tillmann  (0,0)  with  experimental  values  of  A  *  -0.27 
and  -0.26  respectively  (reference  79),  by  Sandborn-Slogar 
(•)  with  A  ■  -0.28  (reference  78),  and  by  Schubauer- 
Klevanoff  (  □)  with  \  ■  -0.28  (reference  24). 
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